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PREFACE 


The present volume contains a collection of technical papers, 
some of which were presented at the ARS Propellants, Combustion, 
and Liquid Rockets Conference, held in Palm Beach, Florida, 
April 26-28, 1961. These papers provide an excellent illustration 
of current research and development on a selected group of prob¬ 
lems relating to detonations, two-phase nozzle flow, and com¬ 
bustion in liquid fuel rocket engines. 

The papers on detonation, given in Part 1, cover the entire 
range of physical conditions under which detonation may be initi¬ 
ated or sustained — e. g., high explosives, solid propellants, 
liquid sprays, and gases. Experimental and theoretical studies 
are included. Significant progress is recorded in our understand¬ 
ing of basic phenomena involved in transition from deflagration 
to detonation, and in the nature of stable detonations in dilute 
sprays and other systems. 

The perennial problems associated with high frequency in¬ 
stabilities in liquid fuel rocket engines are considered from 
various points of view in Part 2, Section A. The real challenge 
in this field, however, is not yet resolved: the origin of unstable 
burning in microscopic terms is not as yet understood. An ac¬ 
count of combustion processes and vibrations in the spherical 
LR99 engine used in the X15 provides interesting contrasts with 
the stability behavior of more conventional rocket engines. 

Considerable progress has been made in recent years in 
understanding the nature of two-phase flow phenomena in converg¬ 
ing-diverging nozzles. The technical papers in Part 2, Section B, 
were supplemented, at the Palm Beach meeting,by a round-table 
discussion, moderated by S. S. Penner, in which S. I. Cheng, 
A. R. Hall, M. Farber, M. Gilbert, and R. Kushida participated. 
The salient conclusions reached by the panel include the follow¬ 
ing recommendations: The mathematical techniques used for 
solving the two-phase flow problem should be re-examined with 
particular emphasis on the nature of the singularity at the throat; 
a real understanding of chemical reaction rates offers the ulti¬ 
mate promise of controlling, as well as of describing, relaxation 
phenomena in nozzle flow; the quantitative nature of the relaxa¬ 
tion processes in real rocket nozzles will depend on altitude; 
comparisons between theory and experiment in nozzle flow pro¬ 
cesses should be based on a realistic evaluation of the many 
phenomena that affect engine performance; there is a pressing 
need for more accurate rate equations in condensation processes 
and in chemical changes. 



The present volume should be of value as a reference book 
to the investigator working in the field of propulsion research and 
development. It also should present challenging ideas to the 
serious student of combustion science who is interested in dis¬ 
covering important new areas of application in which further basic 
studies are required for proper understanding of observable data. 

S. S. Penner and F. A. Williams 
September 1961 
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PART 1 

DETONATIONS IN SOLIDS, LIQUIDS, 
AND GASES 




DETONATION AND TWO-PHASE FLOW 


STABILITY OF DETONATION WAVES AT LOW PRESSURES 

James A. Fay- 

Mas sachusetts Institute of Technology, Cambridge, Mass. 
ABSTRACT 

The question of detonation wave instability and its con¬ 
nection with spinning detonation is reviewed from the point of 
view of two-dimensional disturbances within the reaction zone 
of a detonation front. A method is proposed for determining 
the stability of detonation waves to two-dimensional disturb¬ 
ances by means of a linearized perturbation theory that is 
analogous to that used in laminar boundary layer stability 
studies. The general perturbation equations for this case are 
developed, but no solutions are given. 

INTRODUCTION 

One of the more interesting results of the experimental 
observations of the properties of gaseous detonation waves 
propagating in tubes is the accumulating evidence that the 
wave propagation is unsteady on a scale comparable with the 
wave front thickness (1,2)* even though the average propaga¬ 
tion velocity is constant. These more recent observations 
parallel much older ones (3) concerning the phenomenon of 
spinning detonation in which large scale (that is, comparable 
to tube diameter) periodic unsteadiness was also found to 
exist under certain conditions even though the average wave 
speed was equal to its value calculated according to the one¬ 
dimensional steady flow theory of Chapman and Jouguet. The 
recent observations stem entirely from Schlieren and inter¬ 
ferometric photographs of detonation waves taken at suffi¬ 
ciently low initial pressure so that the reaction zone could be 
resolved with the usual optical arrangement (see Fig. 1). 

J. A. FAY is Processor of Mechanical Engineering. Paper 
submitted for publication to the American Rocket Society, 

July 18, 1961. The preparation of this paper was sponsored 
by the Office of Naval Research through Project Squid. 

1 Numbers in parentheses indicate References at end of 
paper. 
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Although the evidence is far from complete, it is sufficient 
to suggest that under usual circumstances detonation waves 
proceeding at their characteristic Chapman- Jouguet veloci¬ 
ties are apparently unstable. It is this proposition that will 
be discussed and for which a method of theoretical analysis 
is suggested. 

There are several similarities between the phenomenon 
of spinning detonation and the more recently discovered 
unsteadiness, which may be termed structural instability . 

First of all, both phenomena appear at low pressures in any 
given mixture propagating through a tube of given diameter. 
Structural instability appears when the reaction zone thick¬ 
ness is discernable, e. g. , a few millimeters thick in a 
10-cm tube. Spin invariably occurs near the low pressure 
limit of detonation wave propagation (4). For the few mix¬ 
tures for which the measurements have been made, it appears 
that spin (and hence extinction) occur when the reaction zone 
thickness becomes an appreciable fraction of the tube dia¬ 
meter. Secondly, both spin and structural instability appear 
only for Chapman-Jouguet waves, that is, those which are 
not overdriven. Even in mixtures that do not sustain a steady 
detonation wave, it has been observed that spin appears in an 
initially overdriven detonation as it decays through the 
Chapman-Jouguet velocity. Finally, in both cases, there is 
an extraordinary and apparently inexplicable peculiarity of 
the motion. In the case of spinning detonation, the remark¬ 
able agreement between the measured and calculated spin 
frequencies proves that the wave propagation in the wake of 
the detonation wave is almost entirely transverse to the tube 
axis, yet no suitable explanation of this effect has been sug¬ 
gested. In the case of the structural instability, both 
Schlieren and interferometric pictures show appreciable dis¬ 
turbances within the reaction zone which apparently decay 
within a very short distance behind the wave front (see Fig. 1). 

It is tempting to consider both these phenomena as 
simply different manifestations of the same basic instability. 
In fact, on some occasions, both seem to exist side by side, 
as shown in Fig. 2, in which a periodic structure is super¬ 
imposed on a smaller scale random nonuniformity. Although 
this may be the case, much more experimental evidence is 
needed before such a proposition can be considered proved. 

In view of these experimental observations, it seems 
desirable to develop a stability theory for detonation waves. 

A first approach might follow that of Landau (5) and 
Markstein (6), who studied laminar flame stability by con- 
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sidering the flame as a discontinuity in an otherwise inviscid, 
adiabatic, two-dimensional unsteady flow field. Chu (7) has 
adopted this approach in studying the stability of overdriven 
detonation waves and has found that, like shock waves, they 
are stable. The perturbation considered in such an analysis 
is illustrated in Fig. 3, where an arbitrary plane wave in 
the subsonic flow downstream of the discontinuity is matched 
to the perturbed detonation front so that the Rankine-Hugoniot 
conditions are satisfied across the discontinuity. The pur¬ 
pose of the analysis is to determine whether the imaginary 
part of the complex frequency for a flow perturbation of this 
type has a negative or positive value, indicating instability 
or stability. 

Chu did not discuss the case of the Chapman- Jouguet 
wave for which the flow downstream is just sonic. For this 
case, a perturbation of the wave front of the type shown in 
Fig. 3 cannot be permitted, at least to first order, because 
the Chapman-Jouguet velocity is the minimum velocity that 
will satisfy the Rankine-Hugoniot conditions, and any increase 
or decrease in pressure behind the wave would only cause an 
increase in velocity. Consequently, no distortion of the wave 
front is permitted, and the only possible wave pattern down¬ 
stream which will meet this boundary condition is a standing 
wave with a wave front parallel to that of the detonation 
itself. The flow is neutrally stable to such a disturbance. 

The fact that such a neutral disturbance propagates in a 
direction normal to that observed in the spinning detonation 
merely serves to emphasize the drawback of the discontinuity 
approach to detonation wave stability. 

Probably the chief reason for the failure of the discon¬ 
tinuity theory to predict instability is that the latter probably 
originates within the wave front itself--an effect which is 
necessarily absent when the detonation wave is considered 
as a discontinuity. By treating the detonation wave as a 
shock wave followed by a flame front, that is, as a double 
discontinuity, it is possible that a*better model of the true 
process would result and a clearer insight into the problem 
in stability might be achieved. Instead, a method is proposed 
which is very similar to that used in laminar boundary layer 
stability studies, which has had great success in understanding 
the problem of transition to turbulence. 

The theory of boundary layer stability will be summarized 
by considering the flow shown in Fig. 4. A viscous fluid flows 
parallel to a solid wall where there is a locally nongrowing 
boundary layer. This basic flow is thus parallel to the wall 
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with a velocity and other properties depending only on y, 
the distance normal to the wall. If a perturbation is con¬ 
sidered which is periodic in time and in the flow direction 
(real wave number a), then the y dependence of the distur¬ 
bance is given by the Orr-Sommerfeld equation (8) 

( -^2 - a 2 ) 2 <j> = iaR I (u-c) ( - a 2 )<£ - [ 1] 

dy dy dy \ 

where 0 is any perturbation quantity, u is the unperturbed 
flow velocity, c is the wave phase velocity, and R is the 
Reynolds number based on boundary layer thickness and free 
stream velocity, all quantities having been made dimension¬ 
less by a suitable choice of reference values. The solution 
to'this eigenvalue equation which satisfies the boundary con¬ 
ditions at the wall and disappears at infinity can only be 
found for the proper combinations of the parameters a, R, 
and c. In particular, if it is required that the imaginary 
part of the complex frequency (or of c) be zero, which is the 
condition for neutral stability, then for any given value of R 
there will be only discreet values of wave number a which 
will delimit the region of stability from that of instability. 

The general result of such a calculation is shown in Fig. 5, 
where the regions of stability and instability are indicated 
as a function of wave number a and Reynolds number R. The 
point of interest in fluid mechanics is that at sufficiently high 
Reynolds numbers there are always some waves that will 
grow in amplitude until nonlinear effects become dominant. 

An analogous approach for the case of a detonation wave 
will be considered. The basic flow is the one-dimensional 
reacting flow behind a shock wave as given by the ordinary 
detonation theory (see Fig. 6). The unperturbed flow quanti¬ 
ties depend only on the distance x normal to the shock front. 
The perturbed flow will be considered to be periodic in time 
and direction parallel to the shock front, and to have a 
dependence on x to be determined by the solution to the per¬ 
turbation equations which, hopefully, will have a form 
similar to the Orr-Sommerfeld Eq. 1 above. The parameter 
or parameters equivalent to the Reynolds number of the 
boundary layer case can be expected to arise naturally out of 
the perturbation analysis. These important quantities would 
be expected to be related to the reaction rates. 

The basic equations of conservation of mass, momentum, 
and energy, in which transport effects are considered un¬ 
important, as well as a kinetic equation and equation of state 
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are given below 


-|£- + V • (p q) = 0 


[2] 

tjf'’'•'^ t 7' p = 0 


[3] 

<JF- +7'V)e+p j sT'+q-?! 

[<f ) = 0 

[4] 

(-giL + q • V ) € = r (e, P » P) 


[5] 

e = e(p, p, € ) 


[6] 


where p is the density, q* the velocity, p the pressure, e the 
internal energy, and € the single reaction coordinate of this 
simplified system having an irreversible reaction whose 
rate is specified by Eq. 5. 

The steady one-dimensional solution to these equations 
will give the dependent variables as a function of position 
behind the shock front. Taking as reference quantities the 
values of these dependent variables immediately behind the 
shock front, a reference length that could be the thickness 
of the combustion zone for this solution, and a reference 
time that is this length divided by the velocity, this set of 
equations can be made dimensionless. By considering small 
perturbations to this basic flow, following the usual method 
of considering first-order effects only, the following set of 
equations for the dimensionless perturbation quantities is 
arrived at: 

Dp + -i- V • q = P ]— 
q i (q) 


Dq +q Vp = -p{q -t + (q ) 2 


q • i - p 


[7] 


[ 8 ] 
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De + q (P-q) V • q”= (3 j 

(P-q)«T- i*- qp - q 2 (P-q)p| 

[9] 

D S + V + V + V 

= - <5 P q*- T 

[10] 

e = ®p p + e p P + e € e 


[11] 

13 = 1 ± ( _ 

P \ 

[12] 

WliCJLC X - XII ^ | 

y p q f shock 

p = "aS - 

- i 

s = p q 2 

(ep ) - (P - q ) 

[13] 

[14] 


e e 

D == —— + q 

at ^ 

a 

Tx“ 

[15] 


The dimensionless perturbation quantities appear here with¬ 
out special notation. The bar over a symbol refers to the 
local value of the corresponding quantity as obtained from 
the steady-flow unperturbed solution, and subscripts refer 
to partial derivatives. 

Next, each perturbation quantity is assumed to have the 
following form: 

<t> =<f> (x) exp | i a (y - ct) | [16] 

On substituting this into the previous set of first-order 
equations, the result may be written in the following matrix 
form: 

{ A f q =i a + p \ c } * t 17 ] 
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where the vector x has the components 

X ■ (q^ q y , p , p, e, e) [18] 

and the matrices A, B, and C are given by 


1 

1 


0 q 2 0 0 

0 0 10 


0 

0 


0 


10 0 0 


0 




P-q 


0 


0 

0 


0 0 1 
0 0 0 


0 

1 


0 


o (P-q)q -1 


y-1 (y-i)Q 
k q 


[19] 



- 2 

0 -q cq 

c 0 0 

0 c 0 

0 -cq(P-q) 0 

o o -i-i 

a 

0 0 0 


0 0 0 

0 0 0 

-q 0 0 

0 c 0 



0 0 0 


[ 20 ] 
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1 

0 

- 2 
-q 

0 

0 

0 

-1 

0 

- 2 
-q 

0 

0 

0 

0 

0 

0 

0 

0 

0 

P-q 

0 

q 2 (P-q) 

q 

0 

0 

- S 

0 

0 

0 

0 

0 

0 

0 

-q(2P-3q) 

1 

0 

0 


[ 21 ] 


It has also been assumed that the gas is perfect with a 
specific heat ratio y and a dimensionless heat of reaction Q. 

This system of linear equations could be reduced to a 
single equation comparable to the Orr-Sommerfeld equation 
above. However, the principal effects can be seen by a 
closer examination of Eq. 17 and the corresponding matrices 
in Eqs. 19-21. For example, if the flow behind the shock 
wave were uniform, then (3 would be zero, and the system 
given by the first two terms in Eq. 17 is identical to that for 
sound waves in a reacting medium. If no chemical reaction 
is permitted in the perturbation equations, then the fifth row 
in matrix B disappears except for the term containing c, and 
''frozen 11 sound waves are found. 

If the basic flow is one for which q is a function of x, 
then in addition to the space dependent coefficients in the first 
two terms, the third term in Eq. 17 is also important. The 
general result is thus a system of dispersing sound waves in 
which one source of phase change (and hence possible 
instability) is that due to the reaction rate terms appearing 
in the fifth row of matrix B. Furthermore, it would appear 
that these terms would become of greater importance for 
small a, that is, for long wavelengths. 

A word should be said about the boundary conditions at 
the shock wave, which will not be discussed in detail. The 
effect of perturbing the shock front is to introduce a phase 
difference between the x and y components of velocity at the 
shock front. In the absence of a chemical reaction, a shock 
front is stable to such a perturbation so that the solution to 
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Eq. 17 with the third term absent only exists if the phase 
velocity c has a positive imaginary part. Thus, in the 
absence of chemical reaction, there is an inherent tendency 
towards stability, so that if there is a basic instability in 
the detonation front, it must arise out of the effects of 
chemical reaction. 

In principle, it appears possible to find solutions to the 
eigenvalue Eq. 17 and to determine the regions of stability 
and instability in a manner similar to that shown in Fig. 5. 
The parameter corresponding to Reynolds number would 
appear to be the quantities r_ , r , and r € . These quantities 
depict the sensitivity of the chemical reaction to changes in 
pressure, density, and concentration, and like the Reynolds 
number in the Orr-Sommerfeld equation, they are the terms 
that will introduce phase shifts. 

It is possible that this scheme of analyzing the question 
of flow stability also contains the means of describing spin¬ 
ning detonations. The perturbation considered above is one 
for a wave of infinite extent in which only boundary conditions 
on the shock wave and the vanishing of the disturbance far 
downstream need be satisfied. If the wave is contained in a 
finite tube, then additional boundary conditions would have 
to be satisfied at the tube walls. This would generally 
require superposition of the waves considered above, but 
such can be accomplished within the linearized theory. 
Furthermore, the type of perturbation considered is identical 
with that observed in spinning detonation, that is, a wave 
with phase velocity parallel to the shock front. It would 
indeed be fortunate if the whole of the experimental pheno¬ 
menon could be encompassed within this one simple point of 
view. 
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Fig. la Schlieren photograph of a 20% C 2 -H 2 -45% 02-35% 
A detonation at 30 mm initial pressure (wave 
moves toward left) 



Fig. lb Interferogram of a 2 H 2 -O 2 detonation at 78 mm 
initial pressure in an 8 cm square tube (wave 
moves toward left). Note the random character 
of the interference pattern within the combustion 
zone (photograph by D. R. White) 
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Fig. 2 Schlieren photograph of detonation in C 2 H 2 -O 2 -A. 
mixture at 20 mm initial pressure 



Fig. 3 Pattern of wave-lihe disturbance behind detonation, 
(coordinates fixed in detonation front) 
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y y 




u'-^(y) exp {la(x-ct)} 

Fig. 4 Character of basic flow and perturbation used in 
laminar boundary layer stability analysis 


a 



Fig. 5 Typical stability diagram for laminar boundary 
layer 
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Fig. 6 




Character of basic flow and its perturbation used 
in detonation wave stability analysis 
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SPECTROPHOTOMETRIC ANALYSIS OF 
DETONATION WAVE STRUCTURE 

J* Kenneth Richmond 

Boeing Scientific Research Laboratories 
Seattle, Washington 


ABSTRACT 

In connection with the phenomena of standing detonation 
waves as a possible mode of propulsion, a controversy has 
arisen as to the nature of such waves and their thickness 
and internal structure* In order to provide criteria for 
critical analysis of such waves, ordinary moving detona¬ 
tion waves have been examined with the help of a spectro¬ 
photometer with high wave length and time resolution# The 
method used is an extension of ones previously applied to 
stationary laminar and turbulent flames# Both steady- 
state and unsteady detonations of propane or hydrogen, 
with air or oxygen, were examined* The thickness of the 
combustion wave, as defined by the rise time of the char¬ 
acteristic emission behind the shock front, varied from 
about 2 mm to JO mm, depending on the mixture and the ini¬ 
tial pressure* Even with the "strong 11 detonation waves, 
there was no indication of an "induction period" greater 
than one microsecond* 

INTRODUCTION 

The standing wave ramjet has been under critical exam¬ 
ination in the past two years as a possible power plant 
for hypersonic flight within the atmosphere* In a review 
article, Dugger (l) 1 discusses the advantages of ramjets 
over turbojets and rockets for hypersonic propulsion and 
in particular, the advantages (as well as disadvantages) 

J.K.^Rl'flBilOND, staff member in the Aerodynamics and Pro¬ 
pulsion Group, Flight Sciences Laboratory* Paper present¬ 
ed at the ARS Propellants, Combustion, and Liquid Rockets 
Conference, Palm Beach, Fla*, April 26-28, 1961* 

■^Numbers in parentheses indicate References at end of 
paper* 
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of supersonic combustion ramjets* Of the latter, the 
standing wave, or detonation wave, ramjet has at least the 
advantage of simplicity, with the possibility of a very 
short engine, since the heat addition is presumed to take 
place in a very short distance* This distance is one of 
the principal subjects of this paper* 

STANDING DETONATION WAVES 

The nature, thickness, and structure of standing detona¬ 
tion waves of hydrogen-air mixtures in the laboratory and 
proposed engines employing these waves have been discussed 
at length by Gross et al* (2, 3) and by Nicholls et al* 

(4, 5). A small controversy has arisen whether the phe¬ 
nomena observed in these cases were true detonations, and 
what the thickness and detailed structure of the reaction 
zone might be under various conditions. It is the general 
thesis of this paper that certain methods of analyzing the 
structure of ordinary traveling detonation waves will ap¬ 
ply equally well to the standing wave by analogy of these 
methods as applied to moving and standing deflagration 
waves, respectively. 

SURVEY OF WORK ON MOVING DETONATION WAVE STRUCTURE 

Considerable work ha6 been reported on transition from 
deflagration to detonation and on external effects such as 
velocity of propagation and pressure ratios, but not so 
much on the details of structure of the detonation wave* 
Experimental work is usually done at reduced pressures, so 
that the waves are thick enough to permit easy resolution* 

The results of a number of such experiments were report¬ 
ed in the Second ONR Symposium on Detonations in 1955* 
Gilkerson and Davidson (6) detonated mixtures of hydrogen 
and oxygen at 0*035 atm by means of shock waves, using 
filtered phototubes and iodine vapor as indicators* Ben¬ 
nett and Wedaa (7) also ignited detonations in mixtures of 
acetylene-oxygen and hydrogen-oxygen down to 10 cm Hg 
pressure, reporting ionization and light profiles* In 
both of the forementioned papers, the light intensity rose 
to a maximum within 2 to 7 psec but decayed very slowly* 
There were also indications that the detonations were 
overdriven or unsteady* Kistiakowsky (8), using x-ray ab¬ 
sorption techniques* observed the thickness of reaction 
zones as zones of high initial density in 2 H 2 -O 2 mixtures* 
The duration of the reaction zone varied from 2 to 20 fisec 
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as the initial pressure varied from 85 nun to 20 mm, re¬ 
spectively* 

Using an interferometer, White (9) observed detonations 
in mixtures of hydrogen and oxygen at initial pressures of 
20 mm and upwards* All records showed nonplanar detona¬ 
tion fronts, with disturbances whose scale increased with 
decreasing pressure* 

In a more recent work, Wagner (10) investigated the 
structure of the reaction zones of hydrogen and oxygen de¬ 
tonations* Temperature and density profiles were followed 
to a high degree of resolution by means of schlieren light 
and ultraviolet absorption* At about 1/10 atm initial 
pressure, he found an induction period of a few tenths of 
a usee, followed by a reaction period of about 10 usee* 

Most of the work reported indicates reaction zone thick¬ 
nesses inversely proportional to pressure y representing a 
value for a number of collisions somewhere between 103 and 
10 ^. 

EXPERIMENTAL METHOD 

One of the most helpful methods in examining the struc¬ 
ture of the reaction zones of laminar and turbulent flames 
is the use of a spectrophotometer with sufficient spatial 
resolution to trace out the distribution of certain char¬ 
acteristic emitters in the flames. Hydrocarbon flames are 
commonly used, because of their high luminosity and the 
production of several convenient bands for comparison. 

Wohl and his co-workers (11) traversed laminar flames at 
reduced pressures, tracing out the radiation intensity 
from butane flames at 4312A. due to CH radical radiation; 
at 47371 due to C 2 ; at 4500 a, to follow the continuum 
radiation only, in between the bands; at 30651* due to OH 
radical radiation, and at 9600A, which is one of the bands 
due to H 2 O emission. The results of these measurements 
Were amply verified by schlieren photographs and by chemi¬ 
cal sampling. 

This same technique has been extended by several workers 
(12-14) to turbulent flames, primarily to find out whether 
turbulent flames in any way resemble laminar flames* 

Data obtained from spectrographic plates and from spec- 
trophotometric traverses in this manner form the bases for 
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the chemical kinetics of flame reactions and have become 
veil established as indications of the combustion process 
itself* Hereafter in. this paper 9 an attempt will be made 
to justify this method as applied to the study of detona¬ 
tion structure, and the results of applications to various 
fuel-oxygen systems will be presented* 

There have been many reports of detonation spectra, one 
of the best of which was by Wagner (15) in the Sixth Com¬ 
bustion Symposium* Detonation spectra are somewhat dif¬ 
ferent from the corresponding flame spectra, as discussed 
by Wagner, mainly because of the high temperatures exist¬ 
ing* The band structure of detonations is much less com¬ 
plex, with a very strong continuum in most cases* But no 
new bands from the combustion process are ever found, and 
the brightest bands in the flame spectra may still be 
seen* Fig* 1 shows comparisons of detonation, flame, and 
calibration spectra taken under the conditions of the pre¬ 
sent work by a <TACO f/6*3 grating spectrograph, viewing 
the detonations end-on* The dispersion is about 9A/mm* 

It will be seen here, also, that the detonation band 
structure is almost washed out by the strong continuum, 
but that there is still available the CH band head at 
43121 for monitoring the propane detonations and the OH 
band head at 3065A for monitoring the hydrogen detona¬ 
tions* Repeated shots with shock waves in air or oxygen 
produced neither measurable continuum nor band spectra, 
even in the reflected shock, but only line spectra due to 
metals vaporized from the walls of the shock tube* Most 
obvious of these, to be seen on the spectrograms of pro¬ 
pane detonations, are lines at 4289A, 4274A, 4254A, due to 
chromium, and of calcium at 4227A. 

The experimental method in this work consists of measur¬ 
ing the phase difference between the pressure and/or tem¬ 
perature step at the leading edge of the detonation wave, 
and the course of the chemical reaction following, as in¬ 
dicated by the distribution of characteristic emission* 
These data will be supplemented by pressure and velocity 
data and by a few calculated parameters* 

DESCRIPTION OF APPARATUS 

A schematic of the experimental apparatus is shown in 
Fig* 2* The detonations took place in the BSRL mechanical 
shock tube, built of stainless steel, with an overall 
length of 37 ft* The driver section has a 4—in* ID and a 


20 



DETONATION AND TWO-PHASE FLOW 


length of 5 ft; the driven section has a 3-in# ID# The 
driver section is equipped with a spark gap whose spacing 
is about 1#25 in#; the ignition source is one half of a 
luminous tube transformer, rated at 12,000 v and 1225 v- 
amp# With this ignition source, mixtures of propane and 
oxygen could be detonated at initial pressures as low as 
1/150 atm# For spark ignition, the entire shock tube was 
filled with combustible mixture# With mixtures harder to 
ignite or to detonate, shock waves were used, in which 
case the driver section was closed off with a diaphragm 
and then filled with helium until the diaphragm ruptured, 
generating a shock wave in the combustible mixture# 

The gases to be used were metered into a mixer and into 
the shock tube with standard rotameters that had been 
calibrated with a precision wet test meter, which was 
calibrated with a standard gas prover# The accuracy of 
the gas flow rates obtained in this manner is about ± 2$# 
After the shock tube had been pumped down to an absolute 
pressure less than 1/10 mm Hg, the gas mixture was flowed 
in and pumped out at a steady rate for several minutes; 
then the pump was closed off and the pressure adjusted to 
the final value# 

All measurements were made in the test section, which 
was the last 3 ft of the shock tube, and which was equip¬ 
ped with suitable ports and windows# In order to be able 
to mark accurately the arrival of the pressure step at the 
leading edge of the detonation waves, thin film heat 
transfer probes were used# These probes consist of thin 
films of platinum on a glass backing (flush with the in¬ 
side tube wall), which, with suitable circuitry, marked 
the arrival of shock waves# The overall rise time was 
about 1/2 *11800 which is somewhat better than is possible 
with ionization probes or with pressure transducers# A 
pair of these thin film probes, with their outputs dis¬ 
played on an oscilloscope, served as velocity measure¬ 
ments, with an accuracy of about ± 2$# Opposite one of 
these probes was a window with a slit and lens arrange¬ 
ment, through which the spectrograph could view the pass¬ 
ing detonation wave# The resolution of this system will 
be discussed later# 

In the focal plane of the spectrograph, a rack was lo¬ 
cated, containing exit slits and photomultiplier tubes 
that could be set on various lines in the spectrum# 
Photomultipliers used were type 1P21 for visible light and 
type 1P28 for ultraviolet# These exit slits were adjusted 
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so that the spectral bandwidth of the signals produced was 
about 4*5£* The rise time of the circuit including photo¬ 
multipliers and amplifiers was checked with a steady light 
and a Kerr cell shutter and adjusted to be about 0*2 ysec# 
Typical oscillograms showing simultaneous records of heat 
flux and light emission are shown in Fig* 3* The coinci¬ 
dence of the two records was demonstrated by displaying 
them either on a dual-beam oscilloscope or on separate 
oscilloscopes with simultaneous display of the output of a 
time marker generator# With this equipment, the radiation 
from one or two radicals in the flame as well as the con¬ 
tinuum radiation could be monitored simultaneously* 

The peak pressure behind the detonation wave was measur¬ 
ed with Kistler PZ-6 or PZ-14 piezo-electric transducers, 
used with the Kistler amplifier-calibrator* The trans¬ 
ducers were calibrated statically on a dead-weight tester 
and dynamically with shock waves* In the latter case, the 
pressure ratios could only be verified to about ± 10 % at 
high values of Mach number* 

Synchronization of the instrumentation was accomplished 
by upstream triggering from an ionization gap or by a 
photomultiplier tube mounted on the shock tube wall* 

The steadiness of the detonation waves was further veri¬ 
fied by replacing the test section with a glass section 
with a horizontal slit and viewing the phenomenon with a 
rotating mirror streak camera* 

RANGE OF EXPERIMENTS 

Two mixtures of propane and oxygen were used - stoichio¬ 
metric, at 16* 7$ propane, and the mixture with the highest 
detonation velocity, at 27*6$ propane* Y/ith these mix¬ 
tures, the initial pressure was varied from 1/150 to 1/3 
atm* In all cases, the mixtures were ignited by the spark 
source described in the foregoing# 

Stoichiometric mixtures of hydrogen and oxygen, with 
initial pressures ranging from 1/5 to 1 atm were detonated 
(all spark ignited)# Both sparks and shock waves were 
used to detonate stoichiometric mixtures of hydrogen and 
air, at an initial pressure of 1/2 atm, only shock waves 
could detonate mixtures at 1/k atm# 
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THEORETICAL CALCULATIONS 

In order to estimate the extent to which the detonations 
attained their steady-state values, calculations were per¬ 
formed, in which the various detonation parameters were 
computed for some representative conditions, using the 
usual Chapman-Jouguet theory# The results are shown in 
Table 1# Some of the yalues needed are available in the 
literature and are also shown# 


Manipulations were performed on the one-dimensional 
equations involving conservation of mass, energy, momen¬ 
tum, and atoms and on the equation of state for a perfect 
gas, the Chapman-Jouguet condition, and the various dis¬ 
sociation equations for all possible products# For the 
case for a "strong” detonation, a typical pressure ratio 
was first assumed# For ease of computation, the equations 
were reduced to the following fofrms: 


Conservation of Momentum 
2 ^ 


Y 2^ /" Y 2^ 

u ^ + 


1 _") 


P 1 T 1“1' 


P 1^2 tt 2 

Hugoniot Relation 

(l/2)RT 1 n 1 (l + y)(l - i) = M(e 2 - e ^ 
Equation of State 

T 2 n 2 

7 = V- 

x l“l 


= 0 
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C3] 


Energy Balance 

M(e 2 - e.) = (change of internal energy of 
^ products from 0*K to T2) 

- (change of internal energy of reactants 

from 0°K to Ti) 

- (heat released by exothermic reactions) 

+ (heat absorbed by endothermic reactions) [4] 


General 

tonation 


Expression for Velocity of Propagation of De- 



[5] 
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Velocity of Propagation of Chapman-Jouguet Detonation 

D = M ^2 ^6] 

For incompressible flame propagation (±*e», y 1), all 
the heat released Is used to heat the products, hut in the 
case of supersonic combustion, some of the heat of reac¬ 
tion Is used to compress the gas at the leading edge of 
the detonation wave* In the case of incompressible flow, 
Eqs. 2 and 4 reduce to 


M(e 2 - e 1 ) = RCT^ - T^) [?] 

In the case of compressible flow with no chemical reac¬ 
tion, the only energy available is that given the -wave by 
its initial disturbance, and a higher pressure ratio re¬ 
sults for a shock wave than for a detonation wave of the 
same Mach number* 

The currently accepted theories of detonation structure 
postulate that a detonation consists of a shock wave pro¬ 
pagating into an initially unreacting gas, followed by the 
combustion reaction. The first region of the wave is 
known as the von Neumann Spike , whose thickness, according 
to Hirschfelder (l£) would be of the order of 10*5 cm, but 
few workers have ever reported measurements of this por¬ 
tion of the wave* In principle, there should be, behind 
the von Neumann spike, some finite induction period, in 
which no appreciable chemical change occurs* This region 
is then followed by the reaction zone, in which the chemi¬ 
cal reaction goes to completion, attaining the final tem¬ 
perature, which corresponds to the sum of adiabatic com¬ 
pression plus heat addition* This zone should have a 
thickness of the order of 1 cm for detonations in gases, 
depending in some way on the initial density and the order 
of the reaction* In contrast with flames in incompress¬ 
ible flow, neither the velocity of propagation nor the 
thickness of a detonation wave depends on the thermal con¬ 
ductivity* 

The complete solution of the problem of detonations or 
of shock waves in complex gases involves accounting for 
heat absorbed by dissociation* Since both temperature and 
dissociation depend on each, other, the equations are non¬ 
linear and require trial and error solutions. The general 
procedure is to assume a final temperature and a density 
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ratio and to solve the problem by successive approxima¬ 
tions! accounting for all possible dissociation equilib¬ 
ria# There is a possibility that all equilibria are not 
attained in the reaction zone within the time available, 
e#g#, the formation of NO, but such possibilities are 
ignored in this treatment# 

Following are some of the typical equilibrium equations 
for the solution of the detonation of propane and oxygen 
at initial conditions of 1/10 atm pressure and room tem¬ 
perature# In general, both high initial temperatures and 
low initial pressures favor dissociation# Both of these 
conditions would prevail in a hypersonic standing wave 
ramjet, flying at extremely high altitudes# 

Combustion Equation 

C 3 H 8 + 5 °2 = P 1 C0 2 + P 2 H 2 ° * P 3°2 + P 4 C0 
+ 0 5 OH + pgO + 0 ? H + pgH 2 [8] 

Where • • • = number of moles of each product com¬ 

ponent * 

Dissociation Equations 


CO + (1/2) 0 2 ** C0 2 + 66,767 cal/mol [9] 

H 2 + (1/2) 0 2 « H 2 0 + 57,107 cal/mol [lO] 

20 * 0 2 + 117,172 cal/mol [ll] 

OH + (1/2) H 2 * H 2 0 + 67,107 cal/mol [12] 

2H ** H 2 + 103,240 cal/mol [13] 


Conservation of Atoms 

2P 2 + Pj + P7 + 2 Pg 
2p 1 + P 2 + 20 3 + 0^ + 0 5 


= 8 (hydrogen) 

+ 0g = 10 (oxygen) 


[14] 

[151 
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Pi + = 3 (carbon) [16] 

Equilibrium Constants 
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The values for equilibrium constants, internal energy 
content as a function of temperature, and the heats of re¬ 
action were found in tables. The net change in internal 
energy for the combustion of a molecule as large as pro¬ 
pane comes out as a small difference between very large 
numbers, so the result cannot be too accurate, even if 
done with an electronic computer. In some cases, it 
seemed better to use the values for the heats of formation 
of free atoms and radicals in the energy balance, rather 
than the heats of dissociation as previously given in the 
dissociation equations. This method was suggested by Gay- 
don a nd Wolfhard (17), who also criticized the tendency to 
quote the various equilibrium constants to four or five 
significant figures, whereas the data on which these con¬ 
stants are based may be accurate to only three significant 
figures. 

EXPERIMENTAL RESULTS 
Propane-Oxygen 

With spark ignition only, reproducible detonations with 
stoichiometric mixtures were possible with initial pres- 
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sures as low as 1/100 atm, although the pressure ratios 
and velocities were somewhat higher than those obtained at 
higher pressures* There was never a measurable change in 
velocity along the 3 ft length of test section, as measur¬ 
ed either by probes or by the streak camera* With initial 
pressures between 1/3 and 1/4 atm, the velocity and pres¬ 
sure ratio trends began to level off and to approach the 
calculated values, as well as those reported in the liter¬ 
ature for 1*0 atm, such as in Lewis and von Elbe (18)* 

The only radiation band with sufficient intensity to 
provide a good signal to noise ratio, with the slit re¬ 
solution used, was at 43121 (CH radical), although the 
rise times recorded with this band appeared to be about 
the same as those indicated by the band at 47371 (Cg radi¬ 
cal) and by the continuum, measured at 40001 (due to COg 
association reaction)* The resolution of the optical sys¬ 
tem was checked either by closing down the side wall slit 
until no further reduction in rise time occurred or by in¬ 
serting an additional 0*5 mm slit between the lens and 
side wall slit, 1*5 in. away from the latter. When the 
insertion described in the foregoing was done, in the case 
of detonations at 3 in* initial pressure, for example, the 
rise time remained unchanged at 2 psec, with only the sig¬ 
nal height changed. It was apparent that the spectrograph 
itself has a sufficiently small acceptance angle to pro¬ 
vide most of the resolution. The same procedure was 
applied to the experiments with hydrogen. The resulting 
resolution is about 2 mm in the shock tube, corresponding 
to a rise time of about 1.0 psec* The effect of light 
scattered ahead of the detonation was reduced by blacken¬ 
ing the inside of the tube and placing the side wall slit 
flush with the inside wall. Departure of the wave from a 
planar front also contributed to the scatter of the data. 
It is postulated that the distance corresponding to the 
rise time of radiation is the same as the thickness of the 
reaction zone, and the corresponding number of collisions 
If have been computed. No induction period could ever be 
measured. The experimental results, along with some com¬ 
parisons with theory, are summarized in Table 2 and Figs. 

4 and 5* Each item is an average of many trials. A sig¬ 
nificant result is found from the trend of the decay of 
radiation as recorded by the oscillograms. Further proof 
that the band radiation emitted by the short-lived radi¬ 
cals marks the combustion zone, is that the radiation 
decays rather rapidly down to the continuum level, whereas 
the continuum radiation itself, (measured between bands at 
4000A) decayed very slowly, as did the pressure and tem- 
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perature. The decay time of the radical radiation appear¬ 
ed to be relatively independent of pressure for steady- 
state waves* 

Hydro gen-Oxygen 

Only spark ignition was used for these experiments, as 
it was thought desirable to have data free of complicating 
shocks or of the danger of overdriving. With sparks, con¬ 
sistent detonations at pressures below 1/4 atm could not 
be accomplished, although it was found that shocks could 
produce detonations at 1/10 atm or lower. An additional 
limitation was the fact that radiation levels became too 
low to measure at lower pressures. All the detonations 
reported propagated at nearly their Chapman-Jouguet rates. 
The pressure ratios also checked, within the experimental 
error. The results are shown in Table 3 and Fig* 6, along 
with radiation measurements and some theoretical values* 

All radiation measurements with hydrogen were much less 
successful than with propane because of the scarcity of 
radiation from the former. Wo visible light comes from 
the reaction zone of a hydrogen-oxygen flame (see Fig. 1), 
but only radiation in the ultraviolet from bands due to OH 
(principal band head at 3065A), plus some continuum due to 
the HgO association reaction. There is the additional 
complication that the OH radiation also persists into the 
burned gas, due to the dissociation of water or to the 
slowness of recombination. Further evidence of the latter 
effect is the strong radiation in the ultraviolet that ac¬ 
companied the reflected shock wave in the burned gas, with 
no visible light except from lines due to metallic impur¬ 
ities* In addition, the continuum was quite strong com¬ 
pared to the band radiation, so that the latter was prac¬ 
tically swamped. 

Due to lower radiation levels than those with propane 
and to the fact that more noisy photomultipliers had to be 
used, the signal to noise ratio was somewhat lower than 
with propane. As with propane, also, insertion of an 
additional slit did not improve the rise time, indicating 
a resolution of about 2 mm, or less than 1 psec. Under 
these conditions, the rise time of the ultraviolet radia¬ 
tion varied between 5 and 10 psec (15 to 30 mm in extent), 
with no systematic difference between signals at the dif¬ 
ferent wavelengths* Postulating that this rise time indi¬ 
cates the thickness of the reaction zone, the required 
number of collisions N has also been tabulated* There was 
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some indication that the decay time of the radiation at 
3065A (due to OH + continuum) was a little less than that 
at 3460A (continuum only), but this distinction was much 
less marked than in the case of propane* Again, there was 
no measurable induction period between the shock wave and 
the beginning of the radiation* 

Hydrogen-Air 

Extremely large (for hydrogen) pressure ratios developed 
when mixtures of hydrogen and air were detonated with a 
spark at an initial pressure of 1/2 atm, below which 
sparks could not produce detonations in the tube* These 
detonations are called unsteady or strong detonations in 
this report; their velocities are correspondingly higher 
than the Chapman-Jouguet values, but they were quite re¬ 
producible* Sometimes orifices or turbulence generators 
placed in the tube at the end of the driver section were 
effective in bringing the final pressure and velocity down 
to more nearly their normal values* The role of turbu¬ 
lence in the transition period was discussed by Martin 
(9)* The results are presented in Table 4* Ho signifi¬ 
cant pressure trend was investigated* 

Shock ignition, in general, was more effective than 
spark ignition in producing normal detonation velocities* 
At low values of diaphragm pressure ratio, the result was 
similar to that with spark ignition, but as the diaphragm 
pressure ratio was increased, the pressure ratio across 
the detonations decreased, until velocities and pressure 
ratios very near the Chapman-Jouguet values were recorded* 
In all cases, the velocity of the initiating shock was 
somewhat less than that of the final detonation wave, so 
that the two could readily be distinguished* Further evi¬ 
dence of the ability to distinguish between shocks and de¬ 
tonations is the fact that shocks that did not produce 
ignition at all (until the reflected shock appeared) pro¬ 
duced no ultraviolet light, whereas the shock-free (spark 
ignited) detonations always did* This evidence, plus that 
of the heat transfer probes, is cited to prove that all 
the waves reported here were free-running, i*e*, quasi¬ 
steady, with only one shock wave followed by a continuous 
reaction zone* 

As in the case of hydrogen-oxygen detonations, the in¬ 
tensity and rise time of the band radiation was hardly 
distinguishable from that of the continuum, and the decay 
times were likewise without much feature* The rise times 
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of the normally propagating waves was markedly shorter 
than those for the waves running at high velocities and at 
high pressure ratios, being about 5 T^sec (15 mm) for the 
former and about 15 nsec (45 mm) for the latter. The con¬ 
sequences of these and other experimental results will be 
discussed in the next section. 

DISCUSSION OF RESULTS 

The theoretical calculations verify the assumptions that 
the propane detonations at initial pressures below about 
1.0 in Hg, and all the spark-ignited hydrogen-air detona¬ 
tions departed considerably from the Chapman-Jouguet con¬ 
ditions. The abnormally high pressure ratios and veloci¬ 
ties which prevail under these circumstances are similar 
to those reported by White (19), who reported abnormally 
high pressures developed by hydrogen and other fuels in 
tubes too short for a normal detonation to develop* The 
early pressures noted were as high as four times normal, 
as also reported here, and were then followed by a normal 
development, if the distance was long enough. Such behav¬ 
ior was predicted by Oppenheim (20), who set up a model 
for the development of a detonation which was an unsteady 
double discontinuity system. In this model, a shock front 
is already running ahead of a combustion front; the pair 
will develop into a steady detonation wave only if the 
combustion front can overtake the shock wave. During this 
intermediate phase, Oppenheim predicts the attainment of 
extremely high peak pressures and velocities higher than 
those of the final Chapman-Jouguet state. Since this 
intermediate phase satisfies the same set of conservation 
equations as does the Chapman-Jouguet state, the former 
state must be the same as that commonly called strong de¬ 
tonations. It is postulated that the unsteady but repro¬ 
ducible detonations reported here are strong detonations 
in the classical sense, and the measured velocity and 
pressure ratio correlate approximately as the theory pre¬ 
dicts, in the case of hydrogen and air with spark igni¬ 
tion. These are true detonations in the sense of Oppen- 
heim's system, i.e*, they consist of a single shock wave 
followed by a combustion wave, both propagating at a high 
velocity with an abnormally high pressure ratio. This 
distinction is important, in view of the fact that Gross 
(2) reported that the standing normal detonations he pro¬ 
duced were of the strong variety; it is hoped that some of 
the criteria presented in this paper may serve to resolve 
the nature of such standing detonation waves. 
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The nature of these strong detonations is further demon¬ 
strated by the internal structure as indicated by the os¬ 
cillograms# In the case of propane, the wave thicknesses 
are much less than those of the steady state waves# This 
may possibly be caused by the higher temperatures now 
existing behind the leading shock wave producing a great 
increase in the reaction rate, which may be more tempera¬ 
ture dependent than is that for hydrogen# As a result of 
these factors, only the wave thickness in the pressure 
range of 1*5 to 3*0 in* Hg initial pressure could actually 
be resolved, since the limit of resolution was about 2 mm. 
Therefore, an upper limit of about 4 mm may confidently be 
placed on the thickness of propane-oxygen detonations at 
either 16#7$ or 27*6$ propane# An induction period, if 
any, would have to be somewhat less than 1 p,sec# 

It is also interesting to note that the decay rate of 
the radiation from the strong detonations warn much greater 
than that from the normal detonations, which is further 
evidence of the higher temperatures existing in the for¬ 
mer# This effect is further complicated by the fact that 
the rotational temperature of the CH radicals emitting 
this radiation is probably very much higher than the 
equilibrium value# 

The apparent wave thickness of the hydrogen-oxygen de¬ 
tonations was always considerably larger than that of pro¬ 
pane, with pressure taken into account, and also somewhat 
larger than that reported by other workers, such as in 
Refs# 6-8 and 10, using essentially densitometric methods# 
This discrepancy cannot be explained by lack of resolu¬ 
tion, because the apparent wave thickness was always at 
least 10 times the resolution distance# The best explana¬ 
tion probably lies in the fact that the OH radical radia¬ 
tion, especially in the presence of strong continuum radi¬ 
ation, is a poor indication of the reaction zone of a 
flame, since the OH radical is formed in the dissociation 
of product gases, as well as being formed as an intermedi¬ 
ate in the original reaction# This more diffuse distribu¬ 
tion of OH radicals was found by Wohl (11) in hydrocarbon 
flames# The decay time for the OH radiation was of the 
same order as the rise time, indicating that most of the 
radiation observed was produced in the reaction zone it¬ 
self, rather than from dissociation of the product gas# 

Because spark ignition of hydrogen-air detonations below 
1/2 atm was not possible, and because the peak pressures 
developed were considered unsafe with an initial pressure 
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of 1#0 atm f tests were limited to a small pressure range# 
As mentioned previously, ignition by sparks or by weak 
shocks produced strong detonations, whereas ignition by 
strong shocks produced normal detonations# Oscillograms 
of the former always showed a much more open structure 
than those of the latter, tending to verify the model of 
Oppenheim, where the combustion wave has not yet caught up 
with the shock wave. Even though any induction period was 
still undetected, the rise time of the strong detonation 
was about 3 times that of the normal wave# This separa¬ 
tion of more than an inch between the shock wave and the 
combustion wave is considerably more than the separation 
reported by Gross for his standing strong detonation# 
Further discussion of this problem was taken up by Dabora 
(21), who mentions the possibility of some burning of fuel 
ahead of the shock wave , preheating the gas and reducing 
the separation distance# Again, spectrographic analysis 
might help resolve this dilemma# 

CONCLUSIONS 

The spectrophotometer provides a useful tool for study¬ 
ing the structure of detonations, because in many cases it 
can follow accurately the course of fast chemical reac¬ 
tions# Unresolved radiation measurements may give mis¬ 
leading results# 

Strong, unsteady, and decelerating detonations are all 
the same thing, provided that they consist of one shock 
front, followed by a combustion front. Strong detonations 
in a tube provide a handy source of high pressure shock 
waves and considerably extend the range of experiments 
with fast chemical reactions* 

Knowledge of the nature and structure of strong and 
normal detonations should lead to a better understanding 
of standing normal detonations of both types, especially 
if spectrophotometric methods can be used# 

Better understanding of standing, stabilized detonation 
waves may yet prove that they can be a superior mode of 
propulsion for hypersonic ramjets. 
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NOMENCLATURE 


T 
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R 
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n 

y 

p 

X 

e 

D 


temperature 

pressure 

density 

ratio of specific heats 
universal gas constant 
average molecular weight 
number of moles 


& pi 


internal energy pet mole 


velocity of propagation of detonation wave into 
unburned gas 


Subscripts 1 and 2 refer to conditions before and after 
detonation wave, respectively. 
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Table 2 Experimental Results of Propane-Oxygen Detonations 
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Rise of Radiation 
at 4312 A 

Z 

8900 

7500 

6600 

3900 

2900 

1100 

900 

6200 

2500 

1600 

1200 

600 

200 

Distance. 

mm 

2.31 

3.27 

3.38 

3.39 

5.22 

3.52 

3.99 

2.67 

2.17 

2.82 

3.86 

3.01 

1.44 

Time, 

Usee 

0.90 

1.30 

1.30 

1.33 

2.00 

1.30 

1.35 

1.17 

0.97 

1.27 

1.66 

1.14 

0.50 

0) 

SS.jT 

82*. 

pH 

theor. 

30.6 

f 

41.8 

44.9 

55.4 

52.3 

51.3 

81.5 

104 

30.5 

33.6 

32.4 

47.0 

72.8 

135 

Velocity, 

fps 

theor. 

7310 

exp. 

8330 

8220 

8520 

8330 

8570 

8830 

9680 

7470 

7410 

7280 

7430 

8540 

9280 

Initial 

Pressure, 

bx> 

.3 

S rt 

10.00 

6.00 

5.00 

3.00 

1.55 

0.75 

0.50 

6.00 

3.00 

1.55 

0.75 

0. 50 

0.30 

Propane 
in Mixture, % 


27.6 

27.6 

27.6 

27.6 

27.6 

27.6 

27.6 

16.7 

16.7 

16.7 

16.7 

16.7 

16.7 
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Table 3 Experimental Results of Stoichiometric 
Hydrogen-Oxygen Detonations (Spark Ignited) 
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20.00 9390 14.4 ••• °-00 17.2 143,0U0 

30.00 9250 ■ 17.1 ••• 7.87 22.2 279,000 




















Table 4 Experimental Results of Hydrogen-Air Detonations 
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Rise of Radiation 
at 3065 A 

5B 

06500 

71700 

148000 

135000 

177000 

216000 

Distance, 

mm 

30.4 

22.6 

23.5 

21.4 

28.1 

34.7 

Time, 

Msec 

15.5 

10.3 

11.0 

9.55 

14.5 

15.4 

Pressure 

Ratio 

p 2 /p l 

theor. 

13.8 

13.8 

40.0 

40.0 

a* 

<u 

21.8 

27.4 

37.0 

28.5 

17.8 

36.6 

Velocity. 

fps 

theor. 

6040 

6040 

7580 

7880 

w 

a> 

6440 

7170 

7020 

7330 

6370 

7370 

Shock 

Wave 

Mach 

No., 

Mg 


§ § 

« ^ ; e- © g 

in eo § ■ N oi 

a 

a> 5? 

}g 

•RgS.dT 


171 

75.7 

Strong t 

31.8 

94.5 

Strong I 

Ignition 

Source 


Shock 

Shock 

Spark 

Shock 

Shock 

Initial 
Pressure, 
in. Hg 
abs 

_ 

7.50 

7.50 

7.50 

15.00 

15.00 

15.00 

15.00 
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Schematic of detonation experiments 
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a. Propane - Oxygen 

sweep speed 2 //sec/division 
A = 4312 A 

p^= 3.0 inches Hg abs. 
spark ignition 


b. Hydrogen - Oxygen 

sweep speed 10//sec/division 
A = 3065 A 

p^= 15.0 inches Hg abs. 
spark ignition 



c. Hydrogen - Air 

sweep speed 10 Afsec/division 
A = 3065 A 

p-= 15.0 inches Hg abs. 
shock ignition 


d. Hydrogen - Air 

sweep speed 10 /usee /'division 
X =3065 A 

p^=15.0 inches Hg abs. 
spark ignition 


Fig* 3 Typical oscillograms of light emission and heat 
flux 
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P i (In. of Hg) 


b. Width of Detonation Wave Vs. Initial Pressure. 


Fig# 4 Experimental results of detonations of stoichio 
metric (16#7$) mixtures of propane and oxygen 


*5 








DETONATION AND TWO-PHASE FLOW 



a. Velocity and Pressure Ratio Vs. Initial Pressure. 



b. Width of Detonation Wave Vs. Initial Pressure. 

Fig*' 5 Experimental results of detonation of rich (27*6$) 
mixtures of propane and oxygen 
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b. Width of Detonation Wave Vs. Initial Pressure. 


Fig. 6 Experimental results of detonations of stoichio¬ 
metric mixtures of hydrogen and oxygen 
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PARAMETRIC STUDIES OF STRONG 
GASEOUS DETONATIONS 

K.M. Foreman, H. Pevney, and R. MacMillan 

Republic Aviation Corp., Farmingdale, N.Y. 


ABSTRACT 

The real-gas thermodynamic properties and chemical composition 
of stationary, one-dimensional, strong detonations of oxygen-hydrogen 
and air-hydrogen mixtures for a wide range of laboratory and engineer¬ 
ing application environments are calculated using an IBM 704 high 
speed digital computer. Reactant conditions are determined which 
theoretically result in equilibrium detonations of zero energy change. 

INTRODUCTION 

The net energy release of detonative processes equals the changes 
of enthalpy and kinetic energy of the reactants as they change to re¬ 
action products. As the wave velocity of strong detonations increases, 
the exothermic reactions become overriden by endothermic processes. 
Thus, a method of classification is suggested for the range of strong 
gaseous detonations by a composition (equivalence ratio)-velocity co¬ 
ordinate system for prescribed reactant temperature and pressure 
conditions. The lower velocity limit is the Chapman-Jouguet condi¬ 
tion, whereas the upper velocity boundary is the zero energy release 
condition. Greater wave speeds are classified as strong shocks re¬ 
quiring additional processes to recombine the product species and 
make the overall system sufficiently exothermic to permit chemical 
energy extraction. 

Parametric studies of equilibrium, one-dimensional, real-gas 
properties of oxygen-hydrogen and air-hydrogen detonations have been 
conducted for a range of initial temperatures between 270° and 1620°R 
and subatmospheric pressures to 10”3 atm using an IBM 704 digital 
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PEVNEY is Engineering Assistant; R. MACMILLAN is Engineering 
Aide, all at the Plasma Propulsion Project. Paper presented at the ARS 
Propellants, Combustion, and Liquid Rockets Conference, Palm Beach, 
Fla. April 26-28, 1961. This work was partially supported by the Air 
Force Office of Scientific Research under Contract AF 49(638)-552. 


47 



DETONATION AND TWO-PHASE FLOW 


computer program. Typical variations of product gas composition 
and thermodynamic properties with wave velocity are presented and 
discussed, ft is seen that the coordinates that are used to classify 
strong oxygen-hydrogen detonations are broadened by higher reactant 
pressures and narrowed and shifted to lower velocities by higher re¬ 
actant temperatures. Similar characteristics are displayed by air- 
hydrogen detonations, except that the energy release per unit quantity 
of fuel reaches a maximum at approximately an equivalence ratio of 
4 rather than at the stoichiometric ratio. 

HISTORICAL BACKGROUND 

Since 1957, high speed digital computers have been applied to 
solve by numerical iterative techniques the several nonlinear simul¬ 
taneous equations resulting from the formulation of the one-dimen¬ 
sional, steady flow, real-gas detonation problem. Developments in 
computer technology since then have increased the speed of calcula¬ 
tion so as to make extensive parametric investigations physically and 
economically practical. As an indication of these improvements, a 
single dissociative case calculation now (1961) takes less than 1 sec 
(on an IBM 704) compared to 2-1/4 min in 1957 (on an IBM 650). A 
full determination of a Chapman-Jouguet condition can be accom¬ 
plished in less than 30 sec for most conditions chosen to start the 
iteration, compared to some 3 to 5 hr in 1957. 

THEORETICAL CONSIDERATIONS 


The equations programmed solve the model of a one-dimensional 
inviscid, steady flow of a homogenous detonable gas mixture across 
a stationary detonation front. It is assumed that there is no heat 
transfer into or out of the frictionless flow channel. The reactant 
gas has known velocity, pressure, temperature and molar composi¬ 
tion. The general form of the reaction is considered as 

C A + “l 0 2 + Q 2 N 2 + V —' 

01 OO 2+W *V , 2+f > 4°2*h CO +0 6 OH + 0 7 N + 0 8 O 

+ *>9 H + V 0+S 11 H 2 + ?12 A +8 13 C + < i 14 l V 6 15 N W 0+ 


The product gas composition is determined for chemical equilib¬ 
rium. The subscripts x and y denote the number of carbon and hy¬ 
drogen atoms respectively, based on one mole of fuel. Molar quanti¬ 
ties of reactant andproduct species are denoted by a and /3 coeffi¬ 
cients respectively. The special case of hydrogen fuel is accomodat¬ 


ed by specifying a value of x that is extremely small compared to y=2; 
it has been found practical to use x=10~ 6 or less for this type of case. 


AS 



DETONATION AND TWO-PHASE FLOW 


Similarly, a fuel reaction with only oxygen can be set up by specifying 
relatively small values of a 2 and 0*3 as compared with ai and the 
one mole of fuel. Shock properties of unimolecular gas or gas mix¬ 
tures without fuel can be determined in a similar manner. 

Thermodynamic data required for the four conservation equations 
and 11 equilibrium reactions have been curve fitted by fifth-degree 
polynomials for temperatures between 0° and 6000°K. A complete 
description of the equations and thermodynamic data is found in Ref. 

1 and discussed by Eisen in Ref. 2. For convenience, these basic 
equations are reproduced in the Appendix. 

Nondissociative product gas calculations assume the existence only 
of CO2. H2O, O2, N2, and A. Results follow from the direct alge¬ 
braic solution of the initial specified conditions. Dissociative product 
gas calculations are produced by a Newton-Raphson iterative proce¬ 
dure from initial specified conditions and estimates of specific strong 
and weak detonation final results. 

DETONATION PROPERTIES 

Computations were performed for the following initial conditions: 

Temperature: 270°, 540°, and 1620°R 

-3 -1 

Pressure: 10 ,10 , and 1 atm 

Velocity: 2000 fps, or the Chapman-Jouguet velocity, to 

12,000 fps 

Equivalence Ratio: 1, 2, 4, 8, and 16 

Data for both weak and strong detonation branches were calculated 
since both are mathematically indicated, although only strong detona¬ 
tion results are considered realistic because the criteria of Dam- 
kohler's first ratio precludes the existence of one-dimensional, in- 
viscid weak detonations for the considered gas mixtures. 

Some typical thermodynamic properties of oxygen-hydrogen de¬ 
tonations are shown by Figs. 1, 2, and 3 for representative labora¬ 
tory operating conditions. 

These curves indicate that for any particular initial wave speed of 
strong shocks greater than the Chapman-Jouguet case, the velocity 
ratio (V2/Vjj increases and the pressure ratio (P2/P1) decreases 
as the equivalence ratio decreases toward one. A single trend for the 
temperature ratio (T2/T1) is not similarly indicated. The interest¬ 
ing (and not at all initially obvious) result of the computation shows 
that although at wave speeds below about 9000 fps the temperature 
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ratio and the temperature increase with decreasing equivalence ratio, 
this relation reverses in a transition regime between 9000 and 10,500 
fps wave velocity so that, thereafter, leaner fuel mixtures produce 
higher product gas temperatures for comparable initial velocities. 

Further investigation shows that the velocity transition zone shifts 
to higher values of velocity with increased initial pressure and falls 
to lower initial wave speed range with increased initial reactant tem¬ 
peratures. Although mixtures with equivalence ratios between 4 and 
16 display nearly coincident transitional velocities, the full stoichio¬ 
metric mixture has a decidedly lower wave velocity at which the tem¬ 
perature ratio trend becomes smaller. These temperature trends are 
attributable to the increasingly stronger endothermic reactions re¬ 
presented by the dissociation of molecular hydrogen and oxygen-hy¬ 
drogen compounds at product gas temperatures above 5000‘Tt. 

Some further observations are worth noting. The Chapman-Jouguet 
condition represents the coalescense of the strong and weak detona¬ 
tion branches. This minimum wave velocity decreases as the fuel 
content of the mixture decreases, and the corresponding Chapman- 
Jouguet pressure and temperature decreases while the velocity ratio 
increases slightly. The general characteristics of nondissociative 
calculations are similar to the dissociative case except for the in¬ 
fluence of initial pressure and the temperature ratio "cross over" 
effect noted at high product gas temperatures. More complete com¬ 
parisons of these two cases are made in Ref. 3. 

DETONATION COMPOSITION 

An examination of the equilibrium concentration for strong stoi¬ 
chiometric oxygen-hydrogen detonations is shown in Fig. 4 and for 
the half stoichiometric mixture in Figs. 5 and 6. The former dem- 
strates how the recombination product (H2O) yield decreases with 
wave velocity and how the dissociative products, H and O, exhibit 
the greatest rate of increase. Similarly, the leaner detonable mix¬ 
ture products contain an increasing yield of dissociative products, H 
and O, with increased wave front velocity, whereas the recombination 
product, H£0, and excess oxygen, O2, decrease in absolute and 
relative concentrations (Figs. 5 and 6). 

The variation of equilibrium product gas temperature with velocity 
is indicated at the principle divisions of the abscissa. The leaner 
mixture shows over 100° (or approximately 2 %) higher temperature 
for the same detonation front velocity. 

STRONG DETONATION REGIMES 

Examination of the energy conservation equation shows that the macro¬ 
scopic energy release of the detonation process is 
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<vjj - V 2 !) 

«-< h 2- h l> + -V- L 

that is, the enthalpy and kinetic energy changes between the reactants 
and products. For strong discontinuities, the kinetic energy change 
is always negative, whereas the static enthalpy change is positive. 

The variation of net energy release with mixture ratio for the oxygen- 
hydrogen real-gas system for a representative laboratory environment, 
over a velocity range of 4000 to 12,000 fps is shown in Fig. 7. It is 
evident that since the net energy release decreases with wave velocity 
increase, the kinetic energy change increases faster than the static 
enthalpy change. Thus, while energy-releasing chemical reactions 
continue to exist, the overall strong detonation process eventually be¬ 
comes endothermic. 

On the basis of classical detonation theory, this data suggests that 
one-dimensional equilibrium strong detonations can be classified as 
a regime of wave velocity and mixture ratio for certain given initial 
thermodynamic state conditions. One boundary of this regime is the 
Chapman-Jouguet condition of maximum energy release where the 
product gas velocity just equals the equilibrium sound speed. The 
other boundary is the condition of zero energy release. Larger wave 
velocities outside this regime are more properly classified as strong 
shocks. 

In the sense of this classification, the regime of strong oxygen- 
hydrogen detonations is shown by Fig. 8 for two reactant pressures 
and a fixed initial temperature. As the pressure rises, the Chapman- 
Jouguet limit is slightly displaced to higher velocities, but the zero 
energy limit increases appreciably, thus broadening the regime. 

The influence of reactant temperature, at a constant initial pres¬ 
sure level, on strong detonations is indicated by Fig. 9. In the six¬ 
fold range between 270° and 1620°R, the higher temperature results 
in lower wave velocity values at both boundaries of the strong detona¬ 
tion regime, and an overall reduction in extent. 

A similar investigation for air-hydrogen detonations produces the 
additional information that the energy release based on a unit quantity 
of fuel becomes larger as the mixture becomes leaner (Fig. 10) and 
appears to approach an asymptote at an equivalence ratio of 4. On 
this basis, it becomes more efficient to use leaner than stoichio¬ 
metric mixtures at wave velocities less than 8500 fps; the stoichio¬ 
metric process appears desirable only between 8500 and 9600 fps. 

The best compromise from considerations of energy release and the 
extent of wave velocity appears to be the half stoichiometric mixture. 

The regime of strong detonations for hydrogen-air mixtures is 
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shown by Fig. 11 for a typical laboratory environment and is derived 
from the data of Fig. 10. 

APPENDIX BASIC EQUATIONS FOR THE DETONATION 
COMPUTER PROGRAM 


Species Conservation 

x =0i + 0 5 
Y = 2 VV09 +2 *11 

“l = ^1 + 2^2 + ^4 + 2^5 + 2^6 + 1^8 + 1^10 

a 2 = ^3 + 2^7 + 2^10 
tt 3 = ^12 
Mass Conservation 

P 1 V 1 = P 2 V 2 
Momentum Conservation 

Pi +p 1 v 1 2 =p 2 +p 2 v 2 2 


Energy Conservation 


V. 


E ql m . ] — 
i=0 1 x 


v - 3 /16 ' 


2 

2 


16 

+ r 0.h(T 2 ) 

j=l 3 3 2 


[A-l] 


[A-2] 


[A-3] 


[A-4] 


In practice it was found more practical to include only products 
01 through 0i3 in the energy equation. Determination of 0i 4 , 0i 5 , 
and 0ig is made as an equilibrium reaction perturbation computa¬ 
tion, changing the composition but not the thermodynamics of the pro¬ 
duct gas. 


The heat reaction of the fuel AH f is defined by 

Y. 


[A-5] 




\ 1- 
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The equilibrium equations and their reactions are 

Wi 


W 1 ** 

2 P 7 P 2 


N. 


2N 


H2 ° 


2H + O 


fi£p. 

JC (T ) = ——1 

V/V R 2 n 

2 °S P 2 


0„ 


20 


K OH (T 2) 


OH 


O + H 


^ < T 2> = ~2- 

^2 e s \ 


H, 


2H 


■S.O< T 2> 


NO -N + O 


K CO ( T 2> = "2- 
2 &4?2 


2CO. -- 2CO + Og 


K c < r 2 > co 


c + o 


B 14 m) 

(T„) = —- 
3 p 8 P 2 


30 


2 p 3 p 4 p 2 


2N0 2 — N 2+ 20 2 


[A-6] 

[A-7] 

[A-8] 

[A-9] 

[A-10] 

[A-ll] 

[A-12] 

[A-13] 

[A-14] 

[A-15] 
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^ 10^1 


K NO + * T 2 ) „ 2 


NO 


NO + + e' 


[A-16] 


16 y 2 
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Fig. 2 Pressure ratio for oxygen-hydrogen detonation, 
atm. T, = 540°R 
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Fig. 3 Velocity ratio for oxygen-hydrogen detonation: p = 10 -3 atm, 
T 1 = 540°R 1 


57 


DETONATION AND TWO-PHASE FLOW 



%*SNOI10Vldd 3H0IAI 


58 


Fig. 4 Equilibrium composition of H„ + (1/2) Og detonations; 
T, = 540°!R, P n = 10" 3 atm 
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BTU / LB 
OF 

MIXTURE 



T, * 540* R 
P, = I0' 3 ATMOS 


*"l 


*»=2 


t=4 

f =B 
f =16 


Fig. 7 Heat release of stationary Hg-Og detonations 
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Fig. 8 Limits of stationary H o +0„ detonations; T 
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Fig. 9 Limits of stationary H o + 0 o detonations; P 
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Fig. 10 Heat release of stationary H g + air detonations 



Fig. 11 Limits of stationary H 2 + air detonations; = 540°R, 
P 1 = 10" 3 atm 
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ESTIMATING CALORIC STATE BEHAVIOR IN 
C0NEE1NSED-PHASE DETONATIONS 

Riley 0. Miller 

NASA Lewis Research Center., Cleveland, Ohio 


ABSTRACT 

A method is proposed for estimating the adiabatic exponent 
X for condensed-phase detonations in which loading density 
is at crystal densities or lower, down to critical. The over¬ 
all expression is 


r 
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where Tq is the Griineisen parameter, p 0 is the loading den¬ 
sity, p QC represents the crystal density of explosive, a*r e 
are Morse parameters for each element i, and n is the num¬ 
ber of atoms of type i. Values suggested for a • r e are 
3.04, 1.42, 3.40 and 3.22 for C, H, N, and 0. The relation 
was checked by using available experimental and computed data 
for several explosives. At loading densities near crystalline 
the estimated values of X agree well, for the most part, 
with those that have been measured experimentally. At loading 
densities less than crystalline the estimated values of T, 
along with experimental values of detonation velocity, yield 
values of explosion energy Q which axe in excellent to fair 
agreement with published values of Q that have been computed 
by detailed procedures. The technique is deemed satisfactory 
where rapidity of calculation outweighs the need for a high 
degree of certainty. 

R. 0. MILLER is Aeronautical Research Scientist, Chemistry and 
Energy Conversion Division. Paper presented at the ARS Pro¬ 
pellants, Combustion and Liquid Rockets Conference, Palm 
Beach, ELa., April 26-28, 1961. 
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INTR0DUCTI01T 

During and after World War II considerable detailed work, 
reviewed in Refs. 1-3, was done on equations of state of 
condensed-phase detonation products. Some conclusions from 
these studies are that: l) computed detonation velocities 
agree fairly closely with those obtained experimentally; 2) 
the form of the equation of state assumed was not critical in 
these calculations; and 3) little verifiable information about 
temperature can be learned from such calculations* Also, the 
arithmetic was tedious. 

Important progress has been made in the last several years 
(l,4).^- It has been realized that the original simplified 
equations of Chapman and Jouguet, in terms of r, will work 
for a detonation at crystalline loading density, where y ~ 3. 
The following relations (e.g., Refs. 2,5), which are very 
close approximations when P » P Q , constitute an expression 
for the Rankine-Hugoniot - Chapman-Jouguet conditions. 
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where y Is the adiabatic exponent 



Experimental confirmation of these relations in condensed- 
phase detonation products recently has been made by Deal 
(6,7). 

The relations of Eqs. 1-5 have the advantage that the hydro- 
dynamic aspects of detonation may be analyzed without refer¬ 
ence to temperature. If temperature is required, it can be 
estimated independently. The first five equations contain 

lumbers in parentheses indicate References at end of paper. 
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eight parameters, three of "which, mast he known in order to 
solve the set* If an independent way to evaluate y were 
available, then the set could he solved from the two experi¬ 
mental parameters most easily measured, D and p 0 = l/V Q . 
Measurements of shock veloc ities in inert target materials 
■would not he required# For example, an effective chemical 
energy Q would come from Eq. 1, which would aid in experi¬ 
mental explorations of chemical effects in condensed-phase 
detonation. 


The purpose of this presentation is to suggest a way to es¬ 
timate y values in detonations of explosives containing car¬ 
bon, hydrogen, nitrogen, and oxygen. Estimating y at near¬ 
crystalline loading densities will he considered first, and 
then a way to extend the estimated values of y to lover den¬ 
sities will he proposed and appraised. 

RELATION BETWEEN y AND GRTJNEI5M PARAMETER - ESTIMATING y 
AT CRYSTALLINE LOADING DENSITIES 


Eqs. 1-5 vere originally derived from the Rahkine-Hugoniot - 
Chapian-Jouguet postulates and. ideal gas theory. Andersen and 
Parlin (8), on the other hand^ used the R-H - C-J postulates 
in a vibrational lattice model and obtained independently a 
set exactly equivalent to Eqs. 1-5 in which y was replaced 
hy Tq + 1> Tq being the G-runeisen parameter defined as 




d In v 
d In V 
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Die work of Andersen and Parlin thus shows that at the 
Chapman—Jouguet plane in a condensed-phase detonation 

r » + i Is] 

It is now feasible to estimate r from what is known about 
* 0 * 

A simple way to estimate Tq at crystalline loading densi¬ 
ties will now be considered. Since the Tq of this discus¬ 
sion is derived from a vibrational function, Eq_. 7, empirical 
data of vibrational origin are used to estimate Tq. The fol¬ 
lowing interesting heuristic equation by Slater (9) is adapted 
to this purpose 
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where a and r e axe Morse equation parameters* Here it is 
assumed that diatomic a • r e data can be used to obtain an 
average Yq in a dense gas lattice. An arithmetic average of 
the product a * r e according to the number of atoms n of 
each element is proposed, thus 


^Gc 



[ 10 ] 


For the elements occurring in most high explosives the follow¬ 
ing values for the product a • r e are suggested 

Element C H N 0 
a * r e 3.04 1.42 3.40 3.22 

These are optimized values from diatomic data tabulated by- 
Slater. 

An appraisal of the proposed method of estimating X at 
crystalline loading density is shown by Table 1. Here values 
of X for several explosives obtained experimentally by Deal 
(7,10), using Dural and air respectively as target materials, 
axe compared with estimated values from EqB. 8 and 10. The 
experimental X values are generally a little higher than the 
estimates, but, with the exception of TNT-Dural, the differ¬ 
ences are scarcely greater than expected experimental error. 
For some reason the data obtained with air as target showed 
the best agreement. The estimates are encouraging enough so 
that Eq.. 10 can be used as a starting point for estimating X 
at lower densities. 

ESTIMATING X AT LOADING DENSITIES LESS THAN CRYSTALLINE 

A well-established experimental fact is that the detonation 
velocity varies linearly with loading density p 0 , the mass of 
explosive in a unit volume 

D = a + b p Q [11] 

The development of a simple rationale of this simple observa¬ 
tion is an interesting challenge; but so far, elegant simplic¬ 
ity has been elusive (4,11). 
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The treatment proposed here, If lacking In elegance. Is 
simple* y in Eqs. 1-5 is assumed to be a linear function of 
loading density p 0 . The work of Takahashi (12) indicates 
that Tg ia & quantized phonon field approaches a minimm! 
value of l/3. Reasoning similar to that of Eyring, Ree, 

Hira (13) is now used when p 0 is less t han p oc . The ini¬ 
tial explosive is imagined to be in two phases: a lattice at 
crystal density in which tTq is Tgc> 0114 a hypothetical lat¬ 
tice at p = 0 in which y G is l/3. This idea combined With 
Eqs. 8 and 10 results in the final expression 
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A further requirement is that the effective value of y so 
computed will appear also at the Chapman-Jouguet plane. 


Since the most immediate objective of this study is to find 
a way to obtain effective values of Q from experimental det¬ 
onation velocity data, the following appraisal of Eq. 12 was 
made. For several, explosives, indicated values of Q = f(p Q ) 
were obtained by use of Eq. 1, into which was inserted esti¬ 
mated values of T from Eq. 12 and published experimental 
values of Da f(p 0 )(Refs. 3, 14, and 15). The values of Q 
thus obtained were compared with available published values 
of Q that were obtained by detailed computations. This com¬ 
parison is shown by Fig. 1. The theoretical Q = f(p c ) values 
are those of several authors and are tabulated by Cook (3) and 
Taylor ( 2 ). The use of Q is a severe test for y values 
because Q in Eq, 1 is a lower order term than are y and 
D. The p QC used in Eq. 12 was the true crystalline density 
of a given explosive. 


The best agreement, in Q is with RDX, Fig. la. The esti¬ 
mated curve falls on top of most of the points computed by 
Keyes, Filler, and Cook (3). The experimental D vs. p 0 
used in our computations came from Fickett, Wood, and Salsburg 
(14). It is interesting to note that good agreement in Q is 
obtained despite the fact that other parameters computed by 
Keyes et al. do not satisfy Eqs. 1-5 with the y from Eq. 12 
or any single value of y for a single value of p 0 . 

The data for EDNA. (Fig. lb) are shown to be in best agree¬ 
ment at loading densities near 1. 
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Hot many thermodynamic computations are available for tetryl 
(Fig. lc). Those of Taylor ( 2 ) are higher than the estimated 
curve; the datum from Cook ( 3 ) is lover. The estimated curve 
seems to be a reasonable compromise. 

The curve estimated for TNT (Fig. Id) seems definitely low 
at the higher loading densities. This probably represents a 
true decrease in experimental efficiency. 

For PETN (Fig. le) the estimated curve agrees well with de¬ 
tailed calculations at high loading densities. The estimates 
are low at lover densities; the maximum deviation, about 20$, 
is at pQ » 1, at which point a break occurs in our estimated 
curve. The break is the result of a break in the D vs. p 0 
data (Friederich in Ref. 15), vhich also occurs at p Q « 1. 

A procedure for estimating Tq that is even simpler than 
the one discussed here was proposed by Andersen and Parlin 
-(8). They assumed a constant Q estimated by supposing all 
hydrogen in the explosive vas oxidized to water; any balance 
of oxygen was then assumed to form CO first and then COg. A 
least-squares fit vas made of Tq for several explosives 
using Eqs. 1 and 8. The proposed equation for all explosives 
vas 


Tq - 0.89 p Q - 0.049 


[13] 


Values of Q, computed from Eqs. 1, 8, and 13 and the 
D vs. p Q data used previously in this discussion, are also 
plotted in Fig. 1. The results are not only high, as would be 
expected, but they also show a trend opposite to the detailed 
computations and the results of est ima tes made by the proposed 
procedure. 


Results of some experiments at loading densities less than 
crystalline with water as target have recently been published 
by Cook, Keyes, and Ursenbach (16). They assumed that the 
Chapman-J*ouguet pressure in the detonation products is given 
by the following Impedance mismatch equation 


f t^Pot I) t + Pp D ) 

2 Pot D t 


[14] 


Experimental values of P obtained In this way agree quite 
well with P obtained by their method of thermodynamic compu¬ 
tation. Values of y, however, computed by Eqs* 1 and 5 from 
the individual D, P, and V 0 data of Ref. 16, show a large 
amount of scatter. The average values are about what would 
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be expected from Eq. 12 for crystalline loading densities 
rather than for the lower densities used in the experiments. 

A different viewpoint, held by Deal (6,7), is that the pres¬ 
sure sensed by an inert target is the pressure of the re¬ 
flected wave in the detonation products. The Chapman-Jouguet 
pressure under certain conditions will then be above the indi¬ 
cated pressure on an isentrope. If the criteria of Ref. 7 are 
applied to the experimental velocity data of Ref. 16, the 
values of x will approach a little closer those given by the 
proposed Eq. 12. 

NOMENCLATURE 

D = detonation velocity (or shock wave velocity) 

¥ = particle velocity 

V = volume 

P = pressure 

E = internal thermal energy 

Q = chemical energy of reaction 

p Q = loading density 

X = parameter defined in Eqs. 1-6 

Tg = Griineisen parameter, defined in Eq. 7 

v = average vibration frequency 

a,b = constants 

a * r e = Morse equation parameters 

n = number of atoms 

Subscripts 

o = condition before detonation (or shock) 

c = crystalline density 

t = condition in an inert target that is in intimate con¬ 
tact with the detonating explosive 
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Table 1 Comparison of Estimated and Experimental X at Crys¬ 
talline Loading Densities 

RLX TNT 64 RDX 77 RDX 77 HMX 

C 3 H 6 N 6 O 6 C 7 H 5 N 3 O 6 36 TNT 23 ENT 23 TNT 

Inert Target 
Experiments, 

Deal (7,10) 


Dural 

Air 

2.90 

3.17 

2,75 

2.77 

2.71 

2.80 

2.79 

2.84 

2.82 

Estimate Based on 

Egs. 8 and 10 

2.70 

2.71 

2.70 

2.70 

2.70 

Percent Deviation of 
Experiments Prom 
Estimate 

Dural 

Air 

+7.4 

+17.0 

+1.5 

+2.6 

+0.4 

+3.7 

+3.3 

+5.2 

+4.5 
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THEORETICAL TREATMENT OF THE DETONATION BEHAVIOR 
OF COMPOSITE PROPELLANTS 


M. H. Boyer and Ray Grandey 
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ABSTRACT 

A mathematical model for the detonation process is described 
along the lines set forth by Hubbard and Johnson. This model 
is represented by a set of basic equations consisting of the 
hydrodynamic equations, the chemical rate equations, and the 
equations of state. The rate equations are based upon three 
different processes: an ignition reaction, one or more grain 
burning reactions and a diffusion controlled reaction having, 
respectively, the Arrhenius form, the Eyring grain burning 
form, and a form derived from diffusion theory. Solution of 
the set of basic equations is accomplished by numerical inte¬ 
gration making use of an electronic computer (IBM 709). The 
results of some calculations are presented which show the de¬ 
pendence of detonation behavior upon propellant parameters. 
Correlation with experimentally observed detonation behavior 
is discussed. 

INTRODUCTION 

Deflagration and detonation processes are two different rep¬ 
resentations of a disturbance in a material capable of releas¬ 
ing energy. As such, they can be described mathematically by 
the Navier-Stokes equations together with two or more rela¬ 
tions defining the equations of state and the energy release 
rate. In most cases energy release arises from chemical 
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reaction so that the latter are expressions describing a chem¬ 
ical reaction rate. 

The specific form assumed by these basic equations has been 
discussed in a previous paper (1) .1 It was shown that for 
treatment of detonation processes, the energy transport terms 
associated with thermal conduction can be deleted and that if 
geometry effects are not to be considered, the equations can 
be expressed in one-dimensional form. Numerical techniques 
involving the use of an electronic computer were presented for 
obtaining time dependent solutions to the simplified equations. 

A primary objective of this work is to apply such computa¬ 
tional techniques to the problem of detonation in composite 
propellants. In particular, it is desirable to extend them 
to treatment of problems relating to the effect of charge 
geometry on detonation behavior, i.e., to calculations of 
critical size. The form of the Navier-Stokes equations is in¬ 
dependent of the material involved. Therefore a major problem 
in the theoretical treatment of the detonation behavior of 
propellants is the correct formulation of the chemical rate 
equations and the equation of state. The present paper is 
concerned with the rate equations. 

THEORETICAL CONSIDERATIONS 

The Rate Equations : Homogeneous Materials 

The initial investigations were carried out using a single 
rate law of Arrhenius form, namely: 

|| = (l-f) n B exp [-A/RT] llj 

Several different aspects of detonation behavior were studied 
during this initial phase. For example, there was demon¬ 
strated the existence of critical sets of values of intensity 
and duration of the pressure pulse used to initiate detonation 
which defined a boundary between regions of detonation and 
failure. A characteristic ignition delay was observed de¬ 
pendent upon the intensity and waveform of the incident press¬ 
ure pulse and very sensitively upon the values of the para¬ 
meters A and B. Finally the charge surface temperature was 
found to have a significant effect upon the ignition delay, 
and upon the apparent detonation sensitivity. These obser¬ 
vations were all discussed in some detail in Ref. 1 and such 
behavior was shown to be closely related to the exponential 
form of the rate equation (Eq. 1). 

Numbers in parentheses indicate Reference at end of paper. 
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An additional series of calculations were carried out during 
this period which further illustrated behavior characteristic 
of an exponential rate law. They concerned the growth of a 
detonation wave from the point of initiation to the final 
steady state value. Fig. 1 shows a typical example of such a 
growth process. The wave is initiated in a semi-infinite 
charge of explosive by the application of a pressure of 100 
kilobars to the free surface. In the figure, the free surface 
is located at the point x=o at zero time. The situation is 
then shown at five successive times after application of 
pressure, starting at 49.8 ji sec. 

The positions of the shock front at 49.8, 54.0 and 58.1jUsec 
are shown by the plateaus at the bottom of the figure. The 
sharp peak first appearing some distance behind the front rep¬ 
resents over-pressure developed as a consequence of chemical 
reaction in the shocked material. This over-pressure grows in 
intensity and rapidly overtakes the shock front, merging with 
it at about 60 jiisec, at which point a steady state detonation 
is established. The propagation velocity of this reaction 
wave is about 20 mm/jU sec. 


In all of the foregoing cases, the behavior described is 
analagous to behavior which has been observed experimentally 
and discussed in various treatises on detonation phenomena. 

In particular, very high speed disturbances resembling the 
reaction wave of Figure 1 have been described by Ginsburgh (2), 
and appear to be analagous to a phenomena called flashcross by 
M. A. Cook (3). This resemblance between computed and experi¬ 
mental waves constitutes supporting evidence for Eq. 1 as 
properly descriptive of the ignition process. 


In one very important respect, however, the computed waves 
were found to be unrealistic. Calculations of reaction zone 
thickness (4) gave values of the order of 1Q"^ to 10“°cm, 
whereas experimental values in the range of 0.01 to 2.0 cm 
are reported for high explosives such as TNT. This finding 
together with the observations described in the foregoing 
suggested that whereas an Arrhenius form was correct for a 
description of ignition phenomena in detonation processes, it 
was not suitable for representation of the reaction following 
ignition. Accordingly it became necessary to consider in more 
detail the question of the proper form of the rate equations. 


The best documented concept of reaction in the solid state 
under detonation conditions is provided by the grain burning 
model of Eyring (5). The corresponding rate law is of the 
form 
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|| = (l-f) 2/3 f- exp(-A/RT f ) [2] 

where Tf is a constant temperature generally taken as the 
theoretical detonation temperature. Eq. 2 has been successful 
in describing various aspects of steady state detonation phe¬ 
nomena. It is, however, not useful in describing initiation 
or other transient phenomena, since in this form it is de¬ 
coupled from the pressure and energy density conditions in the 
wave. An additional equation is needed to describe the process 
by which the surface burning of the grain can be initiated. 
This requirement, together with the evidence as mentioned in 
the foregoing, that the ignition process conforms to a rate 
law of Arrhenius form has led to the dual zone concept of the 
grain burning process. 

The dual zone model conceives of a grain of reactive mater¬ 
ial as divided into two zones: an outer zone, consisting of a 
relatively thin layer on the surface of the grain, and an in¬ 
ner zone that includes the remainder of the grain. The surface 
material is postulated to be different from the interior such 
that reaction can take place uniformly throughout its bulk, 
as in a gas. Accordingly it is assumed to react adiabatically 
following an Arrhenius rate law and, on reaching maximum tem¬ 
perature, it serves to initiate the material in the inner zone 
which then reacts according to the standard Eyring formulation 

For such a composite process, the overall reaction rate is 
given by the following expression 

|| = P^Cl-fp” expC-A^RT) + F 2 (l-f 2 ) 2/3 exp(-A 2 /RT) fc] 

z 


Necessary coupling between the two zones is obtained by de¬ 
fining T as the temperature in the surface zone. Computations 
carried out for a reactive material conforming to Eq. 3 with 
reasonable values of the parameters gave detonation waves that 
had approximately the correct reaction zone thickness, and 
simultaneously showed values of ignition delay very close to 
the experimental values of Majowicz and Jacobs (6). (See also 
Ref. 1.) The data are shown in Table 1. 
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Table 1. Comparison of Calculated and Experimental Values of 
Ignition Delay and Reaction Zone Thickness (r) of the Steady 
State Wave for TNT 


P, megabar J 1 S6C r, mm 


0.0811 

Calc 

0.22 

Exp 

a 

0.27 

Calc 

0.2 

Exp 

b 

0.3 - 3 

0.108 

0.08 

0.07 

0.2 

0.3 - 3 

a Defined according to 

Majowicz and 

Jacobs. 



b Experimental values cover a rather wide range(5,7,8). 
The Rate Equations : Composite Propellants 

A composite material is conceived to be a collection of re¬ 
action units, each consisting of an oxidizer granule surrounded 
by a fuel matrix. Initiation of reaction in such a unit is 
assumed to occur at the interface between fuel and oxidizer. 
This is followed by erosive processes at the oxidizer and fuel 
surfaces which cause a change in phase from solid to gaseous 
state. The fuel and oxidizer solid surfaces therefore recede 
and become separated by a distance that increases with time. 

The process is shown by the sequential diagram of Fig. 2, time 
increasing on proceeding from top to bottom. 

In order to react, the gaseous fuel and oxidizer species 
must diffuse into the space between the two surfaces. Pre¬ 
sumably this leads to something analagous to a diffusion flame. 
The rate of heat flow from this flame back to the solid sur¬ 
faces will in turn affect the rate of the surface erosive pro¬ 
cesses. The detailed treatment of this overall system con¬ 
stitutes a very formidable mathematical problem involving con¬ 
siderations of moving boundaries and spherical geometry. For 
present purposes it is desirable to introduce some assumptions 
that will simplify the formulation of the problem. 

First, the transport of thermal energy from the diffusion 
flame zone to the solid surfaces is assumed to be substantially 
faster than the transport of material by diffusion. This is 
reasonable at high density, since the diffusion of heat by 
collisional transfer of energy or lattice vibrations should 
predominate over molecular diffusion processes. It follows 
that the solid surfaces will regress more rapidly than gaseous 
material will diffuse away. In such cases, the diffusion of 
reactive material into the flame zone proceeds at the same 
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rate as by diffusion from an infinite gas, and the problem of 
the moving boundaries is avoided. 

Second, it is assumed that the reaction zone is of infin¬ 
itesimal thickness and that the concentration of reactive 
material is zero in this region. The problem then becomes the 
rate of transport of material from an infinite gas past a 
boundary at which the concentration is held equal to zero. A 
one dimensional diagram illustrating this conception of the 
reaction process is shown in Fig. 3. 

It is assumed that the reaction unit is approximately spher¬ 
ical and it is therefore necessary to treat the problem in 
spherical form. The model is represented as a sphere of 
oxidizer gas surrounded by a shell of fuel gas with the dif¬ 
fusion flame located at the spherical surface. The problem 
is then the diffusion of material from a sphere, the surface 
concentration always being zero. For the case where the shell 
is thick relative to the spherical radius, a reduction in flame 
radius would take place with time. However, with actual pro¬ 
pellants the volume ratio of fuel to oxidizer is small; i.e., 
the average shell thickness will be small relative to the 
spherical diameter. This suggests that an assumption of con¬ 
stant flame radius equal to the original grain radius is ac¬ 
ceptable. 

The problem of the rate of diffusion of material from a 
sphere of constant radius with zero concentration at the sur¬ 
face has been solved in series form (9). Using the first two 
terms of this series, the following expression is obtained for 
the fractional completion of reaction 

f = 1 -[ o .8 exp (- 0.2 exp (- L 4 3 

As in the case of homogeneous materials, it is still neces¬ 
sary to define the process by which reaction is initiated. It 
has been stated that initiation occurs at the fuel oxidizer 
interface. The assumption is made that the interfacial zone 
in which this occurs is narrow enough so that diffusion pro¬ 
cesses across it are rapid compared to chemical reaction rates. 
Under these conditions, the zone material behaves like a molec- 
ularly dispersed mixture of fuel and oxidizer and as in the 
case of homogeneous materials, it is assumed to react in ac¬ 
cordance with an Arrhenius rate equation, i.e., Eq. 1. 

In cases where thermal effects at the gas-solid interface 
are ; small and the surface erosion rates are wholly dependent 
on the transfer of heat from the diffusion flame, the 
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combination of Eqs. 1 and A would be expected to represent the 
overall reaction. However, if either fuel or oxidizer is cap¬ 
able of an independent exothermic decomposition reaction, it 
represents an additional source of energy that must be des¬ 
cribed by an additional rate equation. It has already been 
explained that under detonation conditions, the rates of such 
processes are defined by a grain burning equation of the form of 
Eq. 2. Since nearly all composite propellants of interest use 
either ammonium perchlorate or a nitrated binder or both as 
the oxidizer, and such materials are capable of undergoing 
exothermic decomposition, the addition of one or more grain 
burning equations is necessary for complete definition of the 
overall rate process. 

MATHEMATICAL CONSIDERATIONS AND CALCULATIONS 

The considerations of the previous section have resulted in 
the interpretation of reaction in a composite propellant in 
terms of the following processes 

Interface Ignition Reaction 

unreacted solid -► gaseous products (Step 1) 

Burning Reaction 

unreacted solid —reactive vapor (Step 2) 

reactive vapor —► gaseous products (Step 3) 

Step 1 is the reaction of a molecularly dispersed mixture of 
fuel and oxidizer. The heat of reaction is that corresponding 
to conversion of the propellant material to completely reacted 
products. Step 2 represents the grain burning processes with 
a heat of reaction defined by the oxidizer and fuel vaporiza¬ 
tion processes. Step 3 is the diffusion reaction. Its heat 
of reaction is that for the reaction of the products of oxi¬ 
dizer and fuel decomposition to form final products. This 
three-step representation has a practical advantage because 
its mathematical formulation will also represent the reaction 
of homogeneous material merely by insertion of zero for the 
rate parameter of Step 3 and the use of appropriate heats of 
reaction. A computer program written around this model can 
thus be used for both homogeneous and composite materials 
merely by a change in input data. 

The temperature T in Eq. 1 which describes the ignition re¬ 
action is not a constant, and the problem requires its ex¬ 
pression in terms of the other parameters of the system. This 
is done by means of an equation which relates it to the sum of 
the energy change due to chemical reaction and that due to the 
volume and entropy changes resulting from hydrodynamic motion. 


81 



DETONATION AND TWO-PHASE FLOW 


The temperature Tf which appears in Eq, 2 is also not regarded 
as strictly constant. If the grain decomposition occurs ef¬ 
fectively as a surface reaction, then Tf should be the temper¬ 
ature attained as a consequence of this reaction. The process 
is regarded as taking place at constant pressure, so that the 


expression for becomes 


1 

T f-c ( *s + -r> 

V 8 


It is therefore dependent on the solid energy density, e g , and 
7 which are variables throughout the problem. 


The following are thus obtained for the complete set of 
equations upon which calculation of the detonation behavior 
of composite propellants is based. Because of uncertainties 
as to the distribution of energy between thermal and potential 
forms at high pressures, all equations have been expressed in 
terms of energy density rather than temperature. 


Conservation Equations 

m *- du 1 5 p 

Momentum " 77 +“ = 0 

dt pox 


Energy 


+ p 67 = ° 

de_IL_ !£_ ^1 ^2 ffd 

dt -2 dt + * 1^1 dt + ^2 dt + q d dt 
H 


Equations of State 


Solid (p + B)v = (7 -l)e + C 

s s s 

Gas pv = (7 -l)e 

g w g 8 


Chemical Rate Equations 

^•^*1 C A, — 

Ignition jp . (l- V » lM , [ - ] 

^^2 2/3 a ^2 r ^ 

Vaporization ^ = (l-£ 2 ) ' — exp - 


k(e '{—=■ ) 
' s 7 


Diffusion f d =l-jo. 8 exp ( 71 ^"^j +Q^exp ^ ^ jj 
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Other 


v 7 » + 

°o 

D= D + — 
s P 


A discussion of the methods by which the basic equations 
are integrated is beyond the scope of this paper. However, it 
is of interest to consider some examples of computed waves and 
the dependence of their behavior on initial conditions and 
material parameters. In all of the problems described, a 
charge of 20 cm length and infinite lateral dimension was 
initiated by applying to one surface a pressure pulse of spe¬ 
cified intensity and duration with zero rise and cutoff times. 
Unless otherwise noted, the input data were as shown in Table 
2. They were chosen to represent a hypothetical material 
analagous in some but not all respects to an ammonium perchlor 
ate-polymer binder composite propellant. The calculations 
gave pressures, velocities, specific volumes, energy densities 
and degree of completion of each of the three reaction process 
es at all points in the charge and as function of time. From 
this information, wave velocities, reaction profiles, particle 
trajectories, etc. were obtained. 

Fig. 4 shows data on a series of computations carried out 
for the purpose of investigating the effect of propellant 
grain size and initial pressure on wave behavior. The curves 
are plots of wave velocity vs. linear position in the charge. 
At the extreme left the indicated velocity in each case is 
that of the initial unreactive shock. As the wave progresses 
into the charge, a sharp increase in velocity is observed due 
to the occurrence of the ignition reaction and appearing more 
quickly with an initiation pressure of 0,1 megabar than with 
0.04 megabar. Subsequent behavior depends primarily on the 
grain size of the material. 

With a grain radius of 30 ju, a smooth and rapid increase in 
velocity is obtained to a final value of about 6.4mm/j IL sec. 
With a 0.3 jU radius, a similar rise occurs to a much higher 
value of about 10 mm/jUsec, Finally, at 200 ju , it is found 
that the velocity remains constant at about 4 rnm/p sec. 

The explanation for these final velocities is shown by 
Figs. 5-7, which consist of plots of reaction profiles 
through the different waves. The situation after attainment 
of final velocity is shown in all cases. Pressure profiles 
are also indicated as a dashed curve. 


85 



DETONATION AND TWO-PHASE FLOW 


Fig, 5 shows the wave progressing through material of 30 ju. 
grain radius. It is noted that completion of the ignition re¬ 
action is coincident with the wave front and that the grain 
burning reaction is complete within a distance of about 1.5cm 
behind the front. The diffusion reaction, however, has pro¬ 
ceeded to a negligible extent. It becomes clear that the ob¬ 
served velocity of 6.4 ram/ jJ sec for this case corresponds to 
support of the wave only by the energy release from the ig¬ 
nition and grain burning reactions. 

Fig. 6 shows a similar set of profiles for the wave in 
material of 0.3 jl l grain radius. In this case, both the ig¬ 
nition and grain burning reaction go to completion coincidentLy 
with the wave front, and the diffusion reaction is complete 
within about 2 cm of the front. The velocity of 10 mm//i sec 
corresponds to complete release of chemical energy in the 
material and is the maximum value possible. 

Fig. 7 shows profiles of a wave in material of 200]U radius. 
In this case not only is the diffusion reaction negligible, as 
in Fig. 5, but also the grain burning reaction is only par¬ 
tially complete. It is deduced that the energy release from 
the ignition reaction combined with the contribution from the 
grain burning process is just enough to maintain the wave at 
its initial value, with neither acceleration or decay. 

Fig. 8 shows data on velocity histories of some additional 
waves computed to examine the effect of the parameter F^. The 
grain radius was taken to be 200 ju. for all three curves. It 
is observed first that the value of F^ has a strong effect on 
the initial jump in velocity. This is to be expected since it 
determines the amount of energy released in the ignition re¬ 
action. It is also observed to affect the subsequent wave 
growth and final velocity. At the lowest value of = 0.01, 
the wave decays. At the larger value of 0.10 the wave remains 
in its initial state. Finally, at F*^ = 0.25 growth to a final 
velocity of 7.5 rrn/fi sec occurs. This behavior is consistent 
with the fact that the rate of the grain burning reaction is 
a function of the energy density of the solid phase. The latter 
depends on the energy deposited in the solid by the shock front 
and the chemical reaction associated with the ignition process. 

A final set of computations was carried out to show the ef¬ 
fect of variation in A^. The data are presented in Table 3 
as ignition delay (time from initial application of incident 
pressure to first completion of ignition reaction at any point) 
vs. A*l« Applied pressures were 0.04 megabar in all cases. 
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The ignition delay represents the duration that an initial 
pulse must have in order to initiate detonation in a material. 
The data show it to be extremely sensitive to the value of 
for the propellant. The general relationship between An and 
the intensity and duration of the applied pressure was dis¬ 
cussed in some detail in Ref. 1. 

Table 2. Input Data for Calculations 


1.6 gm/cm^ 

L = 

20 cm 

-8 


£ 

4.0 x 10 cm 

B = 

5 x 10 atm 

1000 cal/gm 

C - 

31 cal/gm 

304 cal/gm 

1 = 
0 

1.3 

696 cal/gm 

- 

2.8 

0.02 cal/gm-deg 

B l = 

5 x 10 13 

0.3 cal/gm-deg 

B 2 = 

5 x 10 13 

-4 2, 

10 cm / sec 

A l = 

124 cal/gm 

-3 

3 x 10 cm 

A 2 = 

210 cal/gm 


= 0.10 


Table 3. Variation of Ignition "Delay With the Parameter A^ 

T, [l sec 


A^ cal/gm 


119 

124 

131 

139 


1.94 
4.0 
7.4 
> 20 


DISCUSSION AND CONCLUSIONS 


The formulation of the detonation process presented in the 
foregoing sections and its usefulness in the treatment of real 
cases depends on information as to a number of parameters 
that represent different properties of the material or define 
the initiation conditions. With the exception of F^, all are 
relatively familiar and, at least in theory, capable of evalua¬ 
tion by independent measurement. The quantity F^ has been 
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specifically related to the material in the surface zone of a 
grain. Since the zone concept may appear to be somewhat con¬ 
trived, additional considerations as to the meaning of are 
of interest. 


A well-documented fact in connection with the initiation of 
detonation is that sensitivity increases with porosity( 8 , ID JLl) 
i.e., lower density. An explanation commonly advanced for this 
phenomenon is that conrpressional heating of gas occluded in 
the pores induces ignition in the surrounding material. Esti¬ 
mates have been made of the temperatures to which the material 
surrounding a pore could be raised (12,13) and have led to 
some question as to the possibility of ignition by such a pro¬ 
cess. An alternative explanation can be based upon the fact 
that porous material itself should be more compressible and 
that therefore more work will be done when it is subjected to 
a given pressure pulse. 

The compression resulting from the application of a high 
pressure to a material would tend to collapse any porosity pre¬ 
sent so that with increasing pressure the equation of state 
should approach that of the nonporous material. The effect of 
porosity on physical properties should therefore manifest it¬ 
self primarily in the low pressure region. The increase in 
internal energy under shock heating' is dependent upon the 
initial specific volume and the equation of state at the high 
pressure end of the Hugoniot. It follows that increasing 
porosity can be effectively simulated merely by increasing the 
initial specific volume (v 0 ). The same effect can be simu¬ 
lated by decreasing 7 . 


A few calculations were carried out to investigate this 
point during the early phases of the program. A rate law of 
Arrhenius form and a co-volume equation of state, i.e., 
p(v-a) = ( 7 -l)e, were assumed to apply. Results of the cal¬ 
culation are shown in Table 4. 


Table 4. Effect of Physical Properties on Ignition Delay 


7 


, cm 


T sec 


3.00 0.625 39.8 
2.75 0.625 8.1 
3.00 0.650 7.8 


Mechanically, the increase in shock heating of a material 
with porosity occurs as a consequence of high speed viscous 
flow, shearing strains, or other dissipative effects in the 


86 



DETONATION AND TWO-PHASE FLOW 


region of the pores as they collapse. It follows that heating 
is concentrated in regions of material surrounding the pores. 
Shearing and flow together with elevated temperature are ef¬ 
fects expected to lead to reaction in accordance with an 
Arrhenius rate law. Such a mechanism produces a point source 
type of ignition leading to progressive internal surface burn¬ 
ing model rather than the external surface burning model from 
which Eq. 3 is derived. It is readily shown, however, that 
the appropriate rate equation for an internal burning process 
is identical to Eq. 3 if f is defined as the fraction of mat¬ 
erial unreacted. 

Regions surrounding a pore constitute a reasonable alter¬ 
native interpretation of the parameter F^. If it is assumed 
that the volume of material to be included in such a region 
is approximately equal to the pore volume, then F-^ defines the 
overall fractional porosity. Furthermore, in this case the 
energy density deposited in the vicinity of a pore by passage 
of a shock is just twice that deposited in bulk material at 
some distance from a pore. Kinetic ally, the consequences of 
this fact can be simulated by use for A^ of a value one half 
the true value. 

For the purposes of the mathematical problem a detailed 
physical concept of the ignition zone is in any case unneces¬ 
sary. All that must be known about F^ is the quantity of heat 
released by the material that it represents and the rate equa¬ 
tion that describes the release. It will be necessary to ob¬ 
tain this information from direct experimental observation in 
order to apply the computational methods that have been des¬ 
cribed to the treatment of real materials. 

Two additional points should be mentioned. First, whatever 
physical interpretation is preferred for the quantity F^, it 
is very likely that it should be represented as a function of 
Z. Thus, as the surface region of a grain, it would be ex¬ 
pected to constitute a larger fraction of the total material 
for smaller Z. The same conclusion follows from its concep¬ 
tion as the effective volume of material surrounding a void. 

Second, the reaction kinetics in the various ignition regions 
are not likely to be uniform throughout the material because 
of difference in disorder, concentrations of impurities, etc. 
There are therefore expected to be significant differences in 
the level of shock intensity at which different ignition sites 
are activated. The consequence is a dependence of Z upon shock 
intensity. Such a dependence is particularly to be anticipated 
with homogeneous explosives since at some extreme level of 
shock intensity the overall rate equation for homogeneous 
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materials should reduce to an Arrhenius form. This occurs, 
according to the present mathematical formulation, when Z=0; 

h- 1 - 

An important consequence of the present work has been the 
demonstration from purely theoretical considerations that a 
number of different, apparently stable, detonation velocities 
are obtainable with the same material merely by changing mat¬ 
erial properties. Experimentally, such behavior is well known 
and has been extensively discussed by Cook (3) and Taylor (8) 
as well as by Bowden and Yoffee (10,11). Its theoretical 
justification, however, has thus far been lacking. The data 
that have been presented show that the so-called ideal velocity 
is readily obtained only when reaction rates are rapid and 
strongly coupled to the pressure disturbance. Large grain 
sizes or small tend to decouple these two processes. 

The theoretical justification of the existence of low level 
stable detonation waves in which only a small fraction of the 
maximum theoretical energy yield is obtained, is of consider¬ 
able importance to an understanding of the behavior of pro¬ 
pellant materials. Low-yield detonations are likely to be the 
rule rather than the exception if detonation occurs at all, 
particularly with propellants having a non-selfreactive binder. 
However, for purposes of hazard and -reliability evaluation, 
they must be regarded equally as dangerous as detonations of 
ideal intensity. 
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NOMENCLATURE 


R 

T 


T 

m 

t 

T 


gas constant 

e = 

energy density 

temperature 

P = 

pressure 

temperature after 

P = 

pressure pulse' 

reaction 


applied to surface 

time 

v * 

specific volume 

ignition delay 

P = 

density 
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u = material velocity 

f = fraction of 

complete reaction 

D = diffusion coeffi- 
cent 

A,B,n = rate parameters 

r = reaction zone 
thickness 

t = duration of initial 

P pulse 

Subscripts 

o = ambient conditions 

1 = ignition zone 

2 = grain burning zone 

Bar « av 


j'yC^B * equation of state 
parameters 

C v = specific heat 

Q = heat of reaction 

F = fraction of material 
in zone 

a = molecular diameter 
Z = grain radius 
L = charge length 

d = diffusion reaction 
g = gas phase 
s = solid phase 
ige value 


REFERENCES 

1. H. W. Hubbard and M. H. Johnson: Initiation of Detona¬ 
tion. Jour . Appl . Phys ., 1959, Vol. 30, p. 765-769. 

2. D. Ginsburgh: Abnormally High Detonation Pressures in 
a Shock Tube. Jour . Appl . Phys ., 1958, Vol. 29, p. 1381-1382. 

3. M. A. Cook: The Science of High Explosives , p. 88, 
50-59, Reinhold Publishing Corp., New York, 1958. 

4. Fourth Quarterly Report Concerning Study of Detonation 
Behavior of Solid Propellants. Aeronutronic Rept. No. U-253, 
Bureau of Weapons Contract No. NOrd 17945, August 15, 1958. 

5. H. Eyring, R. E. Powell, G. H. Duffy and R. B. Parlin: 
The Stability of Detonation. Chem. Rev. , 1949, Vol. 45, 

p. 69-181. 

6. J. M. Majowicz and S. J. Jacobs: Preprint, Tenth 
Annual Meeting of Division of Fluid Dynamics of the American 
Physical Society, Lehigh Univ., Bethlehem, Pa., November, 

1957. 


7. R. E. Duff and E. Houston: Measurement of the Chapman- 
Jouguet Pressure and Reaction Zone Length in a Detonating High 
Explosive. Jour . Chem . Phys ., 1955, Vol. 23, p. 1268-1273. 


89 



DETONATION AND TWO-PHASE FLOW 


8. J. Taylor: Detonation in Condensed Explosives , Chap, 10, 
Oxford Press, Amen House, London E.C. 4, 1952. 

9. J. Crank: The Mathematics of Diffusion, Chap. VI, 

Oxford Press, Amen House, London E.C* 4, 1956. 

10. F. P. Bowden and A. D. Yoffee: Initiation and Growth 
of Explosion in Liquids and Solids , p. 89-92, Cambridge Press, 
Cambridge, 1952. 

11. F. P. Bowden and A. D. Yoffee: Fast Reactions in Solids , 
p. 130-133, Academic Press, New York, 1958. 

12. C. H. Johansson: The Initiation of Liquid Explosives 

by Shock and the Importance of Liquid Breakup. Proc . Roy . Soc ., 
1958, Vol. A246, p. 160-167. 

13. C. H. Johansson and H. L. Selberg: The Ignition Mechan¬ 
ism of High Explosives. Appl . Sci . Res ., 1955, Vol. A5, 

p. 439-449. 


90 



PEAK PRESSURE 

envelope 



91 


POSITION (CM) 4 

"*• 1 Gr< ”' th 0f d “o-tio„ fa, « aotlve mterial 



Burning of an oxidizer granule surrounded by fuel 


92 








ORIGINAL POSITION 
OF SURFACE 


DETONATION AND TWO-PHASE FLOW 



95 


Fig. 3 One-dimensional model for combustion of oxidizer 
granule surrounded by fuel 
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CURVE A P - 0.1 MEGABARS Z - 3x10"^ CM 

B P - 0.04 MEGABARS Z = 3x10, CM 

C P =0.1 MEGABARS Z = 2x10'^ CM 

D P = 0.Q4 MEGABARS Z = 3xl0 -5 CM 

t = 5 n SEC 



X (CM FROM END OF CHARGE) 


Fig. 4 Initiation and growth of detonation as a function of 
grain size 
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Fig. 7 Reaction profiles through detonation wave 
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DETONATIONS IN DILUTE SPRAYS 
F. A. 'Williams 

Harvard University, Cambridge, Hass. 


ABSTRACT 

Previously developed conservation equations for mixtures of 
reacting gases and liquid droplets are applied to the study of 
properties of detonations in sprays. The modified forms of 
the conservation equations which appear to be most appropriate 
for studying detonations are presented. The Rankine-Hugoniot 
equations for spray detonations are derived and analyzed in 
detail. It is shown that, compared with a gaseous detonation 
with the same total heat release per unit mass, a Chapman- 
Jouguet detonation in a spray travels at a slightly higher 
Mach number with a pressure ratio that is roughly 10$ larger. 

INTRODUCTION 

Detonations in mixtures of combustible gases have been 
studied extensively. The Rankine-Hugoniot equations relating 
properties on the upstream and downstream sides of steady-state 
gaseous detonations have long been known (1-3) , ^ and the 
von Neumann-Zeldovich-Doring theory of the structure of these 
waves (see Refs. 2, 3) has recently been improved by investi¬ 
gations initiated by Hirschfelder (4). However, it appears 
that no theoretical studies or results of well-controlled 
experiments on detonations in sprays have been reported in the 
literature. In view of recent success in stabilizing gaseous 
detonations (5, 6) and the fact that fuel is injected as a 
liquid in practical combustion chambers, it would seem that 
questions concerning the existence and properties of detona¬ 
tions in sprays are of basic importance in determining whether 
an operational propulsive device based on a standing detonation 
principle can be developed. This paper is principally devoted 
to a theoretical analysis of the Rankine-Hugoniot equations 


F.A. WILLIAMS is an Assistant Professor in Engineering and 
Applied Physics. Paper presented at the ARS Propellants, 
Combustion, and Liquid Rockets Conference, Palm Beach, Fla., 
April 26-28, 1961. 

^Numbers in parentheses indicate References at end of paper. 
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for steady-state detonation in dilute sprays; investigations 
of the existence, structure, and stability of spray detona¬ 
tions are planned for the future. 

The background material used in the present study has been 
given in Ref. 7; only dilute sprays will be considered in the 
present paper, since most hydrocarbon fuel sprays in air are 
dilute (as defined in Ref. 7)^ whenever the mixture is within 
the rich flammability limit. In the section on governing 
equations, the basic conservation equations (7) are cast into 
forms that appear to be most useful for studying spray detona¬ 
tions. The Rankine-Hugoniot relations are derived in the 
section on general Rankine-Hugoniot equations, and analogies 
with the corresponding expressions for gaseous detonations are 
discussed in the section on comparison with purely gaseous 
detonations. 

GOVERNING EQUATIONS 


In the absence of sources of droplets and droplet colli¬ 
sions, the basic equations governing the steady-state motion 
of dilute sprays (7) may be written in the form 





M 


“k - HI 4 * r2 R j 6 kJ f j drd ^ k = 

3-1 

M 

[ Pf 1 + 2/Mjt * r3 j drd ^ ] = ° 

j=i 

V [/° f (uu) + 

M 

2 II^ 5 3 511:3 ^ j ^ rd £ + py + 1 ] = o 

j=i 


[ 2 ] 


[3] 


[ 4 ] 


The ratio of the volume occupied by liquid to the volume 
occupied by gas is small compared to unity. 
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2 

V x • l> f 3(h f + yO + 

M 2 

3 * r3 + l-Jfj drdv + c* + |-u] = 0 [5] 

and 

N 

p - /> £ rt £ 2 <w 

K=1 

where the notation is the same as that defined in Ref. 
is restated in the Nomenclature. 

Eq. 1 is the spray conservation equation* which is merely a 
statistical rule for counting droplets. Eq. 2 expresses the 
conservation of mass of chemical species k in the gas; the 
terms on the right-hand side of Eq. 2 account for the pro¬ 
duction of species k by homogeneous gaseous reactions and by 
heterogeneous processes* respectively. Eqs. 3* 4* and 5 are* 
respectively* the over-all mass* momentum* and energy conser¬ 
vation equations for the gas-droplet mixture. The ideal gas 
equation of state is given in Eq. 6 . The asymmetries with 
respect to liquid and gas in Eqs. 1-6 arise from the spray. 
(The equation of state of the liquid is unimportant in dilute 
sprays.) 

Some of the relations given in Eqs. 1-6 are not written in 
the same form as the corresponding expressions in Ref. 7. 
However* the form given here appears to be the most convenient 
one for the present application. Demonstration of how Eqs. 

1-6 can be derived from Ref. 7 would seem unnecessary because 
the present forms actually might have been written down 
a priori; if the definitions of the symbols in Eqs. 1-5 are 
used to translate these equations into verbal statements* then 
these statements are the phenomenological conservation laws. 
Nevertheless* for the sake of completeness* a formal deriva¬ 
tion of Eqs. 1-6 from Ref. 7 is outlined (and illustrated in 
detail for Eq. 5) in the Appendix. 

In considering plane detonations* the one-dimensional forms 
of Eqs. 2-5 are appropriate (:?—►• x* v —*-d/dx* u —*-u* 

Fj— V-^U k , u— 1 ), and 

Eqs. 3-5 may be integrated immediately* showing that the 
quantities inside the brackets in these three equations are 
constants. These constants will be denoted by m* P* and E* 


[ 6 ] 

7 and 
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respectively. 

GENERAL RANKINE-HUGONIOT EQUATIONS 

The general equations relating properties on the upstream 
(subscript o) and downstream (subscript co) sides of the 
detonation wave may be obtained formally from Eq. 6 and the 
integrated forms of Eqs. 3-5 by using the fact that conditions 
are spacially uniform at positions o and oo. Since q, 

and T are proportional to gradients of the flow variables, 
these"quantities are zero at positions o and oo, and it is 
found from Eqs. 3-6, respectively, that 
M 


m *= P,. u + 

' £ OO CD 




J *1 

M 


A. -3 

— icr vf. drdv 
joo 3 JOO 


" P fo u o + 2 II ft. jo I ” r3 v£ j° drdv 


M 


p = p u ? + s fl P, . TT Jtr 3 v 2 f. drdv + p 

^fco oo Z/yy^joo 3 joo e 

j =1 


M 


f>t£ + 2 II ft, SO 3 ” r3 v2f jo drdV + P < 
j = 1 


[7] 


[ 8 ] 


E ~ p c u (h- + —~) + 

' f oo oo f oo 2 

U 


M 


0 T Jtr^ v(h. . + —)f. drdv 

"^,joo 3 v t,joo 2 J joo 


J - 1 

u 2 

" ^fo u o (h f o + 2 £) + 

M 


^ If Pi, 30 3 


itr 2 v(h 


+ drdV 


1,3° 2 7 jo 


[9] 
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and^ 

N N 

■’o/'Wfoo 2 2 W 1101 

K=1 k=l 

From Eq. 2 it follows that = 0, = 0, R^ q = 0, and 

R =0. In general for a detonation propagating at a known 
joo 

velocity into a spray with known properties, Eqs. 7-10 plus 
the equilibrium conditions = 0, R^ = 0 and the 

thermodynamic properties of the system determine completely 
all flow variables downstream. 


In physically realistic detonations in dilute sprays, all 
droplets will vaporize (f^ = 0); initially, all droplets will 

have essentially the same velocity as the gas (fj Q ~S(v - u q ) 

with S s Dirac delta function); and the initial enthalpy per 
unit mass h . of droplets of any type will be independent 
J 

of the droplet radius. Eqs. 7-9 then simplify considerably, 
yielding 


M 




fco 00 


^fo + 3, jO^ U 0 

i - 1 

M 

Pfoo n lo + p oo - ( />fo + 2^jo> u o + p c 
2 j=I u 2 
/°foo u oo (h foo + Y >= Pfc? o (h fo + + 


[ 11 ] 


[ 12 ] 


M 


2 a,j o u = ( Vjo + f > 
j=i 

respectively, where the spray densities are defined by 


[13] 


[14] 


3 If the gaseous constituents of the system do not obey the 
ideal gas law, then Eq. 10 is, of course, replaced by the 
actual equation of state of the gas. 
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M 

Ifj further,, s y the total density is defined 


as 


3=1 


P** Pf + P s > the mass flux fraction of spray j is defined 


U 


as 


Zj s JJ p ^ j(~)jcr 3 fjV drdv/m, and 2 £ ^ Z j ^ tllen 


Eqs. 10-13 become 
N 


p a/A» I ioo 2 ( WV> ‘ P <M (1 - V’f. 2 rt ko /W l ? 1 1151 
K =1 


J=1 
N 

| 


D u = P u 
' OO CO / o o 


[16] 


2 2 
P U +p = P u + p 
'OOOO r oo / o o r c 


[17] 


h + 
foo 2 


2 m 2 

u_ „ u 


(1- Z )h. + ^> Z. h, . + 

o' fo /_ jo l,io 

y -1 


[18] 


vhichj except for the factor (1 - Z q ) in Eq. 15., are 
essentially the same as the Rankine-Hugoniot equations for an 
ordinary ideal gas mixture. The Chapman-Jouguet condition 


U co " [C3 p /3/?f) s ^ Y «=y ^ oo 

k. k, e 

where S is entropy and is the value of at chemical 

equilibrium., may be added to Eqs. 15-18 in order to determine 
the detonation velocity of Chapman-Jouguet waves. 

COMPARISON WITH PURELY GASEOUS DETONATIONS 

To illustrate the properties of Eqs. 15-18 in greater 
detail , attention may be focused on the special case in which 
the initial and final average molecular weights of the gas 


N 


are equal [ 


k=l 


«k« /w k> 


X 

2 

k=l 


(Yk 0 / W k^ and t * ie s P eci f* c 
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heats of all gaseous species are constant and equal over a 
temperature range including X fQ , T f , and a standard 

reference temperature T° . Denoting the common specific heat 
of all species by c^, the relation 


N 

■ 2 K 

K=1 


+ c P < T f - T 


is then valid, where h° is the standard enthalpy of 
formation per unit mass for gaseous species k at tempera¬ 


ture T . In view of Eq. 19 and the identity - 1, 

Eq. 18 becomes 


c T- 

p foo 


+ -f - S (1 • Z o )T fo + f + Q 


where 


A * 

Q ■ 2 z io\lo + 2 + c p< T fo- T °» [Y ko (1 ‘ z o> - 

j=l K=1 

+ Z c T. M + Z cT ( [21] 

o p fo ^ o p fo L J 

equals Z c T- plus the total heat released per unit mass 
o p A fo 

of mixture Q . 

The purpose of defining Q as in Eq. 21 is to make 
Eqs. 15-17 plus 20 formally identical to the Rankine-Hugoniot 
equations for purely gaseous detonations in an ideal gas with 
constant specific heats. Explicitly, if u 1 s u, p' s 
p' s p, T 1 s (1 - Z)T^, and Q' = Q, then Eqs. 15-17 and 
20 become 




p U » P U 

/ CD 00 '00 

O' u' 2 + p' = p' u' 2 + p 1 
r 00 00 r 00 '00 r O 

c T' + u ,2 /2 « c t' + u ,2 /2 + Q’ 
p 00 oo p O 0 
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which are the Rankine-Hugoniot equations for a detonation in 
an ideal gas with constant heat capacity c^, density p' 9 

pressure p 1 , temperature T 1 , velocity u 1 , and total 
heat release per unit mass Q 1 . Thus it is clear that the 
entire interpretation of these ideal gas relations (1-3) may 
be transcribed for the present case of spray detonations. 

Instead of translating the discussion and analysis of 
Rankine-Hugoniot equations for ideal gases given elsewhere 
in the literature (e.g., in Refs. 1-3), a few of the more 
important results that can be obtained in this manner will 
be stated. For the detonation branch of the spray Hugoniot 
curve it can be shown that 

~ = {(H + 1)(YM^ + 1) - [H 2 (YM^ + l) 2 + 

I J oo o ** 

2H(YM^ o + 1) + (M^-l) 2 ] 1/2 }/[2 + (Y-l)M^] [22] 



where a dimensionless measure of the effective heat of 
reaction is 

H = Q/[(l - Z o )c p T fo ] - (H + Z q )/(1 - Z q ) ■ [24] 

[E s Q/(c I, )], the .specific heat ratio of the gas is 
pro 

N 

y bc / [ c -m ]><\o /w k> ] C25] 

K=i 

and the Mach number is 

M s u/[(Y - l)c p T f ] 1/,Z [26] 
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For Chapman-Jouguet detonations (M =1). it can be shown 

00 


from Eqs. 22 and 23 that 


p u 
'0 oo 


+ CH 2 + H] 1/2 

• CD r1 1 


!s. = 7 | H + i+ [h 2 + C^;)H] 1/2 j 

= (l- Zo )(Y-l)|(^)H+ [H 2 + <^)H] 1/2 } 


foo 

C fo 


[27] 


[28] 


[29] 


M 2 = (l-Z o )(Y+l){H + ^ ri 


+ [H 2 + (^j)H] 1/2 | 


[30] 


The predictions of Eqs. 27-30 are plotted in Figs. 1-4 for 
various values of the dimensionless actual total heat 
release H with 7 88 1.4. Since H increases as Z 

o 

increases for a given total heat release per unit mass,, it 
follows from Eqs. 27-30 that a Chapman-Jouguet detonation in 
a spray propagates at a slightly higher Mach number M q and 

has a higher pressure and temperature downstream than does a 
gaseous detonation with the same heat release and the same 
initial pressure, temperature, and gas density. From Figs 
1-4, however, it is seen that for reasonable values of H 
and Z q these differences are almost negligibly small for 

all quantities except p /p , which may be increased by 
roughly 10%. °° 

It should be emphasized that, since the present comparison 
refers to a constant H, these differences result only from 
the changes in the equation of state and in the effective 
heat of reaction caused by the presence of the droplets; if 
comparison is made between systems involving gaseous and 
liquid fcpray) forms of the same fuel at the same initial 
temperature, then the decrease in the total heat release 
caused by the latent heat of vaporization of the fuel tends 
to counteract these effects. 

CONCLUSION 

The Rankine-Hugoniot equations for detonations in dilute 
sprays differ from those for gaseous detonations mainly in 
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the effective heat of reaction and the equation of state. In 
ideal systems these two sets of equations become identical if 
the definitions of the temperature and the heat of reaction 
are suitably modified for the spray. 

APPENDIX: DERIVATION OF CONSERVATION EQUATIONS 


In the section on governing equations the spray equation* 
the gaseous species conservation equation* and the ideal gas 
equation of state (Eqs. 1* 2* and 6* respectively) are in 
exactly the same form used in Ref. 7. Eq. 3 may be obtained 
from the over-all mass conservation equation of Ref. 7 by 

3 

multiplying Eq. 1 by fi . (4/3)*r * integrating over r and 

'W J 

^T* integrating the first term by parts* and using the facts 
3 ~ 

that fi .(4/3)rtr F.f. rapidly approaches zero as |v| -*-oo 
vj j _ J 1 

and fi, .(4/3)itr J R.f. goes to zero as r-^oo or r-^0 

j j j 


in order to solve for 




4jtr 


R.f. drdv 
J J 


Eq. 4 is 


derived from the momentum conservation equations of Ref. 7 

3 -4- 

by multiplying Eq. 1 by p . (4/3)?rr v and performing 

similar integrations using Eq. 3 and the identity 
V x • [/> f (uu)] - yO f u •V x u + tf*V.(/> f u ) and solving for 


M 

Jtr^ drdv. In order t0 derive Eq. 5 

j=i 

from the energy conservation equation given by Williams 
(Eq. 22 of Ref. 7) it is necessary to make the additional 
hypothesis that total enthalpy is neither created nor 
destroyed in droplet surface layers; carrying out operations 
similar to those described above and using a treatment of the 
type given in the second section of Ref. 8 for a less general 
case then yields Eq. 5* as shown in the following paragraph. 

3 v 2 

Multiplying Eq. 1 by />^ j(4/3)rcr (h^ ^ + —) and 
integrating over r and "v yields 
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II k Wi ,j f nr3( Vj + T )R j f j ldrd ^ - 

2 

H 4 ” r2 %,J + V’Yj drd * 

-[[P, , | *r 3 R. * £ drdv + 

JJ 1,3 3 J 3r J 

2 

v/f ” t 3 <h i,j + ¥ ),?£ j dtd i 

~// /> l,13"' 3 *-Wj t i drd * + 

AV v ■ [/<,,! f + T> Vj 1 dr4 X 

~H- p i,i I ” i3 drd - • 

//4jj ,t3; ' T jV riI,:0 [A_11 

after performing a few integrations by parts and using the 
2 4 

identity V y *(v /2) ■ v. The first and sixth terms in 

Eq, A-l vanish by virtue of the conditions at r « 0, 
r « oo, and pvf| = oo . If there is no production of total 
enthalpy in the droplet surface layer, then from the 
definition of h. given in Ref. 7 (h^ = total enthalpy 

added to the gas per unit mass of material vaporized from 
a droplet of kind j ) it follows that 


A 

For simplicity, p . 

‘w J 


is assumed constant. 
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\,i Vj " dt 3 * r ■ 


, 3h . 

= ^ 4tt R Aj + ^ 3 - Oj “^ 1+ ^ h w +7 j*V4,j> 

[A-2] 

from which it is seen that the third, fifth, and seventh 
terms in Eq. A-l together reduce to jf /O^. 4jtr 3 (h^j -h^jR^f ^ drdv. 
Hence, Eq. A-l may be written in the form 
2 

H^i 4nr2E j (h j + 2" )f J 3 ** 3 f j -~ £ j drd i 

2 

= V x 'H P l,t 3 nr3(h ^j + V* f j drd ^ [A_3] 

Eq. 5 is finally obtained by summing Eq. A-3 over j and 
substituting the result into the right-hand side of the 
expression 

2 

V x • [/ ) f u(h f + y) ] = " V x • ? * V x • (t • ti) - 


M 

M 


drdv 


' 4<t2 R J°*J + V f j dtd I> 

)=1 

which is Eq. 22 of Ref. 7. 


[A-4] 
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NOMENCLATURE 


dv = abbreviation for a three-dimensional volume element 
in velocity space 

f = droplet distribution function (the number of droplets 
at r, Xj v) per unit range of r, 1? and ^) 

F = acceleration of an individual droplet at (r, xT, v) 

h^ * enthalpy per unit mass for the gas 

h^ ~ enthalpy per unit mass for a liquid 

p = hydrostatic pressure 

"q = heat flux vector (Recounting for thermal conduction 
and the diffusion of chemical enthalpy) 

r = droplet radius 

R = time rate of increase of r for an individual droplet 
at (r. If, ?) 

IR, ■ universal gas constant 
= temperature of the gas 
TT = (mass average) velocity of the gas 
H = unit tensor 

U k - diffusion velocity of species k 
v ■ velocity vector of a droplet 
= molecular weight of species k 
x - position vector in physical space 
Y^ = mass fraction of species k in the gas 


. = mass of species k added to the gas by a droplet of 
kind j per unit mass of droplet material vaporized 

/>£ = mass of gas per unit volume 

= specific gravity of liquid 

0 )^ = mass rate of production of species k by homogeneous 
gaseous chemical reactions 

t = shear stress tensor 

Symbols such as (uu) represent the dyadic product of the two 
vectors (i.e.* a tensor). 
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Subscripts 

j « identifies droplets of different composition (there 
are a total of M different droplet compositions) 

k = identifies different chemical species in the gas 

(there are N different chemical species in the gas) 

VjX = on the gradient operator V distinguish position and 
velocity derivatives 
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PERTURBATION ANALYSIS OF 
ONE-DIMENSIONAL HETEROGENEOUS FLOW 
IN ROCKET NOZZLES 


W. D. Rannie 

California Institute of Technology, Pasadena, Calif. 


ABSTRACT 

A perturbation analysis of the velocity and temperature 
lags in two-phase flow in rocket nozzles is developed and ap¬ 
plied to the calculation of specific impulse and other perform 
ance c ha racteristics of nozzles of arbitrary shape. Within 
the limitations of the one-dimensional flow approximation, 
the analysis is valid for distributions of particle diameters 
that are in a practical range. 


INTRODUCTION 


The development of high energy propellants, with prod¬ 
ucts of combustion partially in the form of finely divided par¬ 
ticles, has increased interest in the effects of the heteroge¬ 
neous flows on performance. The particles, swept through 
the nozzle by gas flow, lag behind the gas in temperature 
drop as well as velocity increase, both lags degrading per¬ 
formance and partially defeating the purpose of the high 
energy propellants. 


Analysis of the heterogeneous flow in the rocket nozzle is 
necessarily complex because of the large number of separate 
parameters required to specify particle characteristics and 
the nozzle contour. Most previous investigations (e. g., Refs. 
1-4) have required numerical procedures at an early stage of 
the analysis,^ thus tending to conceal the f -di^u- 

al parameters and making necessary a great number of spe 
cific calculations. Clearly an analytical solution ° f Jhe prob 
lem, even if complex in form, has the advantage that the 


W b ftXNNlS is Rob ert H. Goddard Professor of Jet Pro¬ 
pulsion, Daniel and Florence Guggenheim Jet Pro P^ s ^ n 
Center, Karmen Laboratory of Fluid Mechamcs ^d Jet Pro- 
pulsion. Submitted for publication to the American Rocket 
Society, Jan. 3, 1962. 
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influence of each parameter can be traced relatively easily. 

The perturbation procedure developed here is confined to 
the one-dimensional hydraulic approximation, which is known 
to be satisfactory for the flow of a homogeneous fluid in a 
nozzle. The magnitude of the error that is introduced with 
the same approximation for heterogeneous flow is difficult to 
estimate, since the boundary conditions appropriate to parti¬ 
cles impinging on the nozzle wall are not known. The addi¬ 
tional simplifying assumptions, that the particle conductivity 
is very high compared with the gas and that radiative heat 
transfer between particles is small, compromise the solution 
much less seriously. 

The perturbation solution requires that velocity and tem¬ 
perature lags be small compared with the velocity and tem¬ 
perature of the unperturbed flow without lag. Although this 
requirement introduces some restrictions on nozzle shape 
and particle size, it appears that the method will be valid (as 
far as the one-dimensional analysis can be valid) for most 
practical applications. For instance, the error in the per¬ 
turbation solution ordinarily will be small for particle diame¬ 
ters up to 5 x 10~4 cm, the upper limit depending on nozzle 
dimensions and shape as well as on the stagnation conditions 
in the rocket chamber. The range of size of particles under 
actual operating conditions is not yet firmly established; how¬ 
ever, the evidence at hand indicates that the diameters of 
most of the particles will not exceed the forementioned figure. 

The perturbation analysis is formulated in terms of pres¬ 
sure as the independent variable. This choice of independent 
variable has advantages that do not seem to have been ex¬ 
ploited sufficiently in the previous investigations. With pres¬ 
sure as the independent variable, the dependence of nozzle 
cross-sectional area on axial distance does not appear explic¬ 
itly in the unperturbed solution with no lag, and hence the 
area can be chosen arbitrarily in the perturbed solution. With 
axial distance as the independent variable, the usual choice in 
earlier investigations, the cross-sectional area appears in 
the solution without lag as well as in the solution with lag. 
When lags are introduced, the area dependence on axial dis¬ 
tance must be changed to satisfy required throat conditions. 
Hence direct comparison of the same nozzle shape with and 
without lag is not possible. With pressure as the independent 
variable this difficulty does not arise. 

The major complication in the analysis is evaluation of 
the drag and heat transfer between particles and gas. In the 
Stokes 1 regime of flow, this is quite simple, but particles 
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satisfying the conditions for Stokes 1 flow have negligible lags. 
When the lags are appreciable, the Reynolds number of the 
relative flow becomes large in the neighborhood of the nozzle 
throat, and slip flow phenomena become important near the 
nozzle exit. Both of these effects have strong influence on 
drag and heat transfer and increase the difficulty of scaling 
to different conditions and dimensions. 


In the sections following, the equations governing the 
one-dimensional heterogeneous flow are established (cf., 
also Refs. 3-4) and are put in the most suitable form for 
perturbation analysis. Solutions for the first and second ap¬ 
proximations are obtained, where the first approximation 
corresponds to flow with no lag. General expressions are 
derived for the second approximations to the mass flow rate, 
specific impulse, and thrust for an arbitrary nozzle shape in 
terms of a single numerical integration. The parameter de¬ 
fining the nozzle contour and the correction parameters for 
drag and heat transfer outside the Stokes 1 regime are dis¬ 
cussed in some detail. A specific example for particles of a 
single diameter illustrates the method and forms a basis for 
estimation of the range of validity and certain general con¬ 
clusions. A simple means of extending the analysis to a dis¬ 
tribution of particle size is derived. 


GOVERNING EQUATIONS 


Let oC be the mass fraction of particles in the heteroge¬ 
neous mixture, p % the gas density, p s the density of the 
solid (or liquid) material of the particles, and /> the density 
of the mixture. Then 



Ci] 


where 4-0f is the density of gas per unit volume of mix¬ 
ture and o if is the density of particles per unit volume of 
mixture. The mass fraction of particles in the mixture when 
both gas and particles have the same velocity (i. e., no lag) 
will be denoted oc o . In general, cC = oC a only at stagnation 
conditions in the rocket chamber. 


Let A denote the area of cross section of the nozzle at 
any point along its axis, and let ni be the constant mass flow 
rate of the mixture. Then the conservation of mass flow 
rates for gas and particles separately lead to the equations 

(j-o^pUjA = (l-oL^W. [ 2 ] 
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ocjo u s A - <£. yfin [3] 

where u.j is the velocity of the gas and U. s is the velocity of 
the particles. All particles are assumed to be of the same 
size and to have the same velocity at any cross section. 

The momentum equation for the mixture, neglecting 
friction on the walls, is 

where is the pressure in the gas and % is the distance 
along the nozzle axis, positive downstream. Applying Eqs. 2 
and 3, the momentum equation becomes 

7 ? + & =0 M 

This equation is quite general, whatever the force interaction 
between particles and gas. 

The energy equation for steady flow of a homogeneous 
fluid with no heat addition is 

j> A il (e + i^uf) + A U- = constant 

where e is the internal energy per unit mass. The corre¬ 
sponding equation for the mixture is 


4-«0f A (<?, ( e *+i <)+ K C 5 J 


o 

where E c is the total rate of energy flow from the chamber. 
The rate of working of the pressure force per unit area ( (au. 
for the homogeneous fluid) must be weighted by the ratio of 
component volume to mixture volume when applied to compo¬ 
nents of the mixture. Again, this equation is quite general, 
whatever the force interaction and heat transfer processes 
between particles and gas. 

The particles will be approximated by small spheres of 
radius cl , and the drag law will be based on Stokes 1 formula 
with a correction factor to allow for conditions outside the 
Stokes* regime of flow. Assuming that the steady state drag 
law is applicable to the accelerated motion, the force balance 
for a single particle is represented by 
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77 = [6a] 

where jj. is the viscosity of the gas. The second term on the 
right is the contribution of the pressure gradient in the gas. 
The factor ^ is the correction factor to the drag and, in 
general, is a function of Reynolds number and Mach number 
of the relative flow; ^ = 1 in the Stokes 1 regime. Eq. 6a 
can be written in more convenient form as 

In the range of Reynolds number where Stokes 1 formula 
is applicable* heat is transferred primarily by conduction. 

The rate at which heat is conducted from a sphere of radius 
Cl and temperature T s to a fluid at temperature far 
from the sphere is k£c t -TZ)(a. per unit area, where k is the 
gas conductivity. Hence the heat balance for a single particle 
is 



where C is the specific heat of the particle material. The 
factor is a correction factor similar to and depends 
on Reynolds number and Mach number in much the same way 
as . Rearranging Eq. 7a 

In most applications the volume occupied by the particles 
is much smaller than the volume occupied by the gas and can 
be neglected in comparison. The gas density at stagnation 
conditions will seldom be larger than 0. 4 lb/ft^ ; if the parti¬ 
cle material has a density of 240 lb/ft3, for instance, the 
error in the approximation 

J°J = C 8 I 

to Eq. 1 is less than one percent*with a particle mass frac¬ 
tion oC as high as 0.8. Correspondingly small errors are 
introduced by dropping the second term in the brackets in Eq. 
5 and the second term in parentheses in Eq. 6b. 

The variable particle mass fraction oC maybe elimina¬ 
ted from the equations with the relation 

- M ", tS; [,] 

obtained from Eqs. 2 and 3. From Eq. 9 and the approxima¬ 
tions introduced by Eq. 8, the equations for conservation of 
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mass, momentum, and energy (i. e*, Eqs. 2, 4, and 5) be¬ 
come, respectively 

P| a j ^ * <3-ok) /nt 

= o [u] 

^ V + £ “j - £ *. C“l<) + ^ |b = i [ 12 ] 

The gas will be assumed perfect with constant specific 
heats; if the gas constant is *K , then 

M 

and if and are the specific heats of the gas 

V-fr - ‘f T l M 

It is convenient to introduce the specific heat C* for the 
mixture with particle mass fraction a<. P * 

C(». + [15] 

and a modified gas constant "R. defined as 

"R« = [l6] 

Then E«.Ak. = , where is the stagnation tempera¬ 

ture for the mixture. Further, the dependent variables will 
be reduced to dimensionless form by the definitions 

T7> T .Xr f> «jb e y [17] 

where (% is the stagnation pressure in the chamber. Then 
Eqs. 10-12 can be written 

A . -i [is] 

fr s+ , 

*i $ + i* - - <><} (ip - ip) [191 

In deriving Eq. 19 from Eq. 11, the independent variable was 
changed from X to f> =jb e J . There is no difficulty in doing 
so because X appears explicitly only in Eq. 11, and there 
only through the factor el )e in the denominator. 

The gas viscosity fl occurring in Eq. 6b depends on the 
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gas temperature and will vary appreciably through the length 
of the nozzle. This variation can be approximated satisfac¬ 
torily by a power law of the form 

/ = A© =A r j* [21] 

where W = 0. 6 for the temperature range of interest. The 
gas conductivity varies in the same way, since the Prandtl 
number TV = Uty/k is very nearly constant in a gas over a 
wide temperature range; hence it can be assumed that 

k = [ 22 ] 

It is convenient to introduce a dimensionless parameter £ 
depending on particle size and stagnation conditions; this 
parameter is defined by the relation 



where Yj is the nozzle throat radius. Defining a dimension¬ 
less length coordinate ^ along the nozzle axis by 


% - r* $ [24] 

and another dimensionless constant & by the definition 



where jf' = . Since A is a prescribed function of 


7 A • A($) [28] 

there are now six equations (Eqs. 18-20 and 26-28) for the 
six unknowns (<k % * % , A t and i ) as functions of 

$ . 1 J 

FIRST APPROXIMATION: ZERO VELOCITY AND TEMPER¬ 
ATURE LAGS 

An examination of Eqs. 26 and 27 shows that for d.0 
(i. e., € -> 0), -> and -*■ T s , since all other fac¬ 

tors in the equations are of order unity. In particular, 
is always negative, corresponding to a monotonic pressure 
drop through the nozzle. Hence, with subscript zero denoting 
zero lag, Eqs. 26 and 27 reduce to 
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= 4> s = Tj = % = r a [29] 

for sufficiently small particles* and Eqs. 19 and 20 become 
<£> <¥l + %/t - 0 [30] 

[31] 

The ratio of specific heats is introduced by analogy with 
the perfect gas relation from the definition 

- % /v. [32] 

since _ c r<> = T. . 

The solution of Eqs, 30 and 31 is well known* and results 
are listed for future reference: 


y. 

r 0 = s'iw 

[33] 

* 

[34] 

A' _ i-^ 

[35] 

t£F ' .r_ 

A, hhii 

[36] 

n — n W- 
^ " '• ft 

[37] 

p - ‘n-&r-y h " > 

[38] 


where 4* is the area of cross section at the throat. 

SECOND APPROXIMATION: SMALL VELOCITY AND TEM¬ 
PERATURE LAGS 

As the radius cu of the particles is increased, Eqs. 26 
and 27 show that the velocity difference <£, -4> s and the tem¬ 
perature difference rj -T s will increasexn absolute value 
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from zero. Expansions in powers of the parameter € pro¬ 
portional to ol~ seem appropriate; hence it is assumed that 


= 

+ e 4>y ( (!n + • • • 

[39a] 

= 

+ £ ■ * ■ 

C39b] 

r l « « 

KCF) +e Yp &)«-.•• 

[39c] 

r s (s) « 

X.CS) + e % t &)+... 

[39d] 

£en = 


[39e] 

the validity of such expansions is that 



L <K 1 

[40] 


and corresponding inequalities for the other functions. The 
parameter € need not be small compared with unity provided 
that inequalities of the type given by Eq. 40 are satisfied; 
that is, € is an indicator of a small quantity rather than a 
small quantity in its own right. The rate of convergence of 
the expansions in Eqs. 39 and estimates of error in truncating 
at any particular term can be estimated in a straightforward 
way when the coefficients of powers of € in the expansion 
are themselves independent of & . This will be true in the 
Stokes 1 regime of flow, where ^ a^a 1, but outside of 
this regime, -fy and depend on cl and estimates of er¬ 
ror become more involved. The analysis here is confined to 
the second term in the expansions above; confidence in the 
validity of the results is based on how well inequalities simi¬ 
lar to Eq. 40 are satisfied. 


Substituting the expansions, Eqs. 39, into Eqs. 26 and 
27 and retaining only first order terms in € 


4v 


r v 


1 

> 

II 

& 

-f 

K 

[41] 


[42] 


With these expressions and substitution of the expansions into 
Eqs. 19 and 20, the second approximation is obtained by 
equating coefficients of £ in the equations to zero, giving 


<£j/) + ^, /y - <,4 s . ft*') 


[43] 
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Eliminating X j ( between these equations 

- itijL 




= r. 


A 


a? 


and integrating by parts 

5 



Substituting this expression for 4>j, /4>* into Eq. 44 


T 



It is assumed that the velocity and temperature lags are zero 
as the flow enters the convergent section of the nozzle where 
*$= 'ti. 0 • Although here the analysis is re¬ 

stricted to this initial condition, there is no particular diffi¬ 
culty in extending it to any prescribed lags at the entrance to 
the nozzle provided that care is taken in defining b c cor¬ 
rectly. Clearly the pressure is not suitable as an independ¬ 
ent variable for ducts of constant cross-sectional area, so 
calculation of lags in a cylindrical rocket chamber preceding 
the nozzle must be made in a different way. 


It is convenient to introduce new notation to take advan¬ 
tage of similarities in the expressions for and 

Tj, /r* • Let &($) be defined as 

&?) = £) [ 47 ] 


The function &($) is positive since £ 0 is negative for all 
values of J , and the remaining terms are positive. With 
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substitutions from Eqs. 33-38, &($) can be expressed as 

6 »= *.r. 

where the factor A/A * is introduced directly because its 
magnitude is more immediately evident than is the equivalent 
form expressed as a function of 5 • Except the factor t/% * 
which depends on nozzle shape and will be discussed later* 
and the factor A fA t * the only other variable in the expres¬ 
sion for & is = Y 0 ° This quantity usually will have a 

small range of variation* from slightly less than unity at the 
nozzle entrance to 0. 5 or so at the nozzle exit. 

The fractional contribution of heat transfer to the func¬ 
tion £($) will be represented by ^(S) 9 where 






[«] 


Introducing the functions 
sions for and 'Tji/'fc 


and ^(S) into the exp re s - 
given by Eqs. 45 and 46 


ass y 

= [(- ^ y $<$) xi*. <k) n 


Q = - f(S) &($) + 

To 


iuzL 

K 


1 


J" ol$n t/f) 


[51] 


The qualitative behavior of the velocity and temperature lags 
is demonstrated clearly by these equations. Near the nozzle 
entrance* the first terms dominate since the contributions of 
the integrals are small. The velocity of the gas increases 
above the velocity of the mixture with no lag, and the gas 
temperature drops below the temperature of the mixture with 
no lag. Further downstream, however, the trends are re¬ 
versed, as the contribution of the integrals becomes larger. 
The heat stored in the particles feeds back directly into the 
gas, and kinetic energy deficiency stored in the particles is 
transferred to the gas by dissipation* The effects are paral¬ 
lel, and both tend to increase the gas temperature and lower 
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the gas velocity. If the heat capacity of the particles is zero, 
i # e . , (J'c 0 and hence Y~ ® 9 t ^ ie mechanism of transfer of 
energy is entirely dissipative, then the velocity lag exhibits 
the same trends as for finite particle heat capacity, but the 
gas temperature increment increases monotonically. 

EFFECT OF VELOCITY AND TEMPERATURE LAGS ON 
PERFORMANCE 

The effect of the particle lags on performance will be 
determined as a correction to the performance of a rocket 
nozzle of identical shape with the same mass fraction of par¬ 
ticles but without lag. The stagnation temperature ^ in the 
rocket chamber is assumed to be the same with and without 
lags. Expanding the terms in Eq. 18 up to and including the 
first order in £ 



Let be the throat pressure ratio without lag and 5* 

the value with lag; it is assumed that (& - S* is of ordeir 

£ . The throat pressure ratio is determined by the condition 
A / - 0 , hence equating the differential of the logarithm of 
the right hand side of Eq. 52 to zero and expanding to order £■ 



or evaluating the terms in the brackets explicitly 



Now A t and are the same with and without lag, so 

an expansion of Eq. 52 around f t = leads to the relation 



The throat pressure ratio is not needed to find b c />m be¬ 
cause of the condition Cr/?4>)* o = 0 , peculiar to the throat. 
Substituting from Eqs. 50 and 51 and recalling that 

*e. = z/O.*/) 
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foo A* 


= l - £ 



[55] 


The quajitity in the brackets is positive, as will become clear 
when the behavior of is examined later; hence 

always decreases as a result of the lags. Only the ratio 
is determined in the flow with lag; some additional 
information must be supplied to determine and sepa¬ 
rately. For a solid propellant rocket this normally would be 
a burning rate law relating /yyi. and . 


The vacuum thrust for the nozzle is given by 

where the subscript e denotes the nozzle exit. The vacuum 
specific impulse is defined by 

I tr ~ / y yvL g 

These expressions are exact, within the limitations of one- 
dimensional flow, as is the derived form 


tv * 4 "te D + 

Substituting the expansions for > and and re¬ 

taining terms of order € 


i* * 4 & s, [<*(€)« +e { & -fc)-« 


[56] 


The exit pressure can be determined from the continuity 
equation 


Ae 


1 ST VxtT 




(£l 


+ € 




Expanding the expression for Oo to the first power in 

(fe-'te?) / fe t » which is assumed to be of order 6 , and sub¬ 
stituting for jj c l from Eq. 54 






I - 


/ 






[57] 
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The quantity S *eQ + 4*/1zJ e in the expression for 1^ , Eq, 
56, is expanded to the first power in CS* - S** , and 

with substitutions from Eqs. 41, 50, and 51 the specific im¬ 
pulse can be expressed as 



This formula shows that the vacuum specific impulse is quite 
independent of conditions upstream of the throat, a result 
that does not appear obvious. 


The thrust can be determined only if or or a re¬ 
lation between them is prescribed. For instance, in a solid 
propellant rocket with 4n/w 0 



where T^/L^ and are given by Eqs, 55 

and 58 respectively. The percentage reduction of thrust is 
always greater than the percentage reduction of specific im¬ 
pulse as a result of velocity and temperature lags, 

NOZZLE SHAPE PARAMETER 


The nozzle shape appears in the analysis through the 
parameter jff only. This parameter occurs directly as a 
factor in the function £($) defined by Eq, 48 and indirectly, 
with weaker effect, through the coefficients -P 4 and ^ , 

also occurring in . If 6 is the angle between the tan¬ 

gent to the nozzle contour and the nozzle axis, with 6 posi¬ 
tive downstream of the throat 

c . Jy- _ 

& ~ 7F 2 fl ~ ~21 

and hence 





ds 

7T. = 


-tSF 


&k6 

AYA 


or, substituting from Eq, 35 



-*■*$*(<-**) 
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where - [Z/Cfai) Jl&r is the throat pressure ratio. Pro¬ 

ceeding downstream from the throat, the quantity 

6 -»**)/{<- 

decreases as do the factors VAtTn and ^ , the latter 
very rapidly. Hence decreases rapidly after 9 

reaches its maximum value downstream of the throat. The 
trend is more marked for a bell-shaped nozzle ( 6 decreasing) 
than for a conical nozzle ( 9 = constant). 

The value of at the throat is indeterminate as 

given by Eq. 60. An expansion in powers of 
near the throat yields the relation 





'S-ffm A. 



where b t Y* is the radius of curvature of the nozzle con¬ 
tour at the throat. Since - is increasing downstream 

at the throat, the maximum value of must occur 

somewhere downstream of the throat. 


If the nozzle entrance joins a cylindrical rocket chamber 
with a continuous slope and a discontinuity in curvature, the 
behavior of - near the entrance can be determined 

by an expansion that gives 




fac-T)/tz' 


[62] 


where Ai is the cross-sectional area of the nozzle entrance 
and is the radius of curvature of the nozzle contour 

immediately downstream of the entrance. This relation 
shows that - Jt/Jfc remains finite but has an infinite slope 
at the nozzle entrance. 

The general behavior of as a function of , 

s.ay, can be deduced from Eqs. 60, 61, and 62. For a typical, 
nozzle, the value of increases sharply from zero 

at the nozzle entrance, then rather slowly to a maximum 
downstream of the throat, and decreases to a small quantity 
at the nozzle exit. The maximum is quite close to the value 
at the throat; hence the contour radius at the throat is the 
primary influence on the magnitude of • 

A discontinuity in radius of curvature at the throat 
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produces a discontinuity in -Jl t f i . Elsewhere on the 
nozzle contour a discontinuity in curvature with continuous 
slope produces only a discontinuity in the derivative of 

• It is unrealistic, in a one-dimensional approxi¬ 
mation, to prescribe a nozzle contour that produces discon¬ 
tinuities in ; such discontinuities would be smoothed 

out by the real three-dimensional flow,, 

DRAG AND HEAT TRANSFER COEFFICIENTS AND 4 

The drag and heat transfer coefficients introduced in Eqs* 
6 and 7 to allow for departures from Stokes 1 regime for drag 
and simple conduction for heat transfer are the most difficult 
parameters to evaluate in the analysis* Below a Reynolds 
number of unity, for the Mach number sufficiently low, the 
Stokes* drag formula and conduction theory ( ft s f^ s 1) are 
adequate. However, this regime of relative flow is applica¬ 
ble only to very small particles and leads to negligible lags in 
most examples of practical interest* The magnitude of the 
drag coefficient of spheres at very low Mach number has been 
well established by measurement over a wide range of Reyn¬ 
olds numbers and hence can be evaluated from the relation 
•f ^ s > where C 9 (=• Z3 /'rrcff u z ) is the measured 

drag coefficient and TC e is the Reynolds number based on 
sphere diameter. The heat transfer coefficient for spheres, 
usually presented as the Nusselt number Af* (= , has 

also been measured over a wide range of Reynolds numbers 
at low Mach number, although the magnitude is not quite as 
well established as that of the drag coefficient. 

These remarks apply to continuum flow, which occurs 
only when the ratio of the mean free path of the molecules is 
very small compared with the particle dimension. The cri¬ 
terion for continuum flow is that the value of M , where 

li is the Mach number of the flow relative to the particle, 
should be very small compared with unity* This condition is 
not satisfied for typical particles in a rocket nozzle; hence 
dependence of and on must be investigated* 

Measurements of the heat transfer to spheres in the slip 
flow regime have been made by Kavanau (5). His measure¬ 
ments covered the Mach number range from 0. 1 to 0, 7 and 
the Reynolds number range from Z to 100. To represent the 
results of the experiments in a simple form, Kavanau pro- 


* Numbers in parenthesis indicate References at end of 
paper. 
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posed a semi-empirical interpolation formula, which can be 
written in the present notation as 



where f k (= Z is the value of for continuum 

flow (M = 0) and K is a constant; Kavanau found that ft = 6. 84 
gave the best agreement with his measurements. The second 
term on the right-hand side was suggested by free molecular 
flow theory, with the reasonable assumption that if the for¬ 
mula gives the correct value of -P k in continuum flow when 
the second term is zero and in free molecular flow when the 
second term is dominant, the formula may well give a good 
approximation in the slip and transition regimes between the 
two extremes. 


If the expression for heat transfer to a sphere in free 
molecular flow (e. g. , Ref. 6) is expanded in a power series 
in M* , the leading terms for sr Z/Hu. are given by 



ztt tl 

tC i-ht 


M 

•TCe'f’y 




[63] 


where is the accommodation coefficient. Taking ^ = 1.4 
to compare with Kavanau*s experiments in air and assuming 
that ot = 1.0, the numerical factor in Eq. 63 is 6. 92, very 
close to the value 6. 84 that was determined experimentally. 
Kavanau used the results of an approximate theory of Sauer 
(7) to evaluate f*' , and this agreed well with his experi¬ 

ments at the lowest Mach number. The analytical expression 
for -P k ' is complex, but it can be represented reasonably 
well by an empirical relation 


fi JL- 


6.108 air) 

6 


-o.r 

~Re>IO 

-o.r 

T?.< 10 


[64] 


where the dependence on Prandtl number is ignored. For 
application to a rocket nozzle, a value of > = 1. 28 in Eq. 63 
seems more appropriate; hence it will be assumed that the 
heat transfer correction factor is 

: N 

with given by Eq. 64. This formula is expected to be 

sufficiently accurate as long as M is not much larger than 
unity. 

The drag of spheres apparently has not been measured in 
the slip flow regime at subsonic Mach numbers. It seems 
reasonable, however, to use the same procedure for 
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estimating drag as for heat transfer. Expanding the expres¬ 
sion for drag in terms of -f^ for the regime of free molecu¬ 
lar flow in powers of M 2 , it is found that, with reflection 
coefficients equal to unity and with the ratio of gas tempera¬ 
ture to sphere temperature close to unity 

ilMZ,rp JL f r - Jtt _ 

n-8 vy ie a L' r{irt8) M J 




For 1. 28, the numerical factor of M /"Re is 4. 58, so it 
is assumed that 

fj * -fiT + -sfe- [66] 

where -fy is the value of for continuum flow. This lat¬ 
ter coefficient has been measured by several independent 
investigators (e. g,, Ref. 8), and the results can be approxi¬ 
mated for Reynolds numbers up to 10^ by the empirical for¬ 
mula 

jj>> = o, i oz. r ^ * 


The combination of Eqs. 66 and 67 should give, by analogy 
with the heat transfer findings, a satisfactory representation 
of as a function of and , at least for M< 1, 


The parameters and , which determine the 

coefficients and , must be evaluated first. The ratio 
M /7? € is, by definition 

JL = A 

Substituting from Eqs. 13, 21, and 33 and keeping only the 
first approximation 


M _ S 

1 MiTfV’ 



[ 68 ] 


where 8 is a new dimensionless parameter defined by 

c _ M'.VT a T c 
° ZCLpl 

The Reynolds number l? e is defined by the equation 

n e = Cu r Us) za.fr/fj. 

Substituting from Eqs. 13, 21, 33, 34, and 41 and retaining 
only the first approximation 
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Because the combination j rather than ^ alone is 

determined by the particle and nozzle characteristics, it is 
convenient to have -fU as a function of and so 

that -Pji can be found directly without iteration. From Eqs. 

66 and 67 it is a simple matter to plot •fji vs. with 

M/^e as a parameter, as is shown in Fig. 1. The line cor¬ 
responding to M = 1 is shown in the figure; values of -fe for 
points falling to the right of this line may not be reliable. 

After -fa is read from the chart, the value of *Re can be 
found and calculated directly from Eqs. 64 and 65. 

The value of /£< for € and $ fixed depends on a 
power of the pressure ratio that has limited variation and on 
the shape parameter . From the discussion in the pre¬ 

vious section it is apparent that /ft( will have a maximum 
somewhat downstream of the nozzle throat. The value of 

, on the other hand, is independent of the nozzle shape 
and increases monotonically from entrance to exit; hence the 
effects of slip flow are most pronounced near the exit. Since 
Nf/TCe is inversely proportional to particle radius, the factors 
and *P k can become large for sufficiently small particles. 
However, the lags are proportional to the combinations 
and e ffc , which become small as the particle radius is 
reduced. 

Example 


The large number of parameters entering the calculation 
of particle lags makes a general discussion difficult, so an 
examination of one or more specific examples is almost es¬ 
sential as a starting point. Calculations have been carried 
out for the following arbitrary, but it is hoped reasonable, 
choice of characteristics. 


*|b = OXOOttu/Zk-'F 
H = 0'Uo-Btu./Tb-°F 

C = 6 .nov*«/U-*F 
f»= zhu/ ft* 


I*. * iooo i?s£ a. i z-rx/o* »» 

1-. = S060 °-R a^c.+o 

jU t - l.rxid^lt-sec/U* * 6.7+ 

= - 3.00 in. 


Dimensionless parameters required in the analysis are then 
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t ■* I.Z8Z £=0.817 S-Z-OOXICT 

= l.Wtr* t.otrs i.zzz 

The nozzle contour chosen for the example is shown in 
Fig. 2. The nozzle is made up of three sections, as follows: 

*f*i * l.H-68 - (t-eos d) 0£ l©l< * 0 * 

= ( +0~ e °s9) 6 £ Z8' 

(jii) Y’/te - - 8-21 Z8*$ 9 13’ 

The first two sections are circular arcs ( he = = 1) and 

the third is a two-parameter curve. For this contour 
Ac /A t = 2. 155 and A e /A t = 9. 0; the length of the convergent 
part is 1. 29 > and the length of the divergent part is 

5. 42 Yi . Without lag, the vacuum thrust and specific im¬ 
pulse would be 50, 000 lb and 271 sec respectively, with con¬ 
stant thermodynamic properties, and the exit pressure ratio 
=59.6. 

A graph of the shape parameter - plotted against 

is shown in Fig. 3. The kinks occur at the two points 
where the radius of curvature of the nozzle contour changes. 
In the same figure, the function defined by Eq. 48 is shown. 
The value of the Reynolds number rises to 56 immediately 
downstream of the throat and decreases to 2 at the nozzle 
exit. The coefficient -fy drops to 0. 32 at the throat and in¬ 
creases to 1. 22 at the exit, whereas f*. has a minimum of 
0. 36 near the throat and rises to 1. 52 at the exit. 

The functions 6 5^/4** , € <£ Jf , and 

€ r 9{ /n are plotted against <£t<jr/?)in Fig. 4. The criteri¬ 
on for validity of the analysis is that these quantities should 
be small compared with unity, a condition that is fairly well 
satisfied in this particular example. Appreciably larger di¬ 
ameters of the particles would give less reliable results. 

For instance, doubling the partitle radius to 5. 0x10"“^ cm 
increases the value of j, by a factor of 8, and this, in 

the throat region, reduces -f^ and by a factor of 2 or so. 
Since the lags are linear in e -fa and e tu. , the values of the 
perturbation quantities above are doubled in the neighborhood 
of the throat. 

The quantities that are required for performance estima¬ 
tion are listed below with their numerical values. 


1J6 



DETONATION AND TWO-PHASE FLOW 


£(£*} = 6.01 If 


J ^Gf) = 0,0£90 

Sc 

J*. 

\ -f)=0.£ta3 


Substituting these into Eqs. 55 and 58 

= l - 0.0 7i'3 I r /r n - / - 0.0S'38 [7lJ 

so that the lags are responsible for a reduction of 5. 4 percent 
in specific impulse in this particular example. 

DISTRIBUTED PARTICLE SIZE 

The particles in the rocket chamber apparently are 
formed in a variety of sizes rather than a single size, to 
which the analysis so far has been restricted. Let A 
be the weight fraction of the total mixture (including gas) 
which is in the form of particles with radii between cl and 
a. + «(a. . Then 

_ oo 

V cl a. = oC \ a. « oc o [72] 

U C 

where o£ is the total weight fraction of particles and the sub¬ 
script 0 refers to no lag. Then Eq. 1 is still valid* as is 
the continuity equation for the gas, Eq. 2. The particle ve¬ 
locity U 5 is now a function of cl ; hence the continuity equa¬ 
tion for particles of radius between cl and a + da is 

1,(9.) f U. S CCL) A = H.GtV'W. [73] 

which replaces Eq. 3. Dividing Eq. 73 by Eq. 2 gives 

N 

which is the counterpart of Eq. 9- 

The momentum equation for the mixture is now 
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the extension of Eq. 4. Substituting for k U s from Eq. 74 
and replacing ([-otSj 3 by J=j , the momentum equation be¬ 
comes 


oe 



or, in terms of the dimensionless variables, to compare with 
Eq. 19 



1 i 


= I** 7?) ^ 


[75] 


The energy equation can be extended in the same way to give 

v* W'' + & 6 ] 

0 0 

which replaces Eq. 20; Eq. 18 of course does not change. 

The relations for drag and heat transfer* Eqs. 26 and 27* 
were derived for single particles and hence are still valid. 
All of these equations are exact* within the limitations of the 
one-dimensional flow approximation. 


The first approximation to the solution of the new equa¬ 
tions is the same as before because no lags are involved. 

The parameter € depends on the particle radius cl 9 so it is 
not suitable as an expansion parameter; it can be replaced by 
€•*1 where 





r-t/Uc 


[77] 


and a. m is some arbitrary mean particle radius used as a 
reference. Then 

r 3 = n + e* Y Jt + ■ • • 

but in Eqs. 26 and 27 the e is replaced by , so 

that Eqs. 41 and 42 become 


v*-«e** ■ 


4>o < 


±*xL ' 

T 
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Substituting the expansions into Eqs. 75 and 76 and picking 
out the coefficients of , it is seen that 4 > s and r,, ap¬ 
pear only in the combinations ! ’* 

{ X/r Jt . r„) J<l 

In Eqs. 78 and 79 only the first two factors on the right-hand 
sides depend on . Defining two new coefficients Fi and 
by the equations 

Ft - fi. CtJtj, Jo- fi - Ja [ 80 ] 

it is seen that it is merely necessary to replace -P«l by F( , 
“fk by Fk 9 and € by c M to make the entire analysis ap¬ 
plicable to flow with particles of any distribution of size. 

Eqs. 80 can be interpreted in terms of a single particle 
radius that is equivalent in effect to the distribution at each 
axial station. For the Stokes 1 regime of flow the result is 
very simple* because - 1 ; then the effective radius 

is constant through the nozzle and is determined by the sec¬ 
ond moment of the particle weight distribution function. Out¬ 
side of the Stokes 1 regime, however, the equivalent single 
particle radius is not constant through the nozzle. It has 
been seen that fji and decrease with increasing cl in the 
neighborhood of the throat where the Reynolds number is high. 
Hence the equivalent single particle radius corresponds to a 
moment of some power less than 2 in the throat region. Near 
the nozzle exit slip flow phenomena can become important, 
and, because -fji and increase with decreasing size of 
the particles, the equivalent single particle radius is again 
less than that determined from the second moment. 

The numerical evaluation of F 4 and is straightfor¬ 
ward. At each value of Mi (rff) chosen for computation, 
and & are determined from Eqs. 68 and 70 as 

before, but for several different values of a. . Then *fy and 
are found for each of the values of cl and the integrations 
indicated in Eq. 80 are performed. After Fjl and F^ have 
been determined as functions of Ml Q/T) , the method of 
calculation is the same as for uniform particle radii. 

CONCLUDING REMARKS 

The perturbation analysis of particle lags in a rocket 
nozzle has been shown to lead to reasonably simple expres¬ 
sions for the specific impulse and other performance charac¬ 
teristics of the nozzle for sufficiently small particles. The 
expansion parameter € (or for distributed particle size) 
is proportional to the square of the particle radius and 


159 



DETONATION AND TWO-PHASE FLOW 


inversely proportional to the radius of the nozzle throat. Be¬ 
cause the flow relative to the particles is outside the Stokes* 
regime in practice* the lags are not as strongly dependent on 
particle radius and throat radius as the proportionality with 
€ would indicate. The influence of the nozzle shape on par¬ 
ticle lags has been shown to depend primarily on the ratio of 
the radius of curvature of the nozzle contour at the throat to 
the throat radius. The lags are inversely proportional to the 
square root of this ratio in the region of the throat* although 
again, through the effect of deviations from Stokes 1 regime of 
flow, the influence is weaker than direct proportionality with 
the inverse square root of the radius ratio would indicate. 

Recent measurements of particle size distributions in 
rocket nozzles made by Sehgal (9) indicate that the practical 
range of particle size lies within the scope of the perturbation 
analysis if the rocket delivers more than 10, 000 to 15, 000 lb 
thrust. For instance, Sehgal reports that 50 percent of the 
mass fraction of particles is contained in the particles with 
radii between 1, 35 x 10*4 cm and 2. 05x 10*4 cm at 500 psi 
chamber pressure. If the effective single particle radius is 
about 1. 7 x 10*4 cm , the value of € in the example is the 
same if the throat radius is reduced from 3 in, to 1, 5 in,, 
i. e., the thrust is reduced to 12, 500 lb. Geometrically sim¬ 
ilar rockets of larger size would have smaller lags and the 
accuracy of the perturbation analysis would improve corre¬ 
spondingly. 
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ANALYSIS OF TWO-PHASE FLOW IN SUPERSONIC EXHAUSTS 
John H. Morgen thaler 
Atlantic Research Corp., Alexandria, Va. 


ABSTRACT 

A theoretical and experimental investigation of the effect 
of solids on the characteristics of two-phase supersonic ex¬ 
hausts is presented for systems containing up to 30% by weight 
aluminum oxide and air. In the experimental program, solids 
were metered into a high pressure air stream with a paddle- 
wheel feeder valve prior to flow through a two-dimensional 
supersonic nozzle- The angle of the oblique shock wave, at¬ 
tached to a wedge located at the exit plane of the nozzle, was 
determined with shadowgraph techniques. For a particle size 
of 0.1M<, these angles were in good agreement with theoretical 
predictions made assuming complete interchange of heat and 
momentum between phases in the nozzle, but no interphase 
interchange in the shock wave. For expansions in which the 
gas phase may be considered perfect, and the particle size of 
the solid phase is large enough so that the presence of the 
solids does not significantly change the shock wave angle, the 
exhaust velocity and temperature of each phase may be experi¬ 
mentally determined. Measurements required for these deter¬ 
minations are wedge angle, shock wave angle, the flow rate of 
each phase, and axial pressure distribution along the nozzle. 
The theoretical analysis for these determinations is 
presented. 

INTRODUCTION 

Interest has increased in the last few years in the general 
field of two-phase flow. Gas-solid expansions through super¬ 
sonic nozzles and the characteristics of the resulting two- 
phase exhaust have become important. When calculations of 
particle impingement on wedges suspended in a two-phase exhaust 


J.H. MORGENTHALER is Project Engineer. Paper presented at 
the ARS Propellants, Combustion, and Liquid Rockets Confer¬ 
ence, Palm Beach, Fla., April 26-28, 1961. This work was 
supported by the Bureau of Naval Weapons and the Advanced 
Research Projects Agency under contract NOrd-15536. 
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were begun two years ago, very little information was found in 
the literature concerning the effect of solids on the charac¬ 
teristics of a two-phase supersonic exhaust. Especially lack¬ 
ing was any work predicting the effect of entrained solids on 
attached, oblique shock wave angles, such as those formed on 
the leading edge of a wedge. The present work was undertaken 
in an effort to gain a better understanding of two-phase ex¬ 
hausts, to characterize this flow through shock waves, and to 
establish if possible a simple experimental technique for de¬ 
termining the velocity and temperature of each phase in a 
supersonic two-phase exhaust. 

In the theoretical portion of this work, the conditions at 
the exhaust of a supersonic nozzle were computed for various 
limiting assumptions of interphase heat and momentum inter¬ 
change during expansion. The conditions immediately down¬ 
stream of the oblique shock wave attached to a wedge (located 
at the exit plane of the nozzle) were also computed, using the 
same set of limiting assumptions to delimitate the two-phase 
region. Using computed exit conditions, the extent of inter¬ 
phase equilibrium attained while traversing a shock wave was 
estimated. 

In the experimental portion of the program, solid particles 
were introduced into a high pressure air stream with a paddle- 
wheel feeder valve. A double wedge was placed at the exit of 
a two-dimensional supersonic nozzle, and shadowgraphs of the 
attached, oblique shock waves taken* Comparisons between the 
theoretically predicted and experimentally measured shock wave 
angles appeared to confirm theoretical predictions. 

METHOD OF ANALYSIS 

Calculation of Nozzle Exit Conditions 

The importance of the assumptions concerning heat and momen¬ 
tum interchange between solid and gas phases during expansion 
in a supersonic nozzle and in the exhaust was determined in 
the following manner. Exhaust velocities of the two-phase 
system at the exit plane of the nozzle were calculated for the 
two limiting conditions of interchange of heat and momentum: 

1) complete interphase interchange, i.e., equilibrium between 
phases; and 2) no interphase interchange, i.e., neglecting the 
solid phase. The conditions of this first assumption would be 
approached for very small particle sizes of the solid phase. 
The second assumption was obviously a poor one since in this 
case the solids would neither accelerate nor change tempera¬ 
ture during flow through the nozzle and so would exhaust at 
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their chamber velocity and temperature. However, calculations 
based on this assumption were of value in establishing one of 
the limits. 


Since chamber temperatures of about room temperature were 
considered, i.e., 80 to 90°F, and chamber pressures of about 
80 psig, no problems concerning dissociation or recombination 
of air were encountered. A constant specific heat of 0.2415 
Btu/lbm-°R was used for air, which was considered a good aver¬ 
age value (!).**■ 


Aluminum oxide grinding abrasive was the solid used in these 
two-phase studies. Its specific heat per mole was expressed 
as a function of temperature (Kelvin) in the range from 180 to 
300°K by the equation 



= 7.3035 + 0.045179 T- 1.6323 X lflP/T 3 


Cl] 


The constants in this equation were obtained from a least 
squares fit of tabulated specific heats for alpha aluminum 
oxide (2). 


When the assumption of complete interphase interchange be¬ 
tween phases during expansion in the nozzle was made, the tem¬ 
perature at the exit plane was calculated from the equation 
for an isentropic expansion 


AS = 




n R JT> 
J p 


0 


[ 2 ] 


where ( C p) t = A t + B t T - C t /T 3 

In this case was determined for the two-phase mixture 

per unit mass of gas plus solid, and ng was the moles of gas 
per unit mass of gas plus solid mixture; the reciprocal of ng 
may be considered an effective molecular weight. 


When the assumption of no interphase transfer during the ex¬ 
pansion was made, the temperature at the exit plane was calcu¬ 
lated from the equation 


AS 


Jt 0 



4 


R dP 
JMW P 


= 0 


[3] 


^Numbers in parentheses indicate References at end of paper. 
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where (Cp) was evaluated per unit mass of gas and was the 
molecular height of the gas. 

Eqs. 2 and 3 were readily integrated to give, respectively 


n R P 
in -A 
J in Pi 


= A t m f + B t (T 0 _ T 1 )+ f Mr - 


- t - (°p) 8 1 » % 


jm 



C4] 

[5] 


Eq. 4 was solved for T x by an iterative procedure on a digital 
computer. 


Once the exhaust temperature was computed, the exhaust vel 
ocity was obtained from a total energy balance 


£ 


1 V_dV 

g c J 


+ 



[ 6 ] 


This equation was integrated and solved directly for V x . Two 
different values of the exhaust velocity V x resulted, depend¬ 
ing on whether the specific heat and exhaust temperature T x of 
the two-phase mixture or those of the gas phase alone were 
considered. 


Calculation of Shock Wave Angles 


The following equation of gas dynamics relates the angle of 
the oblique shock wave which forms on a wedge to the semiapex 
angle of the wedge, for adiabatic flow of a perfect gas (3) 


cot cj = tan 0 


(y ± H ft 3 

2(Mi a sin s 0 -1) 



[7] 


The terms y and M x were defined differently depending on 
whether or not interphase equilibrium in the shock wave was 
assumed. When the assumption was made that no interphase 
transfer occurs between phases, the speed of sound a and the 
specific heat ratio Y were calculated from the normal rela¬ 
tions for a perfect gas 


a 8 



g^F 

MW 
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[9] 


When the assumption of complete interphase interchange between 
phases was made, the molecular weight of the gas in these e- 
quations was replaced by the term 1/ng, which represents the 
total mass of gas plus solid mixture per mole of gas. In this 
case the specific heat used was (Cp) t , the total specific heat 
of the two-phase mixture per unit mass of gas plus solid. 

Eqs. 8 and 9 become in this case 



The Mach number of the exhaust just upstream of the shock 
wave may be calculated from the relation 


M 


l 



[ 12 ] 


Since both V x and a 1 vary depending on the assumptions made 
concerning the interphase interchange of heat and momentum in 
the nozzle and in the shock wave, four different Mach numbers 
can be computed, one for each combination of assumptions. 


The following conditions were constant for these calcula¬ 
tions: 1) 30% aluminum oxide by weight in air; 2) a chamber 
pressure of 94.7 psia; 3) a chamber temperature of 85°F; 4) 
an exit pressure of 14.7 psia; and 5) a wedge with a semiapex 
angle of 10° immersed in the exhaust stream at the exit plane 
of the nozzle, with centerline of the wedge parallel to the 
flow. In addition, the assumption was made that the chamber 
velocity was negligible compared to that of the supersonic 
exhaust. 


The four sets of assumptions and the results computed for 
each set are presented in Table 1. The characteristics of the 
exhaust and the shock wave angle vary considerably depending 
on the set of assumptions used. Comparing set 1 with set 2 
and set 3 with set 4, it can be seen that the assumption of no 
heat or momentum interchange in the shock wave results in 
larger values of shock wave angle. Comparing set 1 with 3 and 
2 with 4, it can be seen that the assumption of no heat or 
momentum interchange in the nozzle results in lower values of 
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shock wave angle. 

The relative importance of the heat and momentum effects can 
be separated by consideration of the case in which complete 
interphase thermal equilibrium is attained in the shock wave 
with no interphase momentum interchange and, alternatively, 
the case of . complete interphase momentum equilibrium in the 
shock wave with no interphase thermal interchange. In the 
former case, the speed of sound was computed from Eq. 8 using 
y t defined by Eq. 11 and in the latter case, the speed of sound 
was determined using Eq. 10 with Yg defined by Eq. 9. Four 
different Mach numbers were again computed at the nozzle exit, 
since both Vi and a x varied depending on the set of assump¬ 
tions; these results are presented in Table 2. Comparing set 
5 with set 6 and set 7 with set 8 shows that the assumption of 
complete thermal equilibrium in the shock wave with no momen¬ 
tum interchange results in larger shock wave angles than does 
the assumption of complete momentum equilibrium in the shock 
wave with no thermal interchange. 

Calculations of Extent of Equilibrium Attained in Shock Wave 

An effort was made to predict the magnitude of the extent of 
interphase equilibrium achieved between the solid and gas 
phases while traversing a shock wave. The following assump¬ 
tions were made in these calculations: 

1) The shock waves were two-dimensional oblique attached 
shock waves, such as those which form on the leading edge of a 
wedge. 

2) At the exit plane of the nozzle, just upstream of the 
shock wave, the velocity and temperature of the solid and gas 
phases were constant and equal, and the velocity was parallel 
to the centerline of the wedge. 

3) Immediately downstream of the shock wave, the velocity 
and temperature of the gas phase were constant, and the veloc¬ 
ity was parallel to the surface of the wedge. 

4) Shock wave thickness was not significantly affected by 
the presence of solids at concentrations below 50% by weight 
(50% aluminum oxide corresponds to a fraction voids of 0.9996 
at the conditions considered), and there were no interactions 
between the solid particles. 

5) Shock wave thickness for the gas phase alone was of the 
order of six mean free paths of the gas molecules at the ex¬ 
haust conditions (4). 
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6) The solid particles were spherical in shape. 

7) The force of gravity was negligible in comparison to the 
drag forces. 

8) The gas-phase conditions within the shock wave were con¬ 
stant and equal to those immediately downstream of the shock 
wave. 

The first seven assumptions appear to be reasonable approxi¬ 
mations, especially since estimates rather than exact calcula¬ 
tions were desired. The last assumption is obviously not cor¬ 
rect but was made because it greatly simplified the calcula¬ 
tions; consideration of the variable gas-phase conditions that 
actually exist within the shock wave was avoided. The assump¬ 
tion is a conservative one; by assuming that the gas-phase 
conditions were instantaneously changed to their downstream 
values instead of gradually changing within the shock wave, 
the maximum value of the driving force between particle and 
gas was employed over the entire region of the shock wave. 
Particle velocities and temperatures computed at the down¬ 
stream edge of the shock wave in this manner were closer to 
the gas-phase conditions at that point than if the actual but 
unknown gas phase conditions within the shock wave had been 
used. The results of the calculations (shown in Table 3) 
justified this assumption. 

The relationship between the wedge and the supersonic ex¬ 
haust stream is shown in Fig. 1. Assumptions 1, 2, 3, and 8 
guaranteed that no matter where a particle entered the shock 
wave, it would be subjected to identical conditions. The de¬ 
termination of the temperature and velocity of the solids 
after entering the shock wave was simplified by adopting a 
coordinate system moving at the constant velocity of the gases 
Vja downstream of the shock wave. In this frame of reference, 
the initial vector velocity of the solidsjB^ relative to the 
gases behind the shock wave is = % - V s . By this method, 
the problem was reduced to the determination of the motion and 
temperature of a particle projected into still air. This 
method of analysis is similar to that used by Serafini in his 
analysis of the impingement of water droplets on wedges (5). 

1 Calculation of Residence Time in Shock Wave 


The time for the particle to traverse the shock wave was 
estimated using assumptions 4 and 5 as 


t 



[13] 
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The mean free path of the gas molecules was computed from 
the relation (6) 


X = ,. [14] 

m PN/8g c RT/nMW 

The exhaust velocities in Table 1 show that regardless of 
the set of assumptions concerning interphase heat and momen¬ 
tum interchange during expansion, particle residence times in 
the shock wave will be about 10“§ sec. Using this value as an 
estimate, very little interphase interchange was computed in 
the shock wave* Therefore exact calculations were made using 
the exhaust conditions of set 1 in Table 1. Results presented 
in Table 3 justify this assumption. 

Conditions immediately downstream of the shock wave were 
calculated using relations for adiabatic flow of a perfect gas 
(3); solutions were obtained on a digital computer. Obviously, 
further downstream of the shock wave equilibrium conditions ber 
tween phases will be attained regardless of the particle size; 
however, results presented in Table 3 show that the distance 
required to attain equilibrium conditions will be large com¬ 
pared to the shock wave thickness. 

2 Velocity Equilibrium 


The velocity of a particle relative to the gas behind an 
oblique shock wave attached to a wedge was computed using 
Newton's second law 


r D <"**>- -f"» 


3 £» 


dU 

dt 


or 


dU 

dt 


3 _ 
8 P 


P U s 


"r C D 


[15] 

[ 16 ] 


The Stokes-Cunningham law was used to evaluate the drag coef¬ 
ficient, since relative particle Reynolds numbers were less 
than two for the small wedge angles and particle sizes con¬ 
sidered. Therefore, the drag coefficient was evaluated as 


where (6) 

Kn = 1 + *Jjg) ^ 


C 24 _ 12a 

D = V Re p = V up g 


[17] 
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and 

k me = 1-644 + 0-552 exp <" 0.656(2rA m )) [19] 

Combining Eqs. 16 and 17 


or 


dU 

dt 


dU 

dx 


dIJ _ 9M* U 

dx '21^^ 


2 km r a P s 


[ 20 ] 

[ 21 ] 


where B is a constant. Integrating this equation twice and 
substituting the initial conditions 


x(0) = 0 

U(O) = 


[ 22 ] 


the relative velocity U was obtained as a function of time as 

U = V ± exp(- Bt) [23] 

The value of U corresponding to a calculated residence time of 
0.815 x 10"® sec was obtained from this equation. 

The particle velocity V g at the downstream edge of the shock 
wave was calculated by solving the triangles shown in Fig. 2. 
Angle C remains constant because the direction of U, the rela¬ 
tive velocity, is always perpendicular to the shock wave. 

This fact is easily seen from the equations of continuity 
( p i v Ni = ^2 Vn 2 ) an< * tangential momentum (Pi Vj 1 = 

P 2 Vn 2 V T ) across the oblique shock wave; tangential compon¬ 
ents must be equal, so that the change in velocity downstream 
of the shock wave is only in the normal direction. Therefore, 
the direction of the relative velocity will be normal to the 
shock wave. Angle C was determined from Fig. 2a with the law 
of sines and V s from Fig. 2b with the law of cosines. Results 
are summarized in Table 3, 


3 Thermal Equilibrium: Heat Transfer Coefficient Correlation 

The heat transfer by convection between a solid particle and 
the gas phase was computed from an energy balance by equating 
the rate of increase of sensible heat of the particle to the 
rate of heat transfer from the gas to the particle 
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or 



dX 

c TT 2- = h 
s dt 


(4 tt r s ) (T g 


V 


dT 
_ s 

dt 


——— (T 
r P s C s § 


T ) 


[24] 


[25] 


Convective heat transfer to spheres has been correlated by 
the following equation (7) 

Nu = 2 + 0.6 Pr 1/3 Re p 1/2 [26] 

Substituting for Nu and Rep 



1 + 0.3 Pr 





[27] 


Using Eqs. 23 and 27 and assumptions 3 and 8, Eq. 25 may be 
integrated directly. However, it is more convenient ^to carry 
out the integration by defining a time-average value h by the 
equation t 

h = - J h dt [28] 

Eq. 28 was integrated by combining Eqs. 23 and 27 to give 



where C g is the average value of the specific heat of the 
particle. This equation was used to estimate the extent of 
thermal equilibrium attained by a particle within the shock 
wave. Results are presented in Table 3. 


4 Thermal Equilibrium: Molecular Collision Model 

The heat transferred between molecules of a gas and a solid 
surface due to a molecular collision may be written as (8) 

dQ = aSN g C v 7 (T g -T g )dt [31] 
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where a is the thermal accommodation coefficient defined as 
the ratio of the average energy transfer per collision to the 
energy transfer corresponding to attainment of thermal equil¬ 
ibrium between solid and gas. N gJ the number of molecular 
collisions with a surface per second per unit area, is obtain¬ 
ed from kinetic theory as (9) 

» s - f - [ 32 ] 


since 


P 


Nc 


_ i La c 3 

"*«c 


= n 


Jci 

2TTP g 



[33] 

[34] 


Substituting Eq. 34 into Eq. 31 and using the perfect gas law 
and the relations 


there results^ 


c "m 

v 

A * 



[35] 


dQ = ar 3 C//P 


8§ c rrMW 


RT, 


S J 


1/2 


(T s -T g )dt 


The heat lost by the solid 


dQ = -(3 rrr 3 P s )C s dT s 


[36] 


[37] 


is equal to the heat gained by the gas. Setting Eqs. 36 and 
37 equal and integrating where Tg and P are constant (assump¬ 
tions 3 and 8 ) gives 


T 

s 




= exp - 


3cxC v "P 
4rP7^ 



[38] 


.where C g is the average value of the specific heat of the 
solid. This equation also was used to estimate the extent of 
thermal equilibrium attained by a particle within the shock 
wave; results are presented in Table 3. 


2 


This is Eq. 2-2 of Ref. 8 . 
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5 Discussion of Results 


The percent thermal and momentum equilibrium predicted when 
0.1 M. particles traverse a shock wave is presented in Table 3. 
Calculations were based on the exhaust conditions of set 1 in 
Table 1. These results show that for this particle size, con¬ 
sidered the smallest size of practical interest, only 1% or 
less of the equilibrium value is predicted. 

The thermal equilibrium predicted using the heat transfer 
coefficient correlation is considerably larger than any of the 
other equilibrium values computed. These results suggest that 
extrapolation of the heat transfer coefficient correlation to 
particle sizes in the submicron range may not be justified. 

In the computation of thermal equilibrium using the molecu¬ 
lar collision model, calculations were made using both a large 
and small value of the accommodation coefficient a. The re¬ 
sults show that even an order of magnitude variation in the 
value of a did not significantly affect the calculated equil¬ 
ibrium. 

The analyses show that the equilibrium attained will de¬ 
crease with increasing particle size; therefore, for particle 
sizes larger than 0.1m*, considerably less than 1% of the 
equilibrium value is predicted while traversing a shock wave. 

EXPERIMENTAL SHOCK WAVE ANGLE DETERMINATIONS 

A series of experimental shock wave angle determinations was 
made with the experimental apparatus shown in Pig. 3. In a 
portion of these determinations, aluminum oxide grinding 
abrasive was added to the high pressure air stream from a 
conical feed hopper with a paddle-wheel feeder valve. The 
hopper with an attached vibrator was enclosed in the pressure 
vessel shown in Fig. 3, thus equalizing pressure on both sides 
of the feeder valve. The feeder valve was powered with a 
variable speed Graham drive and a 1/2 hp motor. Air was sup¬ 
plied by two Inger soil -Rand horizontal air compressors each 
with a capacity of approximately 0.25 lb/sec at 100 psig. 

Shadowgraphs were made of the oblique, attached shock waves 
that formed on a double wedge supported at the exit plane of 
the nozzle in the supersonic exhaust, using a 100-w concen¬ 
trated zirconium arc lamp. Final finishing of the wedge surf¬ 
aces was accomplished by hand lapping; the double wedge angle 

^Obtained from Buehler Ltd., Evanston, Ill. 
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was determined by optical measurement. A new steel wedge was 
used for each run so that the sharpest possible edge would be 
available. Wedges were generally first exposed to air alone 
and then to the two-phase exhaust. Each run lasted just long 
enough to expose a negative (generally less than 15 sec). 

Typical shadowgraphs are shown in Fig. 4. Shock wave angles 
were measured on an Ex-Cell-0 Contour projector (optical com¬ 
parator) at a magnification of 10. Negatives of runs in which 
no solids were present were read directly. In runs in which 
solids were present, positive transparencies made from the 
negatives were required for projection. 

Shock wave angles for the most successful runs with air a- 
lone are presented in Table 4. Computed shock wave angles, 
calculated by the procedure described in the section on method 
of analysis, are tabulated for comparison. The data show that 
measured angles were within approximately one degree of the 
predicted values. Lack of more precise agreement was probably 
caused by the difficulty in obtaining truly sharp uniform 
wedges, variation in air flow rate, and errors in measurement 
of pressure and temperatures used for computing shock wave 
angles. In addition, some error occurred in the determination 
of wedge semiapex angles. Each of these angles was determined 
by measurement of shadowgraphs on the optical comparator using 
the exit plane of the nozzle for reference. However, this 
error was small since double wedge angles computed from these 
measurements generally agreed with the optical measurements of 
the double angles. 

Shock wave angles, determined for the most successful two- 
phase runs, are presented in Table 5. Angles computed assum¬ 
ing complete interphase heat, momentum interchange between 
phases in the nozzle, and no interchange in the shock wave 
(assumption set 1 in Table 1) are tabulated for comparison. 

As shown in Table 1, angles computed for the other equilibrium 
assumptions differ greatly from those computed for set 1; for 
the conditions considered, the assumption of complete inter¬ 
phase equilibrium in the shock wave lowered the predicted 
shock wave angle almost 14° from the value predicted for no 
interchange in the shock wave. As would be anticipated, 
agreement between the experimentally determined and theoretic¬ 
ally computed angles was not as good as that obtained with air 
alone. Part of this difference may be attributed to the fact 
that interphase equilibrium during expansion was not complete¬ 
ly attained; however, particles as small as O.lfi. would be ex¬ 
pected to closely approach equilibrium. 
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In addition to the experimental difficulties previously dis¬ 
cussed for air, measurement of shock wave angles in the two- 

phase exhaust was considerably more difficult, as can be seen 
from the shadowgraphs in Fig. 4. Also, maintaining constant 
solid feed rates of up to 0.25 lb/sec and accurately determin¬ 
ing them proved difficult. The fine grinding abrasives used 
in many of the runs costs $15.00 per pound, so long runs to 
establish certain steady-state conditions were not feasible. 
Additional experimental difficulties encountered during solids 
addition were fluctuation in static pressure (up to 3 psi) and 
air flow rate and erosion of the leading edge of the wedge. 

The reasonably successful runs presented in Table 5 repre¬ 
sent almost one third the total made with solids. Normally 
where large deviations in predicted and measured angles occur¬ 
red, good agreement could be obtained by assuming a lower 
solids concentration than that computed from the rpm of the 
feeder valve and the measured bulk density of the solids—the 
method adopted as best for the short run intervals involved. 

An important objective of the experimental program was to 
confirm or disprove the theoretical predictions concerning the 
interphase interchange that occurs between phases in shock 
waves. The agreement between measured and predicted shock 
wave angles obtained in some of the runs supports the reason¬ 
able theoretical predictions. Experimental problems can read¬ 
ily explain the lack of close agreement in the other runs; how¬ 
ever, additional data will be required to conclusively prove 
the predictions. 

Modification of the feeder valve to allow direct calibration 
and more uniform operation is currently in progress. More 
accurately determined solids concentrations should result from 
this modification. 

METHOD FOR EXPERIMENTAL DETERMINATION OF VELOCITIES AND 
TEMPERATURES IN TWO-PHASE SUPERSONIC EXHAUST 

The velocity and temperature of each phase at the exhaust 
plane of the nozzle may be experimentally determined for 
particle sizes large enough so that essentially no interphase 
interchange of heat or momentum occurs in the shock wave. 
Measurements required are the pressure distribution along the 
nozzle, the semiapex angle of the wedge positioned at the ex¬ 
haust plane of the nozzle, the angle of the attached shock 
wave formed on the wedge in the supersonic two-phase exhaust, 
and the flow rate of each phase. 
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The gas-phase Mach number, defined as the velocity of the 
gas divided by the speed of sound in the gas, may be deter¬ 
mined for a perfect gas from Eq. 7 by solving for the Mach 
number 

* - [•*• - ¥ C - o - t l e ) ]~ 1/2 M 

since the shock wave angle is measured and the wedge angle and 
V of the gas are known. This equation is applicable as long 
as the solid phase does not influence shock wave angles. If 
the static pressure at the exit plane of the nozzle is meas¬ 
ured, the velocity of the gas Vg, may be calculated using the 
perfect gas law, continuity, and the definition of gas-phase 
Mach number. 


The perfect gas law may be written 
i ~ MW 

The equation of continuity for the gas phase is^ 


*g = P i V g x A i 


[40] 

[41] 


Eliminating P 1 from these equations gives 



[42] 


Using the definition of gas-phase Mach number gives for a 
perfect gas 


M 


i 


2 



V* 2 MW 
YSc^g, 


[43] 


Eqs. 42 and 43 can be solved for Vg 
results 1 


by eliminating Tg 


V 


g 


i 


= YScM, P l 



there 

[44] 


The gas-phase temperature can then be computed using Eq. 43. 


A 

The negligible decrease in cross-sectional area due to the 
presence of the solids is neglected. 
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Measurement of the static pressure distribution along the 
nozzle allows calculation of the solid-phase temperature and 
velocity from momentum and total energy balances. The inte¬ 
grated form of the momentum equation is 



The right-hand side may be evaluated as 


pP, 


nA„ 


AdP = - P x A 1 + P q A 0 + 


PdA 


J A 


[45] 


[46] 


if the static pressure is a known function of the area. Al¬ 
ternatively, either integral may be evaluated by graphical in¬ 
tegration. The only unknown in Eq. 45 is V s , the velocity of 
the solid phase at the exit plane, for which 1 the equation may 
be solved. 


The total energy balance allows calculation of the tempera¬ 
ture of the solid phase. The integrated form of the energy 
equation is 



The solid*s temperature T s ^ is the only unknown in this equa¬ 
tion. Solution of these equations is facilitated by the use 
of a digital computer. 

The effect of small changes in shock wave angle on the Mach 
number, velocity, and temperature of the gas phase at the exit 
plane of the nozzle was determined using Eqs. 39, 43, and 44. 
Shock wave angles, slightly different from those calculated 
for an equilibrium expansion (assumption set 1, Table 1), were 
assumed. In calculating velocities and temperatures, the 
additional assumptions were made that the pressure at the exit 
plane remained constant at 14.7 psia and that the gas flow 
rate per unit area remained equal to its value in the equili¬ 
brium expansion. These assumptions appear reasonable approxi¬ 
mations for shock wave angles close to those of the equilibrium 
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expansion. Results are presented in Table 6. 

The results show that for the 10-deg wedge angle approxi¬ 
mately 2% variation in gas-phase velocity and temperature 
would result from a one^degree change in shock wave angle. 
Larger wedge angles, up to the point of shock wave detachment, 
would result in even less variation in gas-phase conditions 
for a one-degree variation in shock wave angle. These results 
are encouraging, since shock wave angles determined to an 
accuracy of within one degree in a two-phase exhaust appear 
possible. 

A theoretical program in which the velocity and temperature 
of each phase at the exit plane of the nozzle is computed has 
recently been completed. Assuming one-dimensional flow, ex¬ 
pansion of a two-phase system through a supersonic nozzle is 
solved by a stepwise numerical integration. The major objec¬ 
tive of future work is to obtain confirmation of experiment¬ 
ally determined conditions in a supersonic exhaust with this 
theoretical program. Uncertainties as to the validity of the 
heat transfer and drag correlations may be resolved in this 
manner. Perhaps improved correlations, applicable to the 
small particle sizes present in rocket exhausts, will be 
obtained. 

NOMENCLATURE 


A 

A o 

a 

^*s 9 ®s 5 ^s 

At> B t* c t 

B 

C 

c 

C D 

CL 




r D 

Sc 

h 

'K 


cross-sectional area of nozzle, ft 2 

A.vogadro T s number, molecules/lb-mole 

speed of sound, fps 

constants in specific heat equation 

constants in specific heat equation 

constant defined in Eq. 21, sec“^ 

root-mean square molecular velocity, fps 

mean molecular velocity, fps 

drag coefficient, dimensionless 

specific heat at constant pressure, Btu/(lbm-°R) 

specific heat of solid, Btu/(lbm-°R) 

specific heat at constant volume, Btu/(lbm-°R) 

translational specific heat of gas molecules at 

constant volume, Btu/(molecule-°R) 

translational specific heat of gas at constant 

volume, 3R/2JNW Btu/(lbm-°R) 

drag forces on a particle, lbf 

dimensional constant, 32.174 (lbm-ft)/(Ibf-sec 2 ) 

heat transfer coefficient, Btu/(sec-ft 2 -°R) 

time-average heat transfer coefficient, 

Btu/(sec-f t 2 -°R) 

mechanical equivalent of heat, 778.2 (ft-lbs)/Btu 
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k 

*tn 

M 

m 

m 


Nu 

N s 

P 

Pr 

Q 

R 



S 

AS 

T 

t 

U 


V 

x 


= thermal conductivity, Btu/(sec-ft-°R) 

= Cunningham correction factor to Stokes Law, 
dimensionless 

= Mach number, dimensionless 
= mass flow rate, lbm/sec 
= molecular weight of gas, lbm/(lb-mole) 

= number of molecules per unit volume, molecules/ft 3 
= moles of gas per unit mass of gas plus solid, (lb- 
moles) /lbm 

= Nusselt number, dimensionless 

= number of molecular collisions with a surface per 
unit time per unit area, molecules/(sec-ft 3 ) 

= absolute pressure, lbf/ft 2 
= Prandtl number, dimensionless 
= heat transferred between gas molecules and a 
surface, Btu 

= universal gas constant, 1545.4 (ft-lbf)/(lb-mole- 
°R) 

= particle Reynolds number, dimensionless 
= particle radius, ft 
= surface area of solid particle, ft? 

= entropy change, Btu/(lbm-°R) 

= absolute temperature, °R 
= time, sec 

= velocity of particles relative to gas phase down¬ 
stream of shock wave, fps 
= velocity, fps 

- perpendicular distance from shock wave, ft 


a 

y 

e 

*m 

P 

a 


thermal accommodation coefficient, dimensionless 

specific heat ratio C p /C v , dimensionless 

shock wave angle, deg 

mean free path of gas molecules, ft 

viscosity of gas, lbm/sec-ft 

density, lbm/ft 3 

semiapex angle of wedge, deg 


Subscripts 


o 

1 

2 

8 

i 

N 

s 

T 

t 


chamber 

exit plane of nozzle 

immediately downstream of shock wave 

gas phase 

initial, when entering shock wave 
normal to shock wave 
solid phase 
tangent to shock wave 

gas and solid phases considered together 
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Table 1 Effect of Equilibrium Assumptions on Characteristics of 30% A1,0 
in Air Flowing Over 10-Deg Wedge: Chamber Pressure = 94.7 psia. 
Chamber Temperature 545°R (85°F), Exhaust Pressure 14.7 psia 
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Subscript 1 refers to conditions at exit plane of nozzle. 



Table 2 Effect of Equilibrium Assumptions on Characteristics of 30% A^O* 
in Air Flowing Over 10-Deg Wedge: Chamber Pressure = 94.7 psia. 
Chamber Temperature 545°R (85°F), Exhaust Pressure 14.7 psia 
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Table 3 Estimate of Percent Equilibrium Attained when 
0.1|i AI 2 O 3 Particles Traverse a Shock Wave 

Percent Equilibrium 

Type of Equilibrium Considered Attained in Shock Wave 

Velocity 0.05 

Thermal 

Heat transfer coefficient 1.18 

correlation 

Molecular collision model 

a = 1.0 0.27 

a = 0.1 0.03 


Table 4 Comparison of Measured and Computed Shock Wave 
Angles for Air Alone 



Measured 

Computed * 3 


Measured 

Computed '* 3 

Wedge a 

Shock Wave Shock Wave 

Wedge 3 

Shock Wave Shock Wave 

Angle 

Angle 

Angle 

Angle 

Angle 

Angle 

5°39' 

38°11' 

37°54' 

4°43' 

36°31' 

36°58' 

6°31' 

39°0' 

38°47 1 

5°9' 

38°11' 

37°23 1 

13°34' 

47°16 1 

46°59 1 

12°13' 

45°12 1 

45°8' 

9°50' 

42°42' 

42°9 1 

11°14 1 

45°46' 

43°52 1 

7°4' 

40°1' 

39°23' 

12°44 ! 

45°12' 

45°33' 

2°50' 

35°50' 

35°11' 

12°13' 

45°15' 

44°52 1 

11°13' 

44°37' 

43°50' 

12°28 1 

45°18' 

45°12 1 

13°8 1 

45°50' 

46°22' 

12°44' 

44°40' 

45°33' 

5°45' 

38 °5' 

38°0' 

12°28 1 

44°13' 

45°12' 

3°59 1 

37°9' 

36°15' 

12°44 1 

45°4 1 

45°33' 

a Each 

group of two 

is for a 

single run 

with a double 

wedge. 

Chamber pressures 

, 93 to 95 

psia; exhaust pressures 

, 14.7 


psia. 
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Table 5 


Comparison of Measured and Computed Shock Wave 
Angle| for Two-Phase Systems Containing 0.1|i 


Concentration 

Wedge 

Measured 
Shock Wave 

Computed 0 
Shock Wave 

ai 2 o 3 , % 

Angle b 

Angle 

Angle 

29.0 

5°53 1 

A8°15' 

47°55 1 


A°45' 

A6°52 1 

46°23 1 

22.0 

6°26 1 

45°12 1 

46°27 1 


4°54' 

A4°22 1 

44°30' 

11.3 

5°25' 

38°A9 1 

40°20' 


A°41' 

38°A1' 

39°34' 

28.9 

5°26' 

44°18' 

46°44' 


A°32 1 

42°A7' 

45°48' 

22.8 

5°A6' 

44°15 1 

45°1' 


6 ° 10 ' 

43°21 1 

45°30' 

16.8 

5°25' 

40-49' 

42 ° 6 ' 


A°A1' 

37023 ' 

41°17' 

27.0 

5°A5 1 

47°15 1 

46°51' 


30591 

41032 ' 

44°36' 

22.7 

5°A6 1 

41°18' 

44°56' 


6 ° 10 ' 

42 ° 8 ' 

45°27' 

28.8 

12°31' 

54°8' 

60°34' 


12°42 1 

55°30' 

61°21' 


Nominal size specified by supplier. 

^Each group of two is for a single run with a double wedge 

c Assuming complete heat and momentum interchange between 
phases in nozzle and no interchange in the shock wave • 
Chamber pressure, 93 to 95 psiaj exhaust pressures, lit.7 


psia. 
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Table 6 Effect of Shock Wave Angle on Mach Number, 
Velocity, and Temperature of Gas Phase for 
10-Deg Wedge Angle and 30% A^O^ in Air a 

Change in 
Velocity & 
Temperature 

Gas-Phase Gas-Phase from 

Shock Wave Gas-Phase Velocity, Temperature, Equilibrium 
Angle, deg Mach Number fps °R Expansion, % 


Equilibrium Expansion 


55 b 

1.525 

1418 

360 

- 


Nonequilibrium Expansion 


54 

1.542 

1450 

368 

2.3 

53 

1.561 

1485 

377 

4.7 

56 

1.509 

1389 

353 

2.0 

57 

1.495 

1362 

346 

4.0 


a Exhaust pressure assumed to be 14.7 psia; gas-phase mass flo-w 
rate per unit area assumed constant. 

k 

This angle has been rounded off so that the equilibrium con¬ 
ditions differ slightly from those of assumption set 1 in 
Table 1. 
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Fig. 1 Schematic diagram showing gas-phase velocities up¬ 
stream and downstream of a two-dimensional wedge in 
supersonic exhaust: shock wave angle, 0; semiapex 
wedge angle, ex 



Fig© 2 Relationship between gas-phase velocities and particle 
velocity© a) Entering shock wavej b) downstream of 
shock wave 


169 



Pressure Vessel Containing 
Feed Hopper 
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Experimental apparatus for determining shock wave 
angles in supersonic exhaust 
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Fig. 4 Typical shadowgraphs showing double wedge positioned 
at exit plane of nozzle 
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FLOW OF GAS-PARTICLE MIXTURES 
IN AXIALLY SYMMETRIC NOZZLES 

James R. Kliegel and Gary R. Nickerson 
Space Technology Laboratories Inc., Los Angeles, Calif. 
ABSTRACT 

A previous study of one -dimensional gas-particle nozzle flows 
has been expanded to treat axially symmetric nozzle flows. 
Comparisons between calculated and experimentally measured 
nozzle efficiencies are given for a metallized double base pro- 
pellantswhose exhaust contains 38 $ condensed oxides. It is 
shown that the theory predicts the performance of this pro¬ 
pellant in nozzles of greatly different size, shape and ex¬ 
pansion ratio, within the limits of the experimental measure¬ 
ments. It is concluded that the theory adequately describes 
the flow of gas-particle mixtures in axially symmetric nozzles. 

INTRODUCTION 

Experience has shown that the efficiency of metallized pro¬ 
pellants (delivered impulse/theoretical impulse) is lower than 
the efficiency of nonmet alii zed propellants. This decreased 
efficiency has been found to be approximately proportioned, to 
the particle weight fraction in the exhaust gases. In ad¬ 
dition, performance losses have been observed when using 
optimum contoured nozzles (calculated assuming gas-particle 
equilibrium) with metallized propellants. These facts suggest 
that nonequilibrium gas-particle effects should be considered 
when making performance predictions for metallized propellants. 
A study (l) 1 was first made of one -dimensional gas-particle 
nozzle flows. It was found that gas-particle nonequilibrium 
effects become important in metallized propellants if the 


J. R. Kliegel and G. R. Nickerson are Members of the Technical 
Staff. Paper presented at the ARS Propellants, Combustion and 
Liquid Rockets Conference, Palm Beach, Fla., April 26-28, 1961 . 
This research sponsored by Air Force Ballistic Missile Division 
Contract No. AF 04(694)-l. 

■^Numbers in parentheses indicate references at end of paper. 
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particle diameter is greater than 1/*. For larger particle 
sizes, the predicted nonequillbrium effects were in qualitative 
agreement with experimental results. The present investigation 
is essentially an extension of the above study to axially sym¬ 
metric gas-particle nozzle flows. 

CHARACTERISTIC RELATIONSHIPS OF GAS-PARTICLE SYSTEMS 


The equations governing the flow of a gas-particle mixture 
have been previously derived (2) and are given below for axi¬ 
ally symmetrical flows 



U] 


12] 

shM- to, ■ o 
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l.l'-VV v.lv,).. 
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where 



t9l 




c n. 



K>'Ka. UOal 

*>.><-. l 10 «] 


For simplicity of presentation, only one particle size will 
be considered in the derivation of the characteristic relation¬ 
ships of gas-particle systems in this report. Complete details 
of the theoretical treatment of gas-particle flows, including 
consideration of a particle size distribution in the flow, are 
given in Ref. 2. Unless otherwise noted, the calculations 
presented in this paper consider the measured particle size 
distribution (3) present in the flow. 

The basic assumptions made in deriving Eqs. 1-10 are: 1) 
there are no mass or energy losses from the system; 2) the 
particles do not interact; 3) the thexnal (Brownian) motion of 
the particles does not contribute to the pressure of the 
system; 4) the internal temperature of the psurticles is uni¬ 
form; 5) energy exchange occurs between the particles and the 
gas only by convection; 6) the gas is considered to be a 
perfect gas of constant composition; 7) the gas is inviscid 
except for the drag it exerts on the particles; 8) the thermal 
heat capacities of the gas and particles are constant; and 
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9) the volume occupied "by the particles is negligible. 

These same assumptions have been used in previous studies 
(1, 4) of the one-dimensional flow of gas-particle systems. 

It has been found (2) that the complete system of character¬ 
istics of Eqs. 1-10 are as follows. 

Along Gas Streamlines 

5 [ 11 ] 

«u 
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A i j 
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where % is the particle stream function defined by 




It is seen that all the characteristics of the equations 
governing the flow of a gas-particle system are real if the 
flow is supersonic (M>1). Using Eq.s. 11-20, the supersonic 
flow of a gas-particle mixture may be computed using the 
method of char acteristics - Fig. 1 illustrates the character¬ 
istic mesh. 

It is interesting to note that one of the characteristic 
directions of Eqs. 11-20 is identical with the gas Mach lines 
and is independent of the presence of the particles. This 
result is similar to the situation found in reacting gas 
mixtures (5) in. which one of the characteristic directions is 
also identical with the gas Mach lines and is independent of 
chemical reactions occurring in the flow. 

TRANSONIC FLOW OF A GAS-PARTICLE SYSTEM 

To solve the equations governing the transonic flow of a gas- 
particle mixture is an extremely formidable task. For perfect 
gas flows, approximate transonic solutions can be obtained by 
t aking perturbations about the sonic velocity (6, 7)* This 
method is applicable for perfect gas flows because the throat 
conditions are essentially determined by the nozzle geometry 
in the immediate neighborhood of the throat and are quite in- 
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sensitive to the nozzle inlet geometry. This is not true for* 
gas-particle flows, because the throat conditions are de- 
termined by the nozzle inlet geometry (l). Thus to obtain 
initial conditions to start a characteristic calculation for 
a gas-particle system, the equations for the complete subsonic 
and transonic flow field in the nozzle inlet and throat 
regions must be solved. 

Interesting qualitative information about the transonic flew 
of a gas-particle mixture can be obtained by such a pertur¬ 
bation method, however. A gas-particle nozzle flow that is 
essentially in equilibrium will now be considered. The gas 
properties in the transonic throat region can be approximated. 

fcy (i, 6) 


V 


w < i * 

n* 



* 


\ 



123.1 


V* . ^ K Qs' t22l 

a* 4 n*' «. 


where = 


_Z_ rv* 


and the nozzle throat location is given by 


E* 

a* 
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From. Eqs. 7 and 8 it is found that to Sauer's order of 
approximation 


, k( i. oti * \ 

U.* * tC xl 




a (si- liti tju . 1 
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where K = 
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Examination of Eqs. 2h and 25 shows that the particle and 
gas streamlines diverge in the throat region for all particle 
sizes even though the flow may he essentially in equilibrium. 
Thus the particles concentrate along the nozzle axis, greatly 
complicating the calculation of the gas-particle flow proper¬ 
ties in the nozzle throat. This divergence is illustrated in 
Pig. 2. 

It has been shown (1) that the Mach number in a gas-particle 
nozzle flow is less than one at the nozzle throat. For 
typical metallized propellants, calculations show that the 
Mach number is approximately 0.8 at the throat. Bence, the 
transonic zone in a gas-particle flow extends downstream of 
the throat. A discontinuity in the wall radius of curvature 
at the throat will therefore have a great influence on the 
flow. It will be extremely difficult to calculate the gas- 
particle flow properties in a throat region of a nozzle having 
different wall radii of curvatures upstream and downstream of 
the throat. 

From this discussion, it is evident that only approximate 
solutions to the equations governing the transonic flow of a 
gas-particle system can be obtained. In order to reduce the 
complexity of the calculations, the nozzle inlet and throat 
geometry considered in this study consisted of a conical in¬ 
let section joined smoothly to a constant radius of curvature 
throat section. This geometry is shown in Fig. 3• It is 
believed that this simplified geometry adequately represents 
the inlet and throat geometry for nozzle configurations of 
interest. 

APPROXIMATE METHOD FOR OBTAINING GAS-PARTICLE TRANSONIC FLOW 
CONDITIONS 

The following method was used to obtain approximate initial 
conditions for the characteristic calculations. In the conical 
inlet section, the flow was assumed to be a one-dimensional 
sink flow. The equations governing the one-dimensional flow 
of a gas-particle system were solved to obtain the flow proper¬ 
ties on the sink line. The gas properties in the throat region 
were approximated by the perfect gas relationships, and 
particle trajectories were calculated through the throat region 
to determine the particle properties along the initial line. 

An average expansion coefficient was used which approximated 
the gas-particle expansion, including the effects of gas- 
particle nonequilibrium (l). 
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The initial conditions thus determined -were self-consistent 
as was evidenced by the fact that the characteristic calcu¬ 
lations proceeded smoothly away from the initial line. Com¬ 
parison of the nozzle weight flows obtained by the above 
method with those obtained by one-dimensional calculations 
shows that the two-dimensional weight flows are slightly less 
than the one-dimensional weight flows. This agrees with the 
results obtained ( 8 ) for perfect gases. In addition, the 
above method of obtaining the gas-particle flow properties 
along the initial line is exact for the case of gas-particle 
equilibrium. It is concluded that the gas-particle flow 
properties determined along the initial line by the above 
method are an adequate representation of the true flow proper¬ 
ties for nozzle calculations. 

COMPARISON OF EXPERIMENTAL NOZZLE FIRINGS WITH CALCULATED 
NOZZLE PERFORMANCE 

The experimental nozzle firings that will be compared with 
the calculations are firings conducted by the Hercules Powder 
Co. The altitude nozzle firings were conducted at the Arnold 
Engineering Development Center, and the sea level nozzle 
firings were conducted at the Hercules facility in Baccus, 

Utah. Similar firings were made at both facilities, which 
allows direct comparison of firings.at either site. Most of 
the altitude nozzle firings have been previously reported ( 9 )* 

All of the firings were of short duration and were made with 
engines contai nin g a metallized double base propellant whose 
combustion products contain 38 $ condensed metal oxides. Most 
of the firings were made with lO-lb charge (FPC) engines whose 
configuration is shown in Fig. 4. Various nozzle configura¬ 
tions were tested, and the parameters used to identify the 
nozzles are shown in Fig. 5 . 

All comparisons of experimental and calculated nozzle per¬ 
formances are made on the basis of engine efficiency 
(delivered or calculated impulse/theoretical impulse). It has 
been assumed that the calculated theoretical impulse is 
correct, and no allowance has been made for possible inaccu¬ 
racies in this calculation. 

In order to separate expansion losses from engine heat losses 
and nozzle friction, these quantities were calculated following 
the method suggested by Bartz (10). The calculated heat and 
friction losses, as well as the experimentally measured engine 
efficiencies, are given in Table 1 for a series of conical 
nozzles. The difference between the calculated heat and 
friction losses and the measured engine losses was assumed to 
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be expansion loss due to gas-particle nonequilibrium in the 
nozzle. 

Calculations of the expansion losses in these nozzles due 
to gas particle nonequilibrium in the nozzles are given in 
Table 2. These calculations were made assuming various 
particle size distributions present in the flow. The particle 
size distributions considered were the nominal particle size 
distribution measured during these firings ( 3 ) and possible 
particle size distributions (lclight and lcr heavy) within the 
accuracy of the measurements. 

It is seen that within the accuracy with which the various 
quantities are known, the calculated losses due to gas- 
particle nonequilibrium in the nozzle are in reasonable agree¬ 
ment with the experimental, measurements if the 1 o'light 
particle size distribution is assumed present in the flow. 
Although the theory seems to overestimate the gas-particle 
nonequilibrium losses on the basis of nominal estimates of all 
quantities, it is felt that the agreement between the calcu¬ 
lations and the experimental measurements is quite good, 
especially when it is considered that no allowance has been 
made for possible inaccuracies in the calculated theoretical 
impulses. In all further comparisons between the calculations 
and experimental measurements, it has been assumed that the 
l<r light particle size distribution is present in the flow. 

In addition, the calculations have been adjusted slightly 
(less than 0 . 5 $ in all cases) to fit one of the experimental 
measurements in the set of nozzles being compared. 

One of the more interesting predictions of the previous one- 
dimensional study (l) is that the throat conditions for a gas- 
particle exhaust mixture are fixed by the nozzle inlet 
geometry and that nozzle performance can be changed by 
changing only the nozzle inlet geometry. Table 3 compares 
the experimental and calculated performance for a set of 
cutoff nozzles (€ = l) in which only the wall radius of curva¬ 
ture in the throat section was varied. Table 4 compares the 
experimental and calculated performance of a set of nozzles 
in which only the nozzle inlet angle was varied. It is seen 
that the predicted variation of performance with changes in 
nozzle inlet geometry is confirmed by experiment. 

Table 5 compares the performance of similar nozzles of 
different throat size with the calculated scaling effects. 

(The TPC engine is essentially a l/3 scale FPC, and the Be-1 
engine is similar to the ABL-X248 engine. Although these 
nozzles do not have identical inlets, calculations show that 
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the performances of the TPC and Be-1 nozzles are identical 
with geometrically scaled FFC nozzles.) It is seen that the 
predicted scaling effects axe confirmed by experiment. 

Table 6 and 7 compare the experimental and calculated per¬ 
formance of conical and contoured nozzles of the same length 
and expansion ratio. It is seen that the calculations 
adequately predict the performance of the contoured nozzles. 

It is of interest to note that particle impingement occurred 
on the lips of the two contoured nozzles in Table 6. The 
calculations predicted particle impingement on the lip of the 
more highly contoured nozzle. 

Table 8 compares one-dimensional and the axially symmetric 
calculations for a set of conical nozzles. It is seen that 
the one-dimensional calculations underestimate the expansion 
losses due to gas-particle nonequilibrium by approximately 
0.75$. It appears that gas-particle nonequilibrium losses can 
be estimated adequately for conical nozzles through use of 
one-dimensional gas-particle calculations. 

CONCLUSIONS 

From the forementioned comparisons of experimental and calcu¬ 
lated nozzle efficiencies of metallized propellants, it is 
concluded that the efficiency of these propellants can be 
predicted by considering engine heat and friction losses and 
expansion losses due to gas-particle nonequilibrium in the 
nozzle. 

It has been shown that the theoretical predictions of the 
effects of the nozzle inlet and throat section, nozzle contour¬ 
ing, and nozzles size on performance are in reasonable agree¬ 
ment with experiment. It is concluded that present theoretical 
treatment adequately describes axially symmetric gas-particle 
nozzle flows. 
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NOMENCLATURE 


Pg 

V 

C ps 

f p 

s 

h 

h p 

V 

h ps 

k 

g 

L 

M 

m 

P 

Nu 

p s 

Pr 


R 

r 


pm 

U 8 
u 


p 


z 

Y„ 


» particle drag coefficient 

= gas heat capacity 

= particle heat capacity (T > T ) 

P 

= particle heat capacity (T < T ) 

p pm 

= ratio, C D /(C D ) stokeB 

= ratio > Nu /( Nu Wes 

= film heat transfer coefficient 

= particle enthalpy 

= particle enthalpy after melting (T = T ) 

P pm 

= particle enthalpy before melting (T = T ) 

p pm 

= gas thermal conductivity 

= nozzle length 

= gas Mach number, 

= particle density 

= particle Nusselt number, 2hr 

= gas pressure 

= gas Prandtl number >*■ C_/k 

S PS g 

= gas constant 

= nozzle wall radius of curvature at nozzle throat 
= radial coordinate 

= particle radius 

= nozzle throat radius 

= gas temperature 

= particle temperature 

= particle solidification temperature 

= gas axial velocity 

= particle axial velocity 

= gas radial velocity 

= particle radial velocity 

= coordinate in flow direction 

= gas adiabatic expansion coefficient 
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r 

e 

e 

9 e 

6 i 

e d 

* 

Pe 

Pv 


= equilibrium expansion coefficient for gas- 
particle system 

= nozzle expansion ratio 

= conical nozzle cone angle 

= nozzle exit lip angle 

= nozzle inlet angle 

= nozzle initial expansion angle 

= gas viscosity coefficient 

= gas density 

= particle density in the gas (based on gas volume) 
= particle stream function 


Superscript 

* = throat conditions 
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Table 1 Measured Gas-Particle Nonequilibrium 
Expansion Losses in Conical Nozzles 


6 

3.5 

20 

24 

No. Firings 

2 

3 

8 

r* 

1.32 in. 

1.32 in. 

1.32 in. 

R*/r* 

2 

2 

2 

6 i 

30° 

30° 

30° 

e 

25. 2 ° 

21 . 5 0 

24° 

Calculated Heat 

0.6i.2 $ 

OJ 

% 

d 

0.9-.3# 

Losses 

Calculated Friction 

CVJ 

+ 1 

d 

1-5-5* 

1.41.4# 

Losses 

Measured Engine 

95-4-.3# 

9M-3* 

94.'7-. 6# 

Efficiency 

Measured Expansion 

3*3--7# 

3. 0 - 1.0 * 

3 . 0 - 1.356 

Losses 
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Table la Measured Gas-Bartlcle Nonequilibrium 
Expansion Losses in Conical Nozzle 


6 

24 

24 

24 

No. Firings 

3 

2 

2 

r* 

1.32 in. 

1.32 in. 

1.32 in. 

R*/r* 

5 

5 

5 

e i 

30° 

30° 

30° 

e 

12 ° 

18 ° 

24° 

Calculated Heat 

1.3-.4# 

1.1-.3# 

1.0^.356 

Losses 

Calculated Friction 

S-9--956 

2.0- M 

1.6-.556 

Losses 

Measured Engine 

95.l-.35t 

95 .l -.356 

95.1-.3S6 

Efficiency 

Measured Expansion 

0 . 7 - 1.656 

1 . 8 - 1.256 

2.3-1.156 

Losses 


Table 2 Calculated Gas-Particle Nonequilibrium 
Expansion Losses in Conical Nozzles 


€ 

3.5 

20 

24 

No. Firings 

2 

3 

12 

r* 

1.32 in. 

1.32 in. 

1.32 in. 

R*/r* 

2 

2 

2 

0 i 

30° 

30° 

30° 

0 

25 . 2 ° 

21.5° 

24° 

Calculated Expansion 
Losses 

5.0-1.056 

4.8-1.056 

4.9-1.0# 
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Table 2a Calculated Gas-Particle Nonequilibrium 
Expansion Losses in Conical Nozzles 


€. 

24 

24 

24 

No. Firings 

3 

2 

2 

#■ 

r 

1.32 in. 

1.32 in. 

1.32 in. 

R*/r* 

5 

5 

5 

®i 

30° 

30° 

30° 

© 

12° 

18° 

24° 

Calculated Expansion 

3.5-1.0# 

4. 1 - 1 . 0 # 

4.6^1.0# 

Losses 

Table 3 Comparison of The Experimental and 

Calculated 

Effect of Changes in The 

Nozzle Throat Geometry 


1 

1 

1 

No. Firings 

1 

3 

3 

* 

r 

1.32 in. 

1.45 in. 

1.32 in. 

*, * 

R /r 

i 

2 

3 

e i 

30° 

30° 

30° 

Measured Efficiency 

91-5# 

90.5-.4# 

92.2i.4# 

Calculated Efficiency 90.6% 

91.3# 

91 . 8 # 


Table 3a Comparison of The Experimental and Calculated 
Effect of Changes in The Nozzle Throat Geometry 


e 

1 1 

1 

1 

No. Firings 

3 3 

3 

3 

* 

r 

1.32 in. 1.32 in. 

1.32 in. 

1.32 in. 

*. * 

R /r 

5 T 

9 

15 

®i 

30° 30° 

30° 

30° 

Measured 

91 . 6 ^. 3 # 92 . 3 -.5# 

92.9-3# 

93.1-5# 

Efficiency 

Calculated 

92.3# 92 . 6 # 

92.9# 

93.2# 

Efficiency 
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T&ble 4 Comparison of The Experimental and Calculated 
Effect of Changes in The Nozzle Inlet Angle 


€ 

3.5 

3.5 

3-5 

No. Firings 

1 

3 

3 

* 

r 

1.32 in. 

1.32 in. 

1.32 in. 

*/ * 

B /r 

2 

2 

2 

e. 

5° 

15° 

30° 

l 

e 

15° 

15° 

15° 

Measured Efficiency 

96 .oi.5# 

95 At .5 i 

95.ot.5# 

Calculated Efficiency 

95-7# 

95 A# 

95.2# 


Table 5 Comparisons of Calculated and Experimental 
Effects of Changes in Nozzle Throat Radii 


€ 

3-5 

3.5 

24 

24 

Engine 

TPC 

FPC 

BE-I a 

FPC 

No. Fired 

3 

3 

2 

8 

* 

r 

0.47 in. 

1.32 in. 

2.50 in. 

1.32 in. 

* , * 

R /r 

2 

2 

2 

2 

6 i 

£7.6° 

30° 

90° 

30° 

© 

15° 

15° 

24° 

24° 

Measured 

93-ot.3 $ 

95 At. 3# 

95 . 5 -. 3% 

94.7--5^ 

Efficiency 

Calculated 

93.056 

95 A* 

95-3% 

9k.Ti 

Efficiency 


Efficiency corrected for rubber liner loss. 
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Table 6 Comparison of Calculated and Experimental 
Effects of Nozzle Contouring 


€. 

24 

2k 

24 

No. Fired 

8 

8 

3 

* 

r 

1.32 in. 

1.32 in. 

1.32 in. 

*, * 

R /r 

2 

2 

2 

L/r* 

9.02 

9.02 

9-02 

6 i 

30° 

30° 

30° 

Contour 

Cone 

Rao 

Mod. Rao 

e. 

j 

e 

24° 

33-6° 

45° 

O 

-3- 

CVJ 

14.2° 

12.4° 

e 

Measured efficiency 8. 

100.056 

99.95^ 

98 . 156 13 

Calculated efficiency 13 

100.056 

100.156 

98 . 8 ^ 


8 Based on cone efficiency. 


13 Particle 

impingement on nozzle lip. 


Table 7 Comparison of Calculated and Experimental 


Effects of Nozzle Contouring 




20 

20 

20 

No. Fired 


4 

3 

3 

* 

r 


1.32 in. 

1.32 in. 

1.32 in. 

*. * 

R /r 


2 

2 

2 

/ * 

L/r 


9-21 

9-21 

9.21 

®i 


30° 

30° 

30° 

Contour 


Cone 

Arc 

Arc 



21.5° 

23.5° 

25 . 0 ° 


21.5° 

19- 5° 

18 . 0 ° 

Measured Efficiency 8, 

IOO.O 56 

IOO .456 

100.756 

Calculated Efficiency 8 

100.056 

100.356 

100.556 

8 Based on 

cone efficiency. 
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I&ble 7a Comparison of Calculated and Experimental 
Effects of Nozzle Contouring 


£ 

20 

20 

No. Fired 

3 

3 

* 

r 

1.32 in. 

1.32 in. 

*, * 

R /r 

2 

2 

1 /r* 

9.21 

9-21 

9 i 

30° 

UJ 

0 

0 

Contour 

Arc 

Arc 

•j 

26 . 0 ° 

27 . 0 ° 

e 

e 

17 . 0 ° 

16 . 0 ° 

Measured Efficiency 0, 

100 . 7 # 

100 . 2 # 

Calculated Efficiency a 

100 . 6 # 

100 . 3 # 

a Base& on cone efficiency. 



Table 8 Comparison of One-Dimensional and Two-Dimensional 
Calculated Conical Nozzle Efficiency's 


e 

3.5 

20 

24 

No. Firings 

2 

3 

12 

* 

r 

1.32 in. 

1.32 in. 

1.32 in. 

*, -x* 

R /r 

2 

2 

2 

9 i 

30° 

30° 

30° 

e 

25.2° 

21.5° 

24° 

Efficiency - ID 

100.5# 

100.8# 

100.8# 


Efficiency - 2D 
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Table 8a Comparison of One-Dimensional and Two-Dimensional 
Calculated Conical Nozzle Efficiency's 


€ 

24 

2k 

24 

No. Firings 

3 

2 

2 

* 

r 

1.32 in. 

1.32 in. 

1.32 in. 

*, * 

R /r 

5 

5 

5 

9 i 

30° 

30° 

30° 

e 

12° 

18° 

24° 

Efficiency - ID 

100.5# 

100.7# 

100.8# 


Efficiency - 2D 
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Fig. 1 Gas-particle characteristic mesh 
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Pig. 2 Gas-particle transonic flow 



l 

i 

j. 


Fig. 3 Nozzle inlet and throat geometry 
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Fig* k Hercules FFC engine assembly 
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Fig. 5 Nozzle contour parameters 


DETONATION AND TWO-PHASE FLOW 


PARTICLE VELOCITY LAG 
IN METALIZED PROPELLANTS 

B. Brown 

Hercules Powder Co., Magna, Utah 


ABSTRACT 

The velocity of the condensed phase has been measured at 
the nozzle exit plane of small solid propellant rocket motors 
It has been determined that the velocity lag is appreciable. 
The velocity lag and heat loss to the nozzle can account for 
the observed inefficiency of such rocket motors. 

INTRODUCTION 


Many solid propellants in use today contain metal powders 
as high impulse additives, which result in substantial quanti¬ 
ties of metal oxides appearing as a condensed phase or phases 
in the exhaust products. Recently it has become of interest 
to increase the efficiency of solid propellant rocket motors, 
even though some are currently operating near the 95% efficien¬ 
cy level. It has been experimentally determined that the de¬ 
livered specific impulse of metalized solid propellants begins 
to fall significantly below the calculated value as the per¬ 
centage of metal is increased. 


One plausible cause for reduced specific impulse is that 
the particles or droplets of condensed oxide do not achieve 
velocity equilibrium with the gases during their passage 
through the nozzle. This effect has been studied analytically 
by several authors, including Gilbert, Davis, and Altman (1), 
Kliegel (2), and, most recently, Lype (3). 


An equally plausible reason for the loss in specific impulse 
is combustion inefficiency, here defined as the non achievement 


B. Brown is Supervisor, Engineering Development, Bacchus Works, 
Paper presented at the ARS Solid Propellant Rocket Conference, 
Salt Lake City, Utah, Feb. 1-3, 1961. 

■^Numbers in parentheses indicate references at end of paper. 
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of chemical equilibrium among the combustion products. 

The purpose of this investigation was to determine, if 
possible, which of these factors was most likely responsible 
for the observed inefficiency. It appeared that difficulties 
in the experimental techniques involved in determining the 
departure from chemical equilibrium (including frozen flow and 
relaxation phenomena) were almost insurmountable; hence it was 
decided to investigate the particle velocity lag first. 

EXPERIMENTAL 

In any consideration of particle velocity lag, the particle 
or droplet diameter is an important parameter. It was estab¬ 
lished in the first part of this investigation (and reported 
in Ref. 4) that the particles or droplets were smaller than had 
formerly been thought. A particle size distribution found to 
be typical of all solid propellant motors investigated is shown 
in Fig. 1. The mass mean diameter is seen to be somewhat less 
than 3 jul . 

The firings in which velocity lag of the condensed phase was 
measured were performed at the Tooele Ordnance Depot, Tooele, 
Utah. A Miller-type framing camera operating at 10^ frames 
per second and using Super Anscochrome 35 mm film was used. 

The camera is owned by the Navy and operated by personnel of 
the Intermountain Research Corp. 

The equipment is illustrated schematically in Fig. 2. Back¬ 
lighting was provided by light bombs formed from cardboard 
cylinders which confined the air shock resulting from the 
detonation of 3.5 lb of composition B explosive. 

An assembly drawing of 40-lb charge (FPC) motor is shown in 
Fig. 3. This motor has a neutral burning grain and was devel¬ 
oped primarily for ballistic evaluation. The nozzle has conical 
entrance and exit sections. The entrance cone has a half angle 
of 30 and the exit cone, 15°. The radius of curvature of the 
nozzle wall at the throat is twice the throat diameter. The 
throat diameter is varied to accommodate propellants having 
different burning rates. The exit cone in the nozzles used in 
these experiments was cut off at an expansion ratio € = 3.5. 

The 10-lb charge (TPC) motor is similar, being scaled down 
in all dimensions from the FPC. 

The modified FPC (FPC-BT) motor was identical to the stand¬ 
ard model except for the approach section of the nozzle, which 
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had a half angle of 5° instead of 30 , forming a short blast 
tube. The entrance to this section was rounded, using a 1-in. 
radius; consequently, the entrance presented a sudden constric¬ 
tion to flow, rather than the gradual transition of the conical 
approach section. The propellant used was a double base matrix 
containing aluminum. 

Flame temperatures outside the nozzle were measured both by 
a two-color optical pyrometer (Shawmeter) and by interpreting 
the color temperature of the framing camera film. Care was 
taken to insure that measurements were made well upstream of 
the first shock wave. The shock raises the flame temperature 
several hundred degrees Kelvin. The error in these measure¬ 
ments is probably 100° K. Agreement between the two methods 
employed was usually closer. 

Heat loss to the nozzle was measured in a third independent 
experiment by dropping the entire motor into a water calori¬ 
meter within one second after the end of burning and noting 
the temperature rise of the water. This simple method, which 
includes heat loss to the entire motor but neglects radiation 
loss from the nozzle both during and following firing, is 
capable of giving the order of magnitude results required. 

A framing camera exposes approximately 23 frames per firing. 
Typical frames are shown in Fig. 4 for a 10-lb (propellant 
charge weight) motor (TPC) and in Fig. 5 for a 40-lb motor 
(FPC) . Inhomogeneities or striations in the flame are more 
apparent in Fig. 4 but are discernible in all firings. When 
the position of any striation is tracked from frame to frame, 
it is seen to be moving at a substantial fraction of the cal¬ 
culated exit gas velocity. The striations are interpreted as 
being denser portions of the flame in which the concentration 
of the condensed phase is unusually high. 

When the position of a striation is plotted vs. time for a 
TPC, data of Fig. 6 result. The slope of the curve is inter¬ 
preted as particle or droplet velocity. The average velocity 
shown here is 4150 fps. 

The change in slope is attributed to the acceleration of the 
particles, which is still taking place outside the nozzle. The 
acceleration indicated in Fig. 6 is of the order of 10? times 
gravity. 

The longer FPC nozzle yields higher particle velocities, 
achieving 70% of the gas velocity with a standard (30° half 
angle) convergent nozzle section and up to 95% with a 5° half 
angle entrance section. 
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Flame temperatures as measured by optical methods outside 
the nozzle were only slightly higher than the calculated gas 
temperatures. The two-color optical pyrometer and the color 
temperature of the framing camera film gave concordant results. 
Both methods depend on radiation. Since the gas has neg¬ 
ligible emissivity at the wavelengths used, whereas the con¬ 
densed phase is highly opaque, the radiation temperature 
measured is nearly that of the condensed phase. It is con¬ 
cluded that the condensed phase, as observed outside the noz¬ 
zle, is substantially in thermal equilibrium with the gas, and 
little thermal lag obtains. 

Nozzle heat losses for the FPC motors were found to account 
for 1% of the loss of efficiency in motors using phenolic 
nozzles with graphite throat inserts and for 2% in motors 
having all carbon nozzles. The TPC motor has not been thus 
tested; however, because the smaller motor contains one fourth 
as much propellant but exposes one eighth as much nozzle area 
to the exhaust gases as does the FPC motor, it is expected that 
the heat losses of the two motors will be comparable. 

DISCUSSION 

The specific impulse for two-phase flow is given by the 
momentum balance 

X = -1 jt —(w u + w u ) r ll 

S c ( w p + w g ) 8 S P P L J 

For a clean gas, this reduces to 



These equations are discussed by Altman (6). From these rela¬ 
tions, it follows that the nozzle efficiency for two-phase 
flow in which the exit velocity of the condensed phase is lag¬ 
ging that of the gas is given by 

w 

Eff = “ = 1 - ——-~r- (1 - K ) [ 3 ] 

I* w-fw LJ 

P g 

The important assumptions are that the flow is isentropic and 
that no temperature difference exists between particles and 
gas. 
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The experimental data are plotted in Fig. 7 for the condi¬ 
tions of the present investigation according to Eq. 3. The 
ordinate intercept has been moved down to 0.99 which repre¬ 
sents the experimentally determined heat loss of the FPC noz¬ 
zle. No allowance was made for wall friction, since its 
magnitude remains undetermined. 

As might be expected, the longer nozzles resulted in higher 
particle exit velocities. Clearly, the TPC and standard FPC 
nozzles are too short to handle two-phase flow efficiently. A 
small improvement is noted in the efficiency in going from the 
TPC to the longer, though geometrically similar, FPC nozzle, 
with concurrent improvement in the condensed phase exit veloc¬ 
ity. The contour of these nozzles was developed and standard¬ 
ized prior to the use of metal as an additive. The nozzles 
performed well with the nonmetalized propellants. 

A greater increase in particle exit velocity is obtained by 
reducing the nozzle entrance angle, thus providing more time 
for particle acceleration. It should not be concluded that 
the present FPC-BT design illustrates the optimum contour for 
efficiency. The change has probably been too drastic. Further 
experiments are indicated. It is evident that the simple 
analysis based on the momentum balance alone is qualitatively 
correct. The agreement would be somewhat better if the enthal¬ 
py of the condensed phase were made available to the gas by 
considering heat transfer from particle to gas. 

The analyses of Kliegel and Lype include the heat transfer 
process. Also considered are the irreversibilities associated 
with particle drag. Because of these effects, isentropic flow 
cannot be assumed. However, making the assumptions of Stokes 
flow, adiabatic expansion, and constant system physical pro¬ 
perties (frozen flow), it is possible to arrive at a set of 
first order, nonlinear differential equations that may be 
integrated by iteration using machine computation. The part¬ 
icle and gas velocities are related by the drag equation 


u 

P 


du 

P 


d 

x 



C B 'g 


r P p 
P 




in which the drag coefficient C D may be approximated for noz¬ 
zles of interest by the Stokes flow relation Cp = 24/Re. Part¬ 
icle or droplet size is assumed uniform and constant. Although 
by analogy to Setze’s (5) work on jet engines the particles are 
expected to grow in size by accretion, this has not been ob¬ 
served in solid propellant rocket motors (4). 
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The results of such a computer program are compared with 
the experimental values in Table 1. The experimentally deter¬ 
mined 3 jjl particle diameter was used in the calculations. The 
neglect of heat transfer to the nozzle and losses associated 
with wall friction are felt to be nearly compensated by the 
equally invalid assumption of frozen flow. The nozzle effi¬ 
ciencies are seen to be predicted very well by the concept of 
velocity lag. The lack of agreement in exit velocity ratios 
is not unexpected in view of the many assumptions made in the 
derivation of the equations. 


Table 1 

Exit Velocity Ratios and Nozzle Efficiencies 


Motor 

Nozzle 
Length, cm 

Calculated 

Ke 

Experiment 

Efficiency, 

Calculated 

% 

Exper imert 

TPC 

13.5 

0.79 

0.53 

91.5 

91 

FPC 

24 

0.85 

0.70 

94 

93 

FPC-BT 

21 

0.85 

0.95 

94 

95 

CONCLUSIONS 






Although perhaps not conclusive, the evidence presented 
herein indicates that the observed inefficiency of small solid 
propellant rocket motors using metalized fuels may be attri¬ 
buted to a combination of nozzle heat losses and momentum lag 
of the condensed phase metal oxides. The latter appears to be 
numerically more important. It is apparent that all of the 
nozzles in this investigation were too short to properly eval¬ 
uate the ballistics of metalized propellant. These results 
do not apply to large rocket nozzles where there is adequate 
time for condensed phase acceleration to occur. Proper atten¬ 
tion to nozzle design with emphasis on the approach contour 
may raise the efficiency slightly above present values. 
Reduction of the particle or droplet size, however, or reduc¬ 
tion in amount or elimination of the condensed phase from the 
exhaust appear to afford the really fruitful approaches to the 
problem. 
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NOMENCLATURE 

Cp = drag coefficient 

I = specific impulse for two-phase flow 
I* = specific impulse of clean gas 
K = ratio of particle velocity to gas velocity 
r = particle or droplet radius 

Re = Reynolds number, based on particle dimension 

u = velocity 

w = mass flow rate 

x = nozzle length 

P * density 

g = conversion factor 
c 

Subscripts 


g « gas phase 
p -■ condensed phase 
e = exit plane 
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PERCENT LESS THAN DIAMETER 

Fig, 1 Size distribution of aluminum oxide particles 



Fig, 2 Shelter and firing arrangement for Miller framing 
camera 


20J 







DETONATION AND TWO-PHASE FLOW 



204 


FPC motor assembly 
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Back lighted TPC rocket motor flame 
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Back lighted FPC rocket motor flame 
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FRAME NUMBER 

2 4 6 8 10 12 14 16 18 20 22 
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Fig. 6 Striation position vs. time for a TPC motor 
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Nozzle efficiency as a function of the momentum lag 
observed at the exit plane 
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EQUILIBRIUM BETWEEN PHASES IN 
CONVENING-DIVERGING NOZZLES 

Bruce A. Reese and Louis F. Richard 

Jet Propulsion Center, Purdue University, Lafayette, Bid. 
ABSTRACT 

An analytical and experimental investigation has teen con¬ 
ducted to determine If it is possible to achieve nonequilibri¬ 
um (thermal) expansion in a single component two-phase flov, 
and also in two component two-phase flow through a converging- 
diverging nozzle. In the cases Investigated the phases were 
gas and liquid, with the liquid phase predominating. The method 
of investigation was to calculate the exit velocity for two 
ideal cases (no temperature difference between the phases and 
no heat transfer from the gas to the liquid) and then compare 
the calculated and measured nozzle velocities. Two liquid-gas 
combinations were employed; liquid nitrogen-gaseous nitrogen 
and liquid nitrogen-gaseous helium. It was concluded that: 
the two-phase mixtures approach thermal equilibrium, even though 
the contact times in the nozzles were less than one mill isecond; 
condensation of the gaseous phase occurs in the liquid nitrogen- 
gaseous nitrogen system and reduces the exit velocity from the 
nozzle; and the tendency towards thermal equilibrium is increased 
if the liquid has high vapor pressure and the gas has high 
thermal conductivity. 

INTROIXJCTION 

During the last five years considerable research effort has 


6 . A. REESEl, Professor of Mechanical Engineering and currently 
on leave, is the Deputy Chief, Antimissile Missile Division, 

AQM3, Redstone Arsenal, Huntsville, Ala. L. P. RICHARD , for¬ 
merly Research Assistant, is currently Research Engineer, The 
Martin Co., Denver, Colo. Paper presented at the ARS Propel¬ 
lants, Combustion, and Liquid Rockets Conference, Palm Beach, Fla., 
April 26-28, 1961 . The research reported herein was sponsored 
by the Office of Naval Research, Navy Department, under Con¬ 
tract N onr 1100 -( 07 ). 
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'been devoted to the flow of two-phase, two-conponent mixtures 
In the converging-diverging nozzles of rocket motors. -The 
problems of the velocity lag between the two phases have been 
Investigated both analytically and experimentally (11-13 and 
17) 1 and those problems concerned with the heat transfer be¬ 
tween the phases, primarily neglecting the effects of velocity 
lag, have been studied analytically (4, 6-9, ll(-l6). 

The work described herein considers the heat transfer prob¬ 
lem between the phases of a two-phase flow from both the ana¬ 
lytical .and experimental viewpoints. The object was to deter¬ 
mine whether or not nonequilibrium (thermal) expansion can be 
achieved in a s in gle component two-phase flow and in a two com¬ 
ponent, two-phase flow through a converging-diverging nozzle. 

A secondary objective was to determine the effect on the nozzle 
exit velocity of a single component two-phase mixture where the 
gas would condense in the liquid that was pumped. In the in¬ 
vestigations the liquid phase was always the predominant one, 
and varied from 86 to 99$ of the weight of fluid entering the 
nozzle. 

The problem discussed is related to a research program be¬ 
ing conducted at the Jet Propulsion Center, Purdue University, 
which is concerned with pumping liquid propellants with a two- 
phase jet pump (1-3). 

Pig. 1 is a schematic diagram illustrating the basic ele¬ 
ments of a two-phase jet pump. They are a two-phase nozzle, 
wherein a high pressure liquid and gas are accelerated to high 
velocity, an induction-acceleration device termed a mixe r, 
wherein the mixture discharged by the two-phase nozzle acceler¬ 
ates a suction liquid to a high velocity, a separator for 
removing the gas from the high velocity mixture, and a diffuser 
for converting the kinetic energy of the high velocity liquid 
into a static pressure rise. The work to be discussed is con¬ 
cerned with the problems of flow in the two-phase nozzle of a 
jet pump employed for pumping cryogenic liquids by means of 
hi gh pressure, high temperature gases. To pump a cryogenic 
liquid with the aforementioned type of jet punp, the two-phase 
nozzle must operate with substantially nonequilibrium - hh-rmni 
conditions. This is necessary so that the cryogenic liquid 
will not be vaporized; the vapors c anno t be conveniently re¬ 
covered in the punping system. Moreover, nonequilibrium ther¬ 
mal conditions between the hot gas (the driving fluid) and the 
cold liquid (the punped fluid) increase the exit velocity of 
the two-phase mixture leaving the nozzle. 

-L lumbers in parentheses indicate References at end of paper. 
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For determining whether nonequilibrium thermal conditions 
were achieved, the exit velocity from the two-phase nozzle was 
measured and compared with the calculated values of exit ve¬ 
locity based on two ideal flow models: 1) isentropic^ flow 
with no internal^ temperature differences between the liquid 
and gas; and 2) isentropic flow with no internal heat transfer. 
She basis for calculating the nozzle exit velocity for the 
forementioned two ideal flows will be presented later. The 
previously given procedure was selected since it was not pos¬ 
sible to measure or calculate the deviation from, equilibrium 
directly. Such basic data as the tenperatures of the two 
phases, the droplet size, the droplet size distribution through 
the nozzle, and the instantaneous heat transfer rates to the 
droplets could not be obtained experimentally. 

Fig. 2 is a sectional view of the nozzle assembly which con¬ 
sists of a two-phase injector and a conical converging-diverg¬ 
ing nozzle. A single tube of the Injector is also drawn on 
the figure. It is seen that the exit from the injector was lo¬ 
cated very close to the nozzle throat to keep the stay time of 
the two-phase mixture in the nozzle smaller than 1 m sec in 
all of the experiments. The experiments were conducted with 
two different converging-diverging nozzles, hereafter desig¬ 
nated as Nozzle 1 and Nozzle 2; their respective throat dia¬ 
meters were 0.1955 in. and 0.2 66 in. The liquid entered the 
nozzle through 6l similar ple x i g lass tubes (0.026 in. ID) hav¬ 
ing outside tapered mils, (The wall thickness at the exdLt sec¬ 
tion was 0*002 in.) The gas entered the nozzle thxrough the 
spaces around the exdLt of the tubes. 

Two different two-phase systems were investigated: 1) a 
single component two-phase system, consisting of liquid nitro¬ 
gen and gaseous nitrogen; and 2) a two component two-phase sys¬ 
tem consisting of liquid nitrogen and. gaseous helium. In all 
of the experiments the liquid nitrogen entered the Injector at 
approximately 500 psig and -305°F, the gaseous nitrogen at 
varying pressures and approximately 70°F, and the helium gas 
at varying pressures and approximately &5°F. Measurements 
were made of the thrust of the nozzle system and the flow rates 


2 'For two-phase flow, the term isentropic will be understood 
to mean either constant total entropy of the two-phase mixture 
or constant entropy of the individual flow constituents. Its 
usage will be explained in the text. 

3 Throughout this paper the word internal will be understood 
to mean intexphase, or between the gaseous and liquid phases. 
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of the liquid and the gas. It should he noted that the initial 
temperature difference between the gas and the liquid was app¬ 
roximately 1*00° F, and that helium cannot be condensed by 
liquid nitrogen, whereas the nitrogen gas was condensible in 
the liquid nitrogen. 

Fig. 3 Is a schematic diagram of the experimental apparatus. 
The gas and liquid flow rates were measured with calibrated 
orifice meters, and the thrust was measured with a Wiancko 
force transducer. A correction to the thrust measurement was 
made to account for the influence of the liquid in the unsym- 
metrical tank. Ref. 1 describes this correction, the details 
of the apparatus, the method of calibration, and the experi¬ 
mental procedure. 

THEORETICAL ANALYSIS 

The following factors influence the flow of a two-phase mix¬ 
ture in a converging-diverging nozzle: 1) physical properties 
of the gas; 2) physical properties of the liquid; 3) mixture 
ratio (mass flow rate ratio of gas to liquid); 4) liquid drop¬ 
let size; 5) drag characteristics of the droplets; 6) time re¬ 
quired for the mixture to expand through the nozzle (contact 
time); 7) vaporization characteristics of the liquid; 8) con¬ 
densibility of the gaseous phase in the liquid; and 9) temper¬ 
ature difference between the gas and the liquid at the inlet 
to the nozzle. 

The investigation was concerned primarily with studying the 
effects of temperature difference between the gas and liquid, 
and gas condensibility on the exit velocity of the two-phase 
mixture. To date there has been no rigorous analytical treat¬ 
ment of the mechanics of two-phase nozzle flow, and one was not 
attempted here. The only internal phenomena that was consid¬ 
ered in detail was the rate of heat transfer between the phases 
in the exit plane of the injector. This was done to obtain an 
insight into the intermediate nozzle processes (see Discussion 
of Results). 

General Equations for Isentropic Two-Phase Flow in Nozzles 

It was assumed that the overall flow process in the nozzle 
can be separated into the three subprocesses illustrated in 
Fig.^L. These processes are; 1) separate isentropic accelera¬ 
tion of the gas and liguid phases in the injector; 2) constant 
pressure mixing of the two phases; and 3) isentropic expansion 
of the mixture in the nozzle. 

In the actual nozzle, no separate chamber was provided for 
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the constant pressure mixing process. The following additional 
assumptions were mad.e: 

1) Steady, one-dimensional flow with no wall friction or 
droplet drag. 

2) No heat transfer across the "boundaries of the nozzle. 

3 ) Gas and liquid are unifor ma ly mixed and travel at the same 
velocity downstream of station 3 (see Fig. 4) in the "no temp¬ 
erature difference" case. 

4) Only pressure forces act on the fluid. 

5) The gas is perfect and has a constant specific heat. 

6) Liquid specific heat, thermal expansion coefficient, 
adiabatic compressibility, and isothermal compressibility are 
all constant. 

7) Entropy and enthalpy of the gas phase are equal to aero 
at 0°R. 

8) Entropy and enthalpy of the liquid phase sire equal to 
zero for saturation conditions at 14.7 psia. 

9) The velocity of the liquid and of the gas entering the 
injector are negligible. 

The following paragraphs present the basis for the deriva¬ 
tion of the equations for the exit velocity from the nozzle 
for the two ideal cases of two-phase flow described earlier; 
the Appendix presents a summary of the derivations that are 
presented in detail in Eef. 1. 

The injection process was assumed to be identical for the 
two ideal two-phase flows. The liquid nitrogen was assumed to 
be accelerated isentropically from the inlet conditions (500 
psi and - 305 °F) "to a known pressure at the outlet of the in¬ 
jector, designated as Pg. The nitrogen or the helium entered 
the injector at ambient temperature and was assumed to be ac¬ 
celerated isentropically from the inlet pressure, which was 
dependent on the desired mixture ratio 1 *' to the outlet pressure Pg. 

Li deriving the equations for the ideal case of isentropic 
flow with no internal temperature difference, hereafter re¬ 
ferred to as the HDD case, it was assumed that in the mixing 
process: 1) the momentum of the fluid was conserved; and 2) the 
amounts of each phase (gas, vapor, and liquid) could be calcu¬ 
lated by employing the energy equation, and in the case of the 
two-component, two-phase system the relationship for the par¬ 
tial pressures of the phases. In the expansion process it was 
assumed that the heat transfer between the liquid droplets and 
the gas occurred reversibly with no velocity lag between the 


Siatio 


of gas phase to liquid phase, by weight. 
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»«» and the liquid droplets. The calculation resulted in the 
determination of the exit velocity from the two-phase nozzle 
as a function of mixture ratio. The exit velocity (V^ is 
given "by a form of Eg. A—15 • ^ 


NED 


M ^) 2 


2gJ 




M h x M 

h h 1 


v 2 


Oh 



h 

% 




A-15 


For the case of isentropic flow with no internal heat trans¬ 
fer hereafter denoted as the NHP case, it was assumed that in. 
'the process the decrease in the total kinetic energy of 

the mixture was transformed into a temperature rise for the gas 
The two phases were then assumed to expand independently and 
isentropically. The exit velocity (VjJ was calculated by 
monnii of the energy equation. The NED result is: 

{l* ?[* % ' <% - \>]} ^ ^ 


Application of Isentropic Exit Velocity Equations to Nozzles 
With Specific Gas-Liquid Combinations ~~~~ 


The comparison between the isentropic exit velocities and 
the experimental exit velocities was based on calculations em¬ 
ploying Eqs. A-15 and Ar21 and the measured values of the noz¬ 
zle inlet conditions (P. , P. , I. , IJ and the injector out- 

h °1 h °1 

let pressure , p 2 ; two nozzles having different throat diameters 
•were employed, and the mixture ratios were varied from 0.006 
to O. 13 . In all of the experiments the liquid pressure enter¬ 
ing the Injector P T was held constant at 500 pslg + 13 psl, 

h 

and the inlet gas pressure P r was changed to vary the mixture 

U 1 

ratio. Fig. 5 presents the measured value of P_ and P 9 as a 

Gjl ^ 

function of the mixture ratio M^/M^ for the two nozzles and 
two llquid^gas combinations. 


^Ehere is a list of Nomenclature at the end of the paper and 
the equations are derived in the Appendix. 
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Fig. 6 presents the calculated exit velocities, (Vi.) and 
(Vlj)NHT m ’ D 

as functions of mixture ratio for the two ideal flows and the 
two fluid systems. Only the flow of the helium-liquid nitro¬ 
gen system was investigated in both nozzles. It is seen that 
the ideal discharge velocities of the two-phase mixtures varied 
from approximately kOO to 1100 fps, depending on the two-phase 
system and the mixture ratio. Increasing the mixture ratio in¬ 
creases the calculated exit velocity. For a given two-phase 
system, (VV) is larger than (V,) , and the exit velocities 

4 NET 4 HID 

for the helium-liquid nitrogen system are larger than those for 
the single-component (nitrogen) system. There is no difference 
between the ideal exit velocities obtained from Nozzles 1 and 2. 

EXPERIMENTAL INVESTIGATION 

In the experiments the exit velocity denoted by V. of the 
mixture was determined from the thrust of the nozzle 4 system. 
Thus 


m g +m l L 

is an effective exit velocity because it has been shown 
that the liquid droplets lag or lead the gas velocity (11, IT, 
18). The calculated exit velocity (VY) is likewise an ef- 

NHT 

fective exit velocity, since it was calculated from the mean 
momentum of the mixture (a relative velocity exits at the exit 
of the nozzle), whereas the exit velocity (V. ) assumes that 

4 NTD 

two phases travel at the same velocity. Since the mass flow rate 
of the gas was always a small percentage of the total mass flow 
(l to 13$), the exit velocity is not materially different 
from the liquid droplet velocity (l8). 

Physical Considerations in Two-Phase Flow . 

Before presenting the results of the investigation, some 
general observations concerning two-phase nozzle flow appear 
appropriate. The limiting cases of the helium and liquid nit¬ 
rogen system are 100$ liquid nitrogen (-365°Fj 500 psig inlet 
condition) and 100$ helium gas (85°F, 500 psig). For the first 
limiting case (100$ liquid), the isentropic exit velocity when 
expanding to atmospheric pressure is approximately 370 fps. 

For the second limiting case (100$ helium gas), the corres¬ 
ponding exit velocity would be approximately 4840 fps. Thus 
the exit velocity of the mixture increases as its percentage 
gas is increased. 


215 



DETONATION AND TWO-PHASE FLOW 


An Insight Into the Influence of the physical properties of 
the liquid and gas on the equilibrium thermal conditions during 
the flow through the two-phase nozzle can be obtained by calcu¬ 
lating the Initial rate of heat transfer between the gas and 
the liquid. In calculating the diameters of the liquid drop¬ 
lets; the empirical equations of Huklyama and Tanasawa (5) were 
used; even though they were developed from experiments with a 
single tube Injector. It is recognized that the proximity of 
other injector tubes, as in the injector employed in this in¬ 
vestigation; probably changes the droplet size. For the mix¬ 
ture ratios and fluid combinations used in this investigation; 
the dimensionless group p^/r^ (where f la the density of the 

ga%j»r is the density of the liquid, and r is the mixture ratio) 
had the most significant effect on droplet diameters (10). 
Husselt numbers based on droplet diameter were calculated from 
the experimental work of Ingebo (4) and of Williams (19). 

From the calculated values of Nusselt number and droplet diam¬ 
eters; the Instantaneous rates of change of gas temperature at 
the nozzle inlet were calculated; the detailed calculations 
are presented in Ref. 1; and the results are summarized in 
Table 1. 

Table 1 Instantaneous Heat Transfer Parameters at the Nozzle 
Inlet 


Parameter Fluid Combination 



He-UT 

N-EBf 

(\) 

HTD 

600 

6oo 

r> i> 

1.39 

14.0 

d Q , in. 

0.0335 

0.0312 

Nu 

540 

853 

h, B/hr-ft 2 -°F 

15,870 

4620 

, °F/m sec 

3,930 

386 


Table 1 shows that for the helium-liquid nitrogen system 
the rate of change in tenperature dT /dTis large, 3930°F/m sec. 
The initial rate of change of gas tenperature is a significant 
parameter that is helpful in interpreting experimental results* 
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For two-phase flow, Ingeho (4) postulates that a vapor film 
surrounds each liquid droplet and the gaseous constituent sur¬ 
rounds the vapor layer. Through its Intermediate position the 
vapor acts as an effective carrier of thermal energy from the 
gas to the liquid. Bimolecular collisions between gas mole¬ 
cules or between a gas molecule and a vapor molecule result in 
a net heat flux to the surface of the liquid. Thus, liquids 
having high vapor pressures tend to reduce the resistance to 
heat transfer and thus favor thermal equilibrium between the 
liquid and gas. 

The properties of the gas that exert the greatest importance 
on the gas temperature during the two-phase expansion process 
are the thermal conductivity, the constant pressure specific 
heat, and the density. 

The inlet mixture ratio influences exit velocity not only 
by virtue of the difference in the expansion characteristics 
of the gas and liquid phases, but also because of the effect 
of the mixture ratio on the liquid droplet diameter and on the 
contact time. Considering the effect of mixture ratio on drop¬ 
let size and contact time, calculations based on Ref. 5 indi¬ 
cate that as the mixture ratio for an air-water system was in¬ 
creased from r » 5 to 20$, the initial droplet size decreased 
from 0.101 in. ( 2565 x 1 ) to 0.0l4l in. ( 358 x 1 .), respectively.® 

The corresponding calculation for the contact times, made by 
the authors, were 0.7 m sec for r * 5 and. 0.4 m. sec for r as 20. 
The aforementioned results indicate that increasing the mixture 
ratio decreases the droplet diameters and the contact time; 
from the heat transfer point of view, the latter two effects 
tend to cancel each other. The smaller droplets increase the 
surface area, thus increasing the total heat transferred, 
whereas the decrease in the contact time has the opposite ef¬ 
fect. 

Losses due to wall friction in the injector and nozzle de¬ 
crease the exit velocity. Chenoweth and Martin (20) conclude 
the following regarding frictional losses in two-phase flow: 

1) Frictional losses under the conditions of their investi¬ 
gation were higher than for single-phase flow'; they ascribed 
the larger losses with two-phase flow to the increased turbu¬ 
lence. 

2) For equal values of the parameter(when the value 

6 Experiments by Crabtree (18), also for the air-water system, 
indicate that the droplets continue to break up as they flow 
through the nozzle and that the final droplet size is between 
0.0001(2.54*1) and 0..005 in.. ( 127 -tt) in nozzles similar to those 
employed in this investigation. 
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of the parameter is less than 0 .000417) the frictional losses 
for helium-liquid nitrogen and nitrogen-liquid nitrogen are 
approximately the same. 

The configuration of the injector-nozzle combination also 
exerts an influence on the exit velocity. In this investiga- 
tion two nozzles with different diameters ™ Dt Z O .1955 and 
0.266 in.—were employed with the same injector. The smni i er 
mozzle had a longer contact time since the injector was located 
further upstream from the throat. 

Experimental Results 

Pig. 7 represents the measured nozzle exit velocity Vi, as a 
function of mixture ratio for the helium-liquid nitrogen system 
for Nozzles 1 and 2. Por comparison the curves of (Vl^ugm 
and (V4 )m?d from Fig. 6 are also shown. Fig. 8 presents the 
measure exit velocity V 4 as a function of mixture ratio for 
the nitrogen-liquid nitrogen system for Nozzle 1 . Also shown 
are the curves for (Vij.)]^ and (Vl+)jjipp . it is apparent from 
the fugures that the curves for V 4 lie below those for (Vk)mn< 
and (VUjjujj. 

Discussion of Results 


Fig. 9 presents the nozzle velocity coefficients as a func¬ 
tion of the mixture ratio for the helium-liquid nitrogen and 
nitrogen-liquid nitrogen cases for Nozzle 1 J It should be note 
that the velocity coefficients vary from 0.95 to 0*71 for the 
d ^ fference " case and from 0.79 to 0.50 for the 

o.n^fTiM e t + ailSfer „ Ca ff- Fig * 10 Preseats the nozzle velocity 
coefficients as a function of mixture ratio for the helium- 

iSS^S 00 ® 1 c ° m ' bina * ion in ^Z 2 le 2 . In Nozzle 2, the mean 
nozzle coefficient is approximately 0.9 for the 
no temperature case and 0.75 for the "no heat transfer" case. 

It is seen from Fig. 9 that for the liquid nitroeen-easeous 

“ Vel00lt y V 4 5 S nf Slow fhl 

^ V 4)ntd > this decrease is attributed to friction 
and drag losses. The high initial rate of hhange of gas te^er- 

me 2 ltS Z Srt+ Vel ? Ci S coefficl -ent is defined as the ratio of the 
(^ 4 )ntd or (vJ 6 ° C and is ovulated exit velocity 

subffipt! h mE DOted by $ ^ appropriate 
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ature (see Table 1) for the helium-liquid nitrogen ease (3930 
®F/m sec) indicates that the expansion of the helium liquid 
nitrogen system is a "no temperature difference" expansion. 

Fig. 9 shows that 0 and 0 are 10 to 20$ higher for the 
WED HHE 

helium-liquid nitrogen system, than for the nitrogen-liquid 
nitrogen system. For the same exit velocities V>, the inlet 
gas and liquid temperatures, the contact time, the droplet 
diameters, and the friction losses are approximately the same 
for the two systems. It is inferred, therefore, that the dif¬ 
ference in the values of exit velocity of the two systems are 
due to differences in the properties of the gas phase. 

Calculations (see Appendix, Eq. A-6 and A7) indicate that 
for the nitrogen-liquid nitrogen system most of the gaseous 
nitrogen condenses during the mixing process. In the actual 
case, if gaseous nitrogen failed to condense during its flow 
through the nozzle, the values of 0 and 0 would be equal 

MTD HHT 

to values for the liquid nitrogen-helium system. Consequently 
failure of the nitrogen gas to condense is not an explanation 
for smaller values of 0 for the liquid nitrogen-nitrogen sys¬ 
tem. Calculations (see Appendix, Eq A-15) also indicate that 
the liquid nitrogen, which enters the nozzle in a subcooled 
state, reaches a saturated condition (due to the reduction in 
pressure) at some station between the nozzle inlet and exit 
sections. Vaporization of a portion of the liquid nitrogen is, 
therefore, necessary for achieving the calculated value of 
(Vk). The explanation offered for the decrease in the exit 
velocity of the nitrogen-liquid nitrogen system as compared to 
the helium-liquid nitrogen combination is that the actual ex¬ 
pansion in the diverging section is so rapid that the vapori¬ 
zation process is incomplete. That hypothesis is not unreason¬ 
able when it is noted that the condensation occurs where the 
velocity is low, whereas vaporization must occur where the 
velocities are high. For the calculated values of the exit 
velocity to be correct, the liquid must be saturated at the 
exit conditions (-320°F), which requires a drop in tenperature 
of approximately 50°F during the drop in pressure from l6o psla 
to atmospheric pressure in less than 0.5 m sec. 

It should be noted that the same lag in vaporization rate 
probably occurs in the expansion of the helium-liquid nitrogen 
system. The gaseous helium, however, does not condense during 
the expansion process and is, therefore, the major contributor 
to the attainment of a high mixture velocity at the nozzle 
exit. Thus the vaporization of liquid nitrogen in the diverg¬ 
ing section of the nozzle is of less importance in achieving 
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high, exit velocities in the helium-nitrogen case* 

Reference to Rigs* 9 10 shovs that the nozzle velocity 

coefficients for helium-liquid nitrogen and nitrogen-liquid 
nitrogen systems varied 5 to 10# as the mixture ratio changed; 
in general, they tend to increase with an Increase in the mix¬ 
ture ratio, and this variation in 0 is not surprising. As 
pointed out earlier, the mixture ratio affects the droplet size, 
the contact time, and frictional losses. 


Figs. 9 and 10 show that the values of the nozzle coefficient 
for the helium-liquid nitrogen system are slightly higher for 
Nozzle 1 than for Nozzle 2. The difference cannot be explained 
by the approximately 15# shorter contact time for Nozzle 2. A 
shorter contact should increase the exit velocity. Since the 
flow rates were larger in Nozzle 2, there was more pressure drop 
across the injector (the same injector was employed for both 
nozzles), and the velocity differences, between the helium and 
the liquid nitrogen were much larger than for Nozzle 1. The 
larger flow velocities and velocity difference between the 
two-phase flow through the nozzle cause the friction and drag 
losses to increase, and thus, the nozzle velocity coefficient 
to decrease. 


CONCESSIONS 


Calculation and experiment indicate that the flow of two- 
phase mixtures (liquid-gas) in converging-diverging nozzles 
(with the liquid in the form of small droplets) approaches 
thermal equilibrium even with contact times of the order of 
1 m sec. 


The expansion of a mixture of helium gas (initially at 85°F) 
and liquid nitrogen (initially at -305°F) in a convergent-di¬ 
vergent nozzle from 500 psig to atomospheric pressure occurs 
with substantially no temperature difference between the phases. 

In the expansion of a mixture of nitrogen gas (initially at 
70°F) and liquid nitrogen (initially at -305°F) in a convergent- 
divergent nozzle, -the nitrogen gas condenses in the liquid 
nitrogen in the converging section of the nozzle. Condensation 
of the gas phase materially reduces the exit velocity. Calcu¬ 
lations i n d i cate that the nitrogen should vaporize at some 
section in the diverging portion of the nozzle to maint ain phase 
equili b rium. It is believed that the lack of phase equilibrium 
in the nitrogen-liquid nitrogen system is responsible for the 
decrease in its exit velocity. 
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The tendency toward thermal equilibrium is increased if the 
liquid has high vapor pressure and if the gas has high thermal 
conductivity. 
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APPENDIX: Equations for the Discharge Velocity From Two-Rxase 
Converging-Diverging Nozzles Assuming Isentropic Flow With No 
Internal Heat Transfer and Isentropic Flow with No Temperature 
Difference. 

Introduction 


The nozzle discharge velocities were calculated assuming 
that the flow process was divided into three stages: injection, 
constant pressure mixing, and expansion. The Injection process 
was common for the two ideal cases - no internal heat transfer 
and no temperature difference - -whereas different assumptions 
were made for the two ideal cases -when considering the mixing 
and expansion processes. 


Injection Process 

In the injector, the liquid is assumed to be accelerated 
isentropically from zero velocity and a known static pressure 
P_ (500 psig) and temperature T to a known pressure P . 

*1 "L 2 

The enthalpy change for the liquid is calculated for dh = vdp 
in terms of the specific volume at saturated conditions at the 
inlet, and the compressibility factors p ^ and p • thus ° 

(*T ) 






sat 




A-l 


The liquid injection velocity V may be calculated from 

Dg 


b See Ref. 1 for details of the derivation. 
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the relationship 



P 


= 2g J (K 



A-l 


For a perfect gas, the enthalpy change 




c T_ 

P Gi 



is given by 
k-l/kl 


1 


A-3 


and the exit velocity by 




A-k 


Mixing and Expansion 

Case 1: Isentropic Flow With No Internal Temperature Difference 

In this case the heat transfer between the liquid and gas is 
assumed to occur reversibly with no velocity lag between the 
liquid and gas and no wall friction. The flow is, therefore, 
frictionless, drag free, adiabatic, and reversible and, there¬ 
fore, may be analy zed by means of the isentropic relationships. 
At the entrance to the nozzle, uniform mixture of the gas and 
liquid phases at temperature T~ and velocity V- is assumed. 

The mixture velocity may be calculated by assuming that the 
momentum in the axial direction is conserved. 

v.AVW a-5 

3 Hp 

The mixture composition may be calculated from the energy 
balance 



+• 


h G 
U 1 


M V 
T 3 


h 

2 



2gJ 



and the partial pressure of the components 



V 

V 


W 

G 



A-6 


A-T 
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Eqs. A-6 and A-7 are solved by an iterative process. The 
temperature To is assumed and employed for solving Eq. A-7 and 
then checked by substituting the results of the solution of Eq. 
A-7 to solve Eq. A-6. 


The increase in entropy of the liquid and the gas during the 
mixin g process (which is assumed isobaric) is calculated from 
the following relationships: 



S 

g 3 



in T /T 
3 lip 



C in 
P 



(Liquid) 



(Gas) 


A-8 


A-9 


where Pg is the total static pressure of the mixture. 


Values of entropy for the vapor at the exit of the nozzle are 
looked up in a table of properties of the vapor. 


During the expansion of the mixture in the nozzle there is no 
change in total entropy. Therefore 


^ S G 3 + *V 3 ^3+ ^ S L 3 *\ \ + \ \+\ \ A " 10 


If the nozzle exit temperature T^ is known, and since the 
pressure at the exit is atmospheric, the ratio of the mass of 
vapor and the mass of the gas may be found by the solution of 
the following equations. 



A-ll 


A-12 


T P r> 

S p - _ C In It- - R In ^ A-13 

4 3 P T 3 ™o % 


In the case of the flow of helium gas and liquid nitrogen, 
Gibbs' phase rule indicates that because of the two components 
and two phases there are two degrees of freedom, and, conse¬ 
quently, P^ does not uniquely determine T^. In this case, since 
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the total entropy has been assumed constant, a trial value of 
Tij. may "be verified by finding , S (property tables), / 

4 4 4 

M_ (Eq.» A-12) and S_ (Eg.. 13) and substituting these values 
G 4 G 4 

into Eg.. 10. 


In the case of the flow of the nitrogen gas and liquid nitro¬ 
gen, no iteration process is necessary, since Gibbs' phase rule 
indicates there is only one degree of freedom. 


The enthalpies of the vapor and liquid may be found in the 
appropriate tables of the thermodynamic properties for the 
saturated fluids at temperature T^. The enthalpy change for 
the gas during expansion may be written 




C (T 
P 3 



A-l4 


The velocity of the fluid mixture at the exit of the noz¬ 
zle may be calculated from the energy equation; thus 


% ^ ^3 

3 3 3 3 3 3 ”^j 







h 4 . M 

L. T T 
4 


2 

^ntd 

^SJ 


A-15 


The value of V],. determined by this method is termed the 
"isentropic exit velocity for no internal temperature differ¬ 
ence" and is designated by (VY) 

4 NTD 


Case 2: Isentropic Flow With Ho Internal Heat Transfer 

For Case 2, no internal heat transfer, it is assumed that 
there is no e x c h a n ge of thermal energy between the phases and 
that after injection each phase experiences an isentropic ex¬ 
pansion to a different exit velocity. Since the separate ex¬ 
pansions are assumed isentropic, then 
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A model "based on the presence of liquid and gas only (no 
vapor) was selected to represent Case 2. It is reasonable to 
assume that no appreciable vaporization occurs in the nozzle, 
since the stay time is less than 1 m sec. Moreover, it is dif¬ 
ficult to reconcile the presence of vapor, which is a good car¬ 
rier of thermal energy between the gas and liquid, with the as¬ 
sumption of no internal heat transfer. Thus, an imaginary in¬ 
sulator is assumed to exist at the liquid-gas interface rather 
than at some hypothetical vapor-gas interface. 


The mixture velocity entering the nozzle is calculated as¬ 
suming the total axial momentum is conserved (Eq. A-5). The 
enthalpy change in the gas is equal to the decrease in kinetic 
energy during the mixing process, since it was assumed that the 
temperature of the liquid did not change. Thus 


“o \ - V * M G 


v 

h- 

vgr 


Mip 


A-l6 


The entropy of the gas at the nozzle inlet (the liquid en- 
tropy does not change) is given by 


S, 


a 3 S 


S, 




T r 

C In u 3 
P m— 

G 2 


A-17 


Since it has been assumed that S G and £L do not change dur¬ 
ing the nozzle expansion 


T P 

c ~ la " _5_la J2+ o 


P 


JW, 


A-l8 


G 


and 

In 


\ . L i v i* T )p ( V P V ^ p li - p iVj 

JljT’" -- . — .. ■ - .- - -- - - - ■ ■ i ** 

J °L l 1 *^ \>] 


A-19 


from which T G and Tr may be calculated, 

h k 
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The enthalpy c h ange for the liquid is therefore 

V L (^T. ~ ^-) #• «i 

^ ’ V VV W I”**" 'V^J r 

The equation for the energy "balance across the nozzle may "be 
written in the following form 

<v - s 6 ( v \ um l xf., 

which permits the calculation of an "isentropic exit velocity 
for no internal heat transfer” and is designated by (V. ) . 

4 SHE 

NOMENCLATURE 

Cjj specific heat of the liquid, B/lb -°F 

Cp specific heat of the gas at constant pressure, B/lb -F 

d Q surface mean d i am e ter of a liquid droplet at pressure 
D diameter of the nozzle, ft 

Uj- nozzle throat diameter, in. 

F thrust of the nozzle, lb f 

F c thrust contribution of liquid in the supply tank, lb f 
G mass of gas, lb 

h heat transfer coefficient, b/hr-fb 2 -°F 

iv, specific enthalpy of the gas, B/lb 

hj^ specific enthalpy of the liquid, B/lb 

hy. specific enthalpy of the vapor, B/lb 

kg thermal conductivity of the gas evaluated at T , 

B/hr - ft - TP av 

ky thermal conductivity of the vapor evaluated at T av , B/hr-ft- 0 
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mass rate of flow of the gas, lb /sec 

mass rate of flow of the vapor, lb m /sec 

mass rate of flow of the liquid, lb^/sec 

total mass rate of flow in the nozzle, lb /sec 

Nusselt number, hd/k^ 

partial pressure of the gas, psfa 

partial pressure of the vapor, psfa 

pressure in the nozzle, psfa 

atmospheric pressure, psfa 

gas pressure, psfa 

liquid pressure, psfa 

heat flux to a liquid droplet, B/ m sec 

inlet mixture ratio, M^/M^, # 

the universal gas constant, 15^5 ft-lbf/moleSR 

Reynolds number, dvp/ju, 

specific entropy of the gas, B/lbg°F 

specific entropy of the vapor, B/lb^F 

entropy of the two-phase mixture, B/lb“°F 

time, sec 

tenperature of the gas, °R 

tenperature of the liquid, °R 

specific volume of the gas, ft3/lb m 

specific volume of the liquid, ft^/lb m 

velocity of the two-phase mixture in the nozzle, fps 
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\ 


i\) 

NEC 

(\) 

NTD 


W G 

d 


eagperimentally determined value of the effective exit 
velocity, fps 

effective exit velocity calculated from the assumption 
of isentropic flow with no internal heat transfer, fps 

effective exit velocity calculated from the assumption 
of isentropic flow with no internal temperature differ¬ 
ence, fps 

molecular weight of the gas, lb^/mole 

molecular weight of the vapor, lb^/mole 

thermal expansion factor, i ▼ 

v TT „ 


adiabatic compressibility, li _Z 

isothermal compressibility . -1 


T 


ACL 

Pg 

Pit 

0NTD 


dynamic viscosity of the liquid, lb/fb-sec 

density of the gas, lb^/ft 3 

density of the liquid, lb m /ft 3 

nozzle coefficient (Vj^AVjj) , # 

NET 

nozzle coefficient, (V. )/(V. ) , j> 

4 4 NTD 


SUBSCRIPTS 

1 inlet to nozzle injector 

2 injector exit, before mixing 

3 nozzle entrance after mixing 

4 nozzle exit 

G gas 

L liquid 
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sat saturated 
t nozzle throat 

V vapor 
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Basic elements of the gas-drive jet pump 
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Fig. 3 Schematic diagram of experimental apparatus 
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Fig. $ Measured pressures for various experimental combinations 
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Fig. 7 Experimental nozzle exit velocity for helium-liquid 
nitrogen 
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Fig. 8 Experimental nozzle exit velocity for nitrogen-liquid 
nitrogen 
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Fig, 9 Nozzle velocity coefficient for nozzle no, 1 
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Fig. 10 Nozzle velocity coefficient for nozzle no. 2 
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SPRAT COMBUSTION MODEL WITH DROPLET BREAKUP: 

ANALYTICAL AND EXPERIMENTAL RESULTS 

Samuel Z. Burst ein, Sanford S. Hammer, and 
Vito D. Agosta 

Polytechnic Institute of Brooklyn, Brooklyn, N.Y. 
ABSTRACT 

A simplified model is proposed for the combustion of a bi¬ 
propellant spray. The model considers two subsystems: one 
the spray, the other, combusted gases* These subsystems are 
coupled together by heat transfer, mass transfer, and mo¬ 
mentum transfer. The solution of the problem relies on the 
integration of a system of seven nonlinear differential e- 
quations. The integration is performed using the IBM 7014 - 
digital computer* It appears that trader the given houndary 
conditions a cooperative evaporation process occurs, in which 
Increased velocity gradients cause increased evaporation that 
increases the velocity gradient* A series of tests has been 
made on a 2-in. variable length rocket motor, using JP-5A and 
liquid oxygen. A simple converging-diverging nozzle is em¬ 
ployed to give high chamber exit Mach numbers (0.4 to 0.5) • 
For a given set of injection parameters, under stable oper¬ 
ating conditions, the results indicate that the steepest 
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Scientific Research under Contract AF49(638)-l65. 


245 



DETONATION AND TWO-PHASE FLOW 


portion of the gradient, "which corresponds to evaporation of 
the major portion of the fuel, is always found in a fixed 
region of the chamber, independent of the absolute length of 
the chamber* The experimental results appear to agree with 
the theory for the conditions investigated* 

MTROEKJCTIOH 

The processes involved in the combustion phenomena in a 
liquid propellant rocket consist of spraying fuel and oxi¬ 
dizer into the chamber, mixing, evaporating the droplets, 
interdiffusion of the vapors, and then the chemical reaction. 
The chain of events stated here is still oversimplified* The 
overall process is so complex that simplified models having 
some of the most important features of the real physics!, phe¬ 
nomena must be studied first. In the evaporation and com¬ 
bustion of a spray, the models are simplified so that the 
ballistics, evaporation and combustion of individual droplets 
of fuel are discussed. If the interaction between single 
droplets is negligible, then evaporation rates of a distri¬ 
bution of droplets are additive* Thus, a distribution of 
droplets can be used to approximate the evaporation rates of 
certain spray configurations. 

This paper depicts combustion in a rocket motor as con¬ 
trolled by the evaporation process of an arbitrary number of 
droplets of injected fuel. The evaporation rate of the 
droplet of fuel is most affected by its immediate environ¬ 
ment, which in this case happens to be high velocity gases at 
temperatures in the range of 5800°E and a pressure of ap¬ 
proximately 11 atm. The environment is determined, to a 
large extent, by the rate of evaporation of the droplet of 
fuel, that is, by the rate at which chemical energy is added 
to the system. Thus, there is a strongly coupled system con¬ 
sisting of the evaporation processes and the fluid dynamics 
of the environment. The results of the evaporation of the 
droplets of fuel are weighted to yield a mass rate of flow 
which is consistent with approximately a 500-lb thrust 
chamber. 

DROPLET MODEL 

The evaporation of a spray is treated as the summation of 
the evaporation of individual drops. The general reliability 
of droplet drag and vaporization rate correlations for single 
droplets, when applied to sprays, is suspect. This -work, is 
aimed at determining the consequences of the assumption of 
additivity of droplets. 
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Liquid 

The liquid is completely mixed; it has a uniform tempera¬ 
ture, and its composition, vapor pressure, surface tension, 
specific heat, and viscosity are that of JP-5; the vapor 
pressure, surface tension, specific heat, and viscosity are 
taken as functions of temperature* 

Film 

The film consists of two components: l) with properties of 
JP-5A; and 2) with properties averaged between carbon dioxide 
and water vapor, including average critical pressure and 
temperature* 

Outer Boundary of Film 

The film boundary temperature is that of the bulk gas; 
where the temperature and pressure of bulk gas vary in a pre¬ 
scribed manner (from the hydrodynamic calculations), the 
partial pressure of the hydrocarbons equals zero and the 
partial pressure of the inert component equals the total 
pressure* 

Bulk Gas 

The bulk gas temperature, pressure, and velocity are de¬ 
termined by fluid dynamic calculations. Its composition is 
determined by assuming that all of the oxidizer is vaporized 
and that chemical equilibrium exists between the vaporized 
hydrocarbons and the oxidizer. 

Inner Boundary of the Film 

The inner boundary temperature is that of the liquid where 
the partial pressure of the hydrocarbon equals the vapor 
pressure, and the partial pressure of the combustion products 
equals the total pressure minus the partial pressure of the 
hydrocarbon. 

Heat Transfer 

The heat transfer process is assumed to be convection only 
where the correlation of Ranz and Marshall (l) 1 is used: 

Nu, » At- s z + 0.6 Pr ' /3 Rc ,/z M 

"a 


1 


numbers in parentheses indicate References at end of paper* 
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vhere r = droplet radius, ft 2 

h = film coefficient Btu/ft -sec-°F 
K = mean film conductivity, Btu/ft-sec-°F 

C p^ 

Pr= Prandtl number, dimensionless = —g— 

py 111 wirl P 

Ee= Reynolds number, dimensionless --— 


A correction is made for sensible beat carried by the e- 
vaporating fuel moving avay from the drop (6) 


AA L (T,-TJ2 


[2] 


Here q^ is the heat in Btu per second absorbed by the 
droplet by convection, Aj, is the area of the droplet in 
square feet, and Tg and T L are the gas and droplet tempera¬ 
tures, respectively. Z is defined by 


Z 


ft 

V-i 



It is seen, then, that Z is that fraction of total heat 
transfer from the gas that arrives at thg surface of the 
liquid drop. is dimensionless, since W is the vapor from 
the evaporating drop in pounds per second, and Cp is the 
specific heat at constant pressure of the vapor in Btu/lb °F. 
The temperature change may then be computed, since X., the 
latent heat of the drop (Btu/lb) is known. If © is the time 
In seconds, then 

JT jU 

m l c u 

where q. , the net heat absorbed by the evaporating droplet, 
is given Dy 




V 1 V -WK 


C L is the specific heat of the liquid (Btu/lb°F), and M. 
is tne weight of the liquid drop in pounds. 15 
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Hass transfer is assumed to be by film diffusion* Here 
thermal diffusion (the Dufcrur Effect) is neglected, and the 
correlation of Ranz and Marshall (l) is used: 


2K.rT 


w d v ivy R 


0.6 Sc'' 3 Re'* 


where N = Nusselt number, ^dimensionless 
«= diffusivity, ft/sec 

IT = molecular weight of fuel vapor, lb/lb-mole 
R® = gas constant, ft-lb/lb-mole °R 
Sc sb Schmidt number, dimensionless = 



The diffusivity is calculated by the equation given by Bird 
(2) for the molecular diffusion coefficient: 



Cut.u)* 

P = pseudo-critical pressure of JP- 5 A, atm 

P 0 ? = average critical pressure of C 0 2 and HgO, atm 

= average temperature of liquid droplet and combus¬ 
tion products, °R 

T = pseudo-critical temperature of JP- 5 A, R 

= average critical temperature of COg and HgO, R 

a* = correlation constant = 3*882 x 10^ 
b = correlation constant = 1.8229 
M = molecular weight of JP- 5 A, lb/lb-mole 
Mr ss average molecular weight of COg and HgO, lb/lb- 
mole 

A correction is made for the effect of bulk motion of the 
fluid away from the evaporating interface (3). If p^ is the 
vapor pressure of the liquid fuel and p the total static 
pressure of the gases, then 
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'where 


W = K^A l P l * 



16 ] 

[7] 


a is a correction factor to account for the unidirectional 
diffusion process rather than just considering the equimolal 

diffusion transfer coefficient K that is computed from Eq. k. 

© 


The change in radius of the fuel drop in time can he calcu¬ 
lated if the liquid density A. is known as a function of the 
drop temperature* The continuity equation for the liquid drop 
is 



k 3 

where v = drop volume ® j TC r * 

t W_ L. dT '- r »n 

d9 ‘ AJl 3R. UxJ d e 1 J 

Drag is calculated from Ingebo* s correlation on liquid 
drops (4). The drop acceleration is known once the gas densi¬ 
ty f and velocity U are stated 

jv 3_ r P ( U ~V) 

d 0 ""8 r [ ? ] 


and is taken to have the same sign as (U - V). V is the drop 
velocity in fps, and C^, the drag coefficient, is given hy 


r - 

C D- Rc 0.S4 


[ 10 ] 


Drop breakup was considered necessary since high pressures, 
above the critical temperature of the fluid, would be used* 
Liquid temperatures could not, physically, go to the critical 
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without reduction of surface tension to the point where 
droplet stability is Impaired. Therefore, provision was made 
for the droplet to he replaced by an arbitrary number of 
smaller drops of equal mass whenever an arbitrary Weber num¬ 
ber was exceeded 


We - 


2r(U-V)V 


DQ 


This numb er is a ratio of the distorting force to the re¬ 
storing force. This is intended as a zero order approxi¬ 
mation to q ualit atively determine what effects may occur. 

HYDRODYNAMIC MODEL 

The thermodynamic properties of the combusted fuel and 
oxidizer were obtained from the second law restriction that 
the free energy must be a minimum at a given value of pressure 
and temperature for an equilibrium condition. The reaction 
equations used are 

CO l ~CO o 

iC0 2 -iH 2 0"2CO-OH 

ZC0 2 -2C0^0 2 

co + h 2 o~co 2 —h 2 

£CO- 7 H 2 ° ■'2 C0 2^ H 

These equations are written in the form of 



[ 32 ] 


where 
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and is the coefficient of the l 611 component of the Jth re¬ 
action, Hi is the number of moles of species i. The changes 
in n-L are limited by the constraint. 





Here | is the extent of the reaction. Also at a fixed T and 
P 

t 

A parameter X is introduced such that 

Then Eqs. 12, 13, and 14 yield 

If dX > 0, then a thermodynamically possible change in G can 
occur; i.e, G decreases. From this form, the sum of the 
squares of AG may be computed and the computation terminated 
when 2j(dGi) x -Si 8 is determined from the accuracy of the 
free energy data. A more detailed discussion is given in 
Ref. 7. 






Once the minimum value of free energy is determined, then 
the nj_ are Known and, with a Knowledge of the specific heat 
data, the enthalpy and molecular weight of the mixture may 
be determined. These two values are used in the energy e- 
quation, Eq. 22 and the equation of state, Eq. 16. 

The relations for the steady state equations may be ob¬ 
tained from the nonsteady Eqs. 5» These equations relating 
the gas pressure P, density/} , temperature T, and velocity 
U are the equation of state: 


p-X&)t 


where (• 



is the gas constant. 


[i£] 
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The continuity equation is 


.aisi A .w 

0B -)X 

2 

vhere A = chamber cross-sectional area, ft 

ft = mass added per unit length per unit time 

The momentum equation is 


[17] 


SH 

26 


u2W.-i.2f 
u 2% f ax 




•where f is the force between the liquid drops and gas, 
ft-lbf 
lbm * 


M 


The energy equation following, a gas particle is 


30 2% 1 


» 2£_ 
P 30 


U 9P 
P 3X 


[19] 


TTilfl equation can be reduced to a relation between thermo¬ 
dynamic states once the relation between enthalpy h and 
temperature is known. 


For the steady state, all time derivatives may be drooped 
in Eqs. 17 and 18 so that 


d (y?UA) = wdx. 
udu=-ydP+ j<±TC 
The integrated continuity equation becomes 

r x 

(puA)*J' wdx = 

The integrated momentum equation becomes 

5* ax w ?x + PH + ( U *' ^x)/ 2 ] 

P = ( Px + P(-.6x)/2 


[ 20 ] 


[2ll 
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The energy equation for a control volume is 

* 

= (<fx + Ax“ $x)(^ +%) + l v [22] 

Here qy is obtained from Eg. 2, V is the drop velocity, and 
hf the stagnation enthalpy. Eqs. 16, 20, 21, and 22 com¬ 
bined with Eqs. 3, 8, and 9, written in finite difference 
foxm, fozm the set of equations to be solved* 

Strategy of Computation 

The calculation was divided into two main parts. In the 
first part a single droplet is followed as it moves, evapo¬ 
rates, and breaks up, in a prescribed environment of gas 
pressure, temperature, and velocity. 

Eqs. 3, 8, and 9 are simultaneous ordinary differential 
equations in the variables Tj,, r, and V and can be solved if 
initial conditions plus values of T, p, and U as all points 
are known. This is repeated for each drop size present, and 
the results are weighted to give the total evaporation. 

In the second part, the hydrodynamic equations axe solved 
for a specified evaporation profile taken from the results 
of part one. Eqs. 16, 20, 21, and 22 axe solved simultane¬ 
ously, since $(x), qy(x), f(x) are known from the evaporation 
calculation. The boundary conditions for the gas dynamic e- 
quations are given as 

at P=P 0 .T^TjjUsO 


One hundred basic increments were subdivided into a num¬ 
ber of sub-steps that were determined by the slope of the 
evaporation curve. With 10 substeps, satisfactory results 
were usually obtained* Normally, 1000 increments were used, 
unless the liquid temperature changed by more than 50°F in 
an Increment. In this case, the increment size was reduced 
by a factor of 10 for that substep. If the liquid tempera¬ 
ture change was still too large, then the substep was re¬ 
duced by 102, etc. This insured slowly changing integrands 
and provided satisfactory convergence for all cases tried. 


252 



DETONATION AND TWO-PHASE FLOW 


Physical properties, which were needed in computation of Eqs. 
1 -11, were provided by a series of subroutines, using a va¬ 
riety of equations, as well as tables with interpolations. 
Change of any basic equation would require altering the e- 
vaporation subroutine. Change in physical properties, other 
than input quantities, can be made by replacing the appropri¬ 
ate subroutine. 

In the evaporation subroutine, droplet breakup takes place 
according to the Weber number criterion, Eq. 11. 

After computing evaporation, the main program weights the 
results to compute total evaporation at each increment, which 
is part of the input information to the fluid dynamics sub¬ 
routine. 

Eqs. 16, 20, 21, and 22 form the heart of the fluid dy¬ 
namic subroutine. The program uses information given to it 
by the evaporation subroutine to produce a matrix (3 x 100) 
of gas pressure, temperature, and velocity. That is, the 
combustion chamber and nozzle are divided into 100 sections 
(1, 2, 3,«.«, n, n + 1,..., 100). A separate calculation 
is carried out in each section, that is, going from (n) to 
(n + l). 

The area that is available to gas flow A^, Aq + q, is 
calculated by a subroutine program, and the total mass that 
is present at any section is obtained by a function 

program. The subroutine checks the ratio of the terms, i.e., 
<§ / , and if a prescribed limit is exceeded, the step 

size **' 


becomes 


AX ■ 


.AX 




where N may be any convenient number such that J £r-- i- 
Here the primes denote the new coordinate. The computational 
procedure is carried out N times, then the ratio 
checked, and so on* The method of solution consists of as¬ 
suming a T n + i and solving for U n + 1 in Eq. 20. Then 
p n + i may be solved for, knowing the U n + q from Eq. 21 and 
Pa from Eq. 1 6 . T n + q may "be solved for in Eq. 22 and if 


I T ' -T I ^ € €>o 

I **VM *TVH | 
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then it nay he said that the system of difference equations, 
Eqs. 1 6 , 20, 21, and 22, are satisfied. By assuming T n + 2 
in the space calculations, the computations can be continued 
in a similar manner. The superscripts denote iteration num¬ 
ber. Transfer after completion of 100 steps is to the main 
program, -which controls the drop and gas calculation* 

DESCRIPTION OF EXPERIMENTAL APPARATUS 

The first series of tests was conducted with liquid oxygen 
and JP-5A in a 2-in. dism chamber, employing a showerhead 
type of injector and a simple converging-diverging nozzle 
(Pig.l). The only variable in this first series of tests 
was the chamber length; i.e., using the same injector-nozzle 
configuration, and the same propellant flow rates, the 
chamber length was to be varied frcm 8 to 24- in. Therefore, 
the chamber may be composed of one or more sections, depend¬ 
ing on the total length desired. The three basic components 
(injector, chamber, and nozzle) are held together by a me¬ 
chanical clamping arrangement. All components are uncooled 
are fabricated from commercial brass, with the exception 
of the nozzle. This is composed of a graphite linear in a 
brass collar and is also uncooled. A complete description of 
the feed system, control system, and rochet motor can be 
found in Ref.8. 

The design of the nozzle for the steady state program was 
influenced by the future objectives of the laboratory. Among 
these objectives was an investigation of the nonlinear as¬ 
pects of combustion instability. In the theoretical analysis 
of combustion instability, the effect of the Mach number of 
the gases is highly significant, as indicated in Ref.9* 
Briefly stated, if (l-M 2 ) is approximately unity, i.e., if 
M <: 0.2, the mathematical analysis can be greatly simplified 
by means of linearizing assumptions. However, the actual 
problem is nonlinear, and in practice the Mach numbers at 
the nozzle entrance are well above the linear value of 0.2. 
Since the entire steady state program was being conducted as 
a preliminary step to a nonlinear analysis of combustion in¬ 
stability, the nozzle contraction ratio was designed for a 
nozzle entrance Mach number of 0.4-5, based on isentropic flow 
and constant isentropic exponent. 

The verification of the nozzle entrance Mach nuniber re¬ 
quired a measurement of the total pressure at that point. 

This entails designing a probe that can withstand extremely 
high temperatures and an oxidizing atmosphere. A water-film 
cooled graphite probe was developed and employed successfully 
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(FIg.2). The coo l i n g water is sprayed through the prohe body 
into the gas stream at a pressure slightly in excess of the 
gas pressure. Thus, a film type of cooling is obtained. The 
mass flow of water into the chamber amounts to only 1 % of 
the propellant flow. 

The instrumentation necessary for the measurement of 
static pressure gradients in a rocket motor was selected 
after a consideration of several factors: proximity of 
measurements, expected pressure gradient, accuracy, and cost. 
Fig. 3 shows the resulting scanner* 

The scanner permits a single transducer to travel from 
pressure tap to pressure tap and consecutively record the 
pressure at eight different locations in the chamber. The 
pressure scanner consists of three piston and cylinder units* 
Units A and B each contain facilities for measurin g the 
pressure at eight locations, whereas unit C is a hydraulic 
driver* The taps located in the rocket motor are extended to 
the bulkhead of either unit A or B and then to compartments 
formed by the inner cylinder or piston, O-rings, and the 
outer travelling cylinder, which houses a transducer. The 
reciprocating motion of the outer cylinders (which enables 
the transducer to consecutively measure the pressure at ad¬ 
jacent taps in the rocket motor) is governed by a double 
acting hydraulic piston and cylinder, unit C. Provisions 
have been made for varying the speed and length of stroke of 
the unit. In addition, a method of continuously recording 
the exact location of the transducer housing has been de¬ 
veloped. This consists of measuring the voltage drop between 
a moving electrical contact mounted on the transducer housing 
and a flat copper bar mounted alongside the scanner cylinder. 
The copper bar is actually an eight stepped voltage divider. 
The length of each step is equal to the length of the compart¬ 
ments in the scanner cylinder. The distance between steps or 
sections is equal to the thickness of the O-rlngs separating 
the compartments. Each of the copper bar sections is at a 
different predetermined voltage. Therefore, by simultane¬ 
ously recording the output of the transducer and the voltage 
drop to the moving electrical contact, it is possible to 
match the pressure magnitude with the location at which it 
was measured. 

The output of the transducers is recorded on a recording 
oscillograph. In order to obtain maximum resolution, a 
suppressed zero is employed so that only the pressure dif¬ 
ference about a fixed point is recorded. To determine the 
absolute pressure at each port from the records of the 
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gradients requires a measurement of the absolute pressure at 
one point In the chamber* 

Several objections may arise as to the accuracy and appli¬ 
cability of the previously described system for the measure¬ 
ment of pressure gradients in a rocket motor. It is obvious 
that the pressure at each chamber tap is not measured simul¬ 
taneously, but rather there is a time lag between the measure¬ 
ment at successive ports* However, the speed of the scanner 
can be adjusted so that a complete traverse of the chamber 
can be made in one second* Since a normal test firing lasts 
six sec after steady state conditions have been reached, six 
complete traverses of the motor can be obtained in one run. 
Examination of the data indicates that one traverse is identi¬ 
cal to the next, both as to gradient and absolute pressure at 
each port* Thus, it is concluded that once the maximum 
chamber pressure has been reached, the motor operation be¬ 
comes steady unless an Instability arises. 

In spite of the previous remarks regarding the steadiness 
of operation and the reproducibility of gradients on a re¬ 
cording trace during a test run, the pressure at each chamber 
location is not invariant. Under the smoothest conditions 
there is still a good deal of combustion noise present. In 
addition, as pointed out in Refs. 9 and 10, there exists an 
instability regime for any particular oxidizer-fuel ratio of 
a given set of propellants. During the course of the tests, 
rough or unstable operation was encountered on several oc¬ 
casions, particularly with the shorter chambers, ranging in 
length from 8 to 12 in. Further discussion of the occurence 
of pressure oscillations in excess of combustion noise is 
presented in the discussion of experimental results. Despite 
the forementioned comments, it is still possible to determine 
the steady state pressure gradients, where steady state is 
defined as the acverage or d-c level of the transducer output. 

EXPERIMENTAL RESULTS - COMPARISON WITH THEORY 

Steady state pressure gradients were measured in a 2-in. 
diam variable length rocket motor. The first series of tests 
was conducted on a 17-in. chamber length (Fig. 4). Results 
indicate the presence of a steep pressure gradient between 4 
and 10 in. from the injector face. The data indicates that 
a 29 -psi gradient was measured between 1^ in. and 14|; in. 
from the Injector face. This amounts to 17 °/o of the 
pressure measured at the 1^ -in. tap. In the region between 
4 and 10 in. from the injector (3? °fo of the chamber length), 
a gradient of 21 psl was measured. 
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This is equal to 72 %> of the measured total gradient, or a 
somewhat smaller percentage of the gradient obtained hy extra¬ 
polating to the injector face and nozzle entrance* 

The gradient in the remaining portion of the chamber (10 
to 17 in.) is flat: 7 psi in 7 in. It is felt that this 
portion of the pressure drop is due to heat transfer and/or 
friction. The measured ratio of static to total pressure is 
O.915 at the lh'| -in. tap. This corresponds to a Mach number 
of 0.41 for a gas whose isentrqpic exponent is 1.16. The 
value of 1.16 was determined by the thezmochemical equations 
minimization of free energy. The oxidizer fuel ratio for 
this and all subsequent tests discussed in this report is 
2.76 ± 5 % . The total propellant flow is 2.47 lhm/sec ± 

5 %. The O/l? equivalence ratio is O.793. The percentage 
deviation stated in the foregoing does not account for the 
experimental error in a single test, but is due to a vari¬ 
ation in measured flow from one test to another. 

The theory predicted that the main evaporation and com¬ 
bustion of the drops occurred within a fractional section of 
the chamber length. Here the fluid dynamic flow field in¬ 
creased the evaporation rate, which in turn increased the 
velocity field and hence the pressure gradient. 

Typical results of the integration of Eqs. 3, 8, 9, 16, 

20, 21, and 22 are shown in Fig. 4. Curve A is the solution 
for p(x) when the boundary condition for temperature at the 
injector is equal to the flame temperature (5877°R)« Curve 
B is the solution for p(x) when the gas temperature at the 
injector face is 5500°R. Curve B is intended to show the 
effect of incomplete combustion or heat transfer on the 
pressure drop. Curve B allows a greater mass flow through 
the nozzle due to lower chamber temperatures. Jmax = 2.36 is 
the experimentally measured flow rate. 

In order to deter mine the effect of chamber length on the 
position of the steep portion of the gradient (and hence the 
combustion process), the chamber was reduced to 8| in. with 
subsequent tests to be run with chamber length increments of 
2 to 3 in. The gradients obtained in an -in. chamber and 
a 10 1 -in. chamber are presented in Fig. 5* Both curves in¬ 
dicate a continuously increasing gradient over a region that 
extends approximately 1 in. from the injector face to 1 in. 
from the nozzle entrance. It was stated previously that the 
gradient in the 17-in. chamber, Fig. 4, started to decrease 
10 in. from the injector face. As a result of the increasing 
gradient at the nozzle entrance, it is concluded that evapo— 
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ration and combustion of the fuel are not completed in the 
shorter chambers. The theoretical pressure calculation for 
the 8 g -in. chamber is also shown in Fig. 5* This compu¬ 
tation indicated that some combustion in agreement with the 
experimental data was taking place in the nozzle; rather than 
the chamber. 

The experimental results obtained with a 12 5, 15 2 ^ and 
19 i -in. chamber are reproduced in Fig. 7* All three tests 
indicate a decreasing gradient, or point of inflection, ap¬ 
proximately 10 in. from the injector face. The gradient in 
the region of the injector face appears to be steeper in the 
case of the 12^ -in. chamber than in the longer length. This 
would indicate a rapid breakup of the injected jet, and hence 
evaporation and combustion closer to the injector face. 

The above phenomenon (steep pressure gradients at the in¬ 
jector face) is also present, though to a somewhat lesser 
extent, in the 8^ and 10g -in. chambers. The steeper gradi¬ 
ents, indicative of jet breakup and droplet evaporation, are 
attributed to rough or unstable operation. Due to the low 
frequency response of the recording oscillograph, it is not 
possible to quantitatively describe the pressure oscillations. 
However, based on the Relative amplitude of the pressure 
oscillations and the frequency of chamber and nozzle burnout, 
the 12 ^ -in. chamber would be the most unstable configuration. 
The oscillations in the shorter chambers were of a lesser 
degree, whereas the longer lengths exhibited only normal com¬ 
bustion noise. Xt is felt that the increased pressure oscil¬ 
lations in the shorter chambers cause a more rapid breakup of 
the injected spray, resulting in a shift of the combustion 
zone towards the injector face. Previous work done at the 
Propulsion Research Laboratory (ll) discusses, in detail, the 
effect of chamber length and pressure oscillations on liquid 
jet breakup. It might be mentioned at this time that the 
steady state analytical work did not include the jet breakup 
distance. It appears to be a critical factor for the initi¬ 
ation point of the evaporation computation. A fixed value of 
2 in. was used in all computations for qualitative purposes. 

A more complete analysis would be to incorporate a mechanism 
for jet breakup and drop formation. It would appear from the 
results obtained under stable conditions that this 2 in. 
distance is of the right order of magnitude. 

Fig. 8 shows the effect of initial drop radius on the 
position of the pressure gradient in the 15.5-in. chamber. 

The three drop model uses a Rosin-Rammler distribution (12) 
to describe the spray distribution. The small drops, which 
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make up 28 °/ Q of the spray (represented "by the 2 6 \i drop), 
evaporate and combust quickly. The pressure gradient Is thus 
initially steep and results in accelerating the evaporation 
process of the larger drops. The 80|i drop is, thus, com¬ 
pletely evaporated -within the chamber. On the other hand, 
the 100 n model evaporates much more slowly due to the absence 
of this interaction, and so a 15»5-in. chamber is insufficient 
for proper combustion. 

Fig. 9 shows the gas temperature and velocity as a 
function of position in the 1^.^-in. chamber. Fig. 10 shows 
the results of the solution of the differential equations of 
the liquid subsystem for the 15.5-in. chamber. The liquid 
temperature rises rapidly but then remains practically con¬ 
stant throughout evaporation. T /r 0 initially Increases due 
to expansion and then decreases due to evaporation. In this 
case r 0 = .19 x 10“3ft, V Q = 122 fps, and T 0 = 600°B. 

CONCLUSIONS 

The picture is, then, one of slowly evaporating drops 
flowing down a field of gradually increasing velocity until 
a cooperative effect between the drops and flow field causes 
an acceleration of evaporation. In certain cases it has been 
found that if the velocity gradients are really severe, 
shattering of the droplets occurs. This happened in the 
nozzle of the 8-in. chamber. 

When the Weber number is given a value of 100, droplet 
shattering (Fig. 8) occurs in the chamber (dashed curve) and 
drastic ally changes the picture of evaporation. Just as in 
the case of drops in a spray with continuous evaporation, a 
similar effect occurs with breakup. When the drops start 
breaking up evaporation increases very quickly, causing a 
pressure drop with a corresponding increase in the gas ve¬ 
locity. The resulting velocity gradient then increases the 
breakup, etc. The basic difference between continuous evapo¬ 
ration model and the breakup model is the thickness of the 
energy release zone [ WOO = A$>/ ]. 

For a given set of injection parameters under stable 
operating conditions, the results indicate that the steepest 
portion of the gradient, which corresponds to evaporation of 
the major portion of the fuel, is always found in a fixed 
region of the c hamb er, independent of the absolute length of 
the motor. For the tests discussed in this report, the steep¬ 
est portion of the gradient was located between 4 and 10 in. 
from the injector face. Chambers shorter than 10 in. ex¬ 
hibited combustion in the nozzle. It was also found thact 
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rough or unstable operation shifted the gradient. Increasing 
pressure oscillations caused a shift of the steep portion of 
the gradient towards the injector face. 

In conclusion, it appears that evaporation is a proper 
rate contro lling mechanism for the cases Investigated. By 
proper sha p in g of the combustion chamber, the evaporation 
schedule may be extended over the entire chamber length; i.e., 
a pear shape may distribute the energy release pattern $ 
evenly over the entire chamber. An inverse effect may be 
created by introducing constrictions in the combustion cham¬ 
ber to localize combustion by shattering the droplets in a 
high velocity gradient field. 

Finally, it must be observed that the intent of the experi¬ 
mental program was to determine steady state pressure gradi¬ 
ents for verification of the theoretical analysis, and any 
conclusions based on the experimental program alone require 
further substantiation. The analytical work will be extended 
to a nonlinear nonsteady instability analysis using the re¬ 
sults of the present investigation. 
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Fig. 1 Experimental rocket engine 



Fig. 2 Water cooled stagnation pressure probe 
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Fig. 3 steady state pressure scanner 
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X INCHES FROM INJECTOR FACE 


Fig. 4 Steady state pressure history for the 17• 5 in* oc*n- 
hustioa chamber-experimental and theoretical results 



Fig. 5 Steady state pressure history for the 8.375 

10.375 in* and 12.25 in. combustion chambers-experi- 
mental and theoretical results 
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Fig. 6 Differential and integral mass flows for the 8.375 In. 
and 15*5 in. combustion chambers 



Fig. 7 Steady state pressure history for the 12.25 in., 15*5 
in. and 19.25 in. combustion chamhers-experimental 
results 
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Pic 8 Effect of drop size and distribution, on the pressure 
MrtSy of the 35.5 in. conibuutlon ehenber 



Fig. 9 solution of the gaa ajnemlc equations for the 15-5 
in* combustion chamber 
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STEADY-STATE COMBUSTION MEASUREMENTS IN A LQX/RP-1 
ROCKET CHAMBER AND RELATED SPRAY BURNING ANALYSIS 

S. Lambiris and L. P. Combs 

Rocketdyne, A Div. of North American Aviation, Inc., 
Canoga Park, Calif. 


ABSTRACT 

Streak photography was employed for measuring experimental 
axial flow velocities in a transparent two-dimensional rocket 
combustion chamber operated at 300-psig chamber pressure with 
LQX/RP-1 propellants. The highest of these measured velocities 
were found to correspond closely to combustion gas velocity 
along the chamber length. An analysis of fuel spray burning 
was used to show that the lowest measured velocities corre¬ 
spond to what might reasonably be that of the largest fuel 
droplets produced by the initial propellant atomization. 

Volume mean droplet diameters on the order of 80 to 100/A , 
and maximum droplet sizes of 230 to 300 /J- were indicated. 
Deviations between the experimental and calculated velocity 
profiles were found to be greatest near the nozzle end of the 
combustion chamber. Disintegration or shattering of the 
largest propellant droplets, not accounted for in the spray 
burning analysis, is believed to cause these deviations. The 
continued application and refinement of the experimental and 
analytical methods described offers a very effective combina¬ 
tion for developing a quantitative description of liquid pro¬ 
pellant rocket combustion details. 

INTRODUCTION 

The events and processes occurring in the combustion chamber 
of a liquid propellant rocket system during stable, steady- 
state mainstage operation are now fairly well known on a 
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269 



DETONATION AND TWO-PHASE FLOW 


qualitative basis. Quantitative knowledge of the combustion 
details has long been sought, but the environmental conditions 
encountered in conventional rocket chambers present imposing 
difficulties to attainment of precise measurements. These 
conditions are relatively high temperatures (on the order of 
6000° F for LQX/RP-1 propellants), high pressures (20 to 50 atm 
for current high thrust engines), and high flow velocities (up 
to Mach 0.5 at the nozzle entrance). The magnitude of the 
measurement difficulties may be appreciated more fully by con¬ 
sidering that an element of liquid propellant, on injection 
into the combustion chamber, is atomized, heated, vaporized, 
mixed with combustion gases, converted to combustion products 
by chemical reaction, and exhausted from the chamber in times 
on the order of 2 to 5 millisec. 

It is widely recognized that the combustion details need to 
be known quantitatively. Several investigators have attempted 
to develop analytical models to fill this need. Their models 
have shown various degrees of sophistication, but generally 
there has been little good experimental evidence available for 
guiding the selection of a best model or for tuning it up to 
give realistic analytical results. 

In this paper, experimental results obtained by well-known, 
easily used streak photographic techniques are presented and 
compared with analytical results of a fuel spray combustion 
model. 

DESCRIPTION OF TEST EQUIPMENT 
Two-Dimensional Research Thrust Chamber 

A transparent version of a two-dimensional research model 
thrust chamber, as shown in Fig. 1, was employed. The chamber 
is a 1-in. wide diametrical slice of a typical high thrust 
engine without the diverging part of the nozzle. The side 
walls of the chamber are made from Plexiglas 4 in. thick with 
a 0 . 25 -in. pyrex liner protecting the Plexiglas from being 
burned by the hot combustion gases. A steel structural frame 
is designed to provide the required rigidity of the chamber, 
so that operation to 1000-psi chamber pressure can be achieved. 
The entire combustion process is observable except for the 
small areas obscured by the structural members. 

During the tests discussed in this paper, the combustion 
chamber was operated at 300 psig with a 1.6 contraction ratio 
(Ac/A-t) nozzle configuration and a 2.3 mixture ratio r, using 
liquid oxygen as oxidizer for EP-1 (a narrow cut kerosene fuel). 
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Test duration was limited to about 1 sec of mainstage operation. 

A self-impinging doublet injector, shewn in Fig. 2, was 
used. Its design simulates a slice across the face of a 
particular high thrust engine’s 18-ring injector. Counting 
from the outer end of the injector, the first, third, fifth, 
ete. inserts that simulate rings have fuel supplied to them. 

Each is drilled with two 0.089-in. diam holes at 70° angles 
from the face, so that two liquid streams impinge at 40° and 
0.22-in. from the injector to form a more or less flat propel¬ 
lant spray parallel with the chamber walls. Oxidizer supplied 
to the second, fourth, sixth etc. simulated rings had identi¬ 
cal impingement characteristics but from 0 . 113 -in. diam holes. 

A triethyl-aluminum slug ahead of RP-1 flowing through a 
separate ignition system gave hypergolic ignition with a L0X- 
lead start. Thin baffles were welded on the injector body to 
insure combustion stability during the tests. 

Ins trumentati on 


Normal steady-state rocket engine test stand instrumentation 
was used to record chamber pressure., injection pressures, pro¬ 
pellant flow rates,.etc. In addition, several high frequency 
response Photocon pressure transducers were flush mounted at 
strategic locations in the chamber, including one in each 
propellant manifold. The Photocon outputs were recorded on 
IM magnetic tapes for use in cross correlation with photo¬ 
graphic records used mainly in combustion instability studies 
not discussed in this paper. 

The output of one Photocon transducer was also monitored 
electronically for detection of unstable combustion so that 
rapid test termination could prevent prolonged exposure of the 
hardware to damaging instability. 

Equipment for Combustion Photography 

Several Fastax cameras were used for obtaining photographic 
records of the combustion processes in the transparent chamber. 
High speed motion pictures were obtained by using techniques 
described in Ref. 1. The photographs of interest here, how¬ 
ever, are not motion pictures but streak photographs. 

Streak photographs were obtained by using a modified l6-mm 
Fastax camera in either of two ways. The framing prism was 
removed from the camera; its functions then were focusing com¬ 
bustion light on the film and transporting the film. One way 
of taking streak photographs is illustrated in Fig. 3- A 
0.002-in. wide slit was positioned at the film plane, 
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perpendicular to the film edges, so that only a 0.12-in. wide 
strip of the transparent chamber was viewed. In the other 
method, the 0.002-in. slit was left out of the camera, and 
the chamber walls were masked so that the only illumination 
was from a narrow slit in the chamber wall. Typical masking 
is seen in Pig. 1 for a slit parallel with the injector. In 
either case, the cameras were focused on the inside of the 
chamber wall. 

EXPERIMENTAL RESULTS 

The quantitative experimental results discussed in this 
paper were obtained from streak photographs of slits parallel 
with the axis of the chamber and aligned with the injection 
holes that form a fuel or oxidizer spray fan. Some typical 
enlarged streak photographs for slits aligned on an oxidizer 
and a fuel fan respectively are shown in Pig. 4. The 
geometrical details of the visible portions of the chamber 
associated with these photographs are shown in Fig. 3* 

The streak photographs are continuous time records of the 
luminosity emitted from the narrow slits along the chamber 
length. Each luminous trace on the films is approximately 
parabolic and describes the trajectory of a combustion element 
whose emission gave the trace. The slope of such a trace 
represents the local axial velocity of the element as it 
moved along the length of the chamber. 

A large number of luminous traces from the axial streak 
photographs obtained during steady-state combustion in the 
current studies were analyzed, using the following methods. 

For some streaks, selected at random, the axial location in 
the chamber was measured as a function of time with a Vanguard 
motion analyzer that offers a ten to one magnification (film 
to screen) and accuracy of about ±0.001 in. on the film. The 
data thus obtained were either plotted and the slopes reduced 
manually, or a second-degree equation was best fitted through 
the points by means of a digital computer program, and the 
velocities were calculated as a function of chamber length by 
differentiation of the equations. For several other traces 
another method of using the motion analyzer was employed. The 
slopes of many streaks were examined very cursorily at a spec¬ 
ified distance from the injector until a few streaks with 
highest and lowest slopes were isolated. Detailed reduction 
of these streaks then give a good determination of the range 
of combustion element velocities throughout the combustion 
chamber. All methods gave consistent values for the range of 
measured streak velocities. 
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The results of this film data reduction are shown in Fig. 5. 
Films aligned with either a fuel or oxidizer fan gave the same 
maximum value for the axial velocities, whereas the minimum 
values for the traces obtained along a fuel fan were somewhat 
lower, over the first few inches, than those of corresponding 
traces along an oxidizer fan. 

DISCUSSION OF EXPERIMENTS 

Several other investigators (2-6)^ have used similar streak 
photographic techniques to measure the slopes of luminous 
traces, and they have reported that these slopes correspond 
to the local axial velocities of the combustion gases in their 
experimental chambers. Assuming one-dimensional flow and 
uniform propellant distribution, the axial gas velocity in 
steady-state combustion has a single value at any prescribed 
chamber length. In the authors 1 experiments, however, 
measured velocities of luminous traces varied by as much as a 
factor of two at a constant chamber position. If a curve is 
drawn to enclose the experimental velocity points in Fig. 5 
within an upper boundary, that curve does indeed appear to 
represent the local combustion gas velocity along the chamber 
length. This interpretation is strengthened by two facts: 
l) examination of a few streaks at the throat location gave 
experimental throat velocities up to 3400 fps, which is close 
to the 3500 fps sound velocity estimated for throat conditions; 
and 2) the highest velocities measured near the beginning of 
convergence to the nozzle are close to that calculated to give, 
for the experimental contraction ratio, isentropic accelera¬ 
tion to sonic velocity at the throat. 

Accepting that the highest observed streak velocities des¬ 
cribe the combustion gas flow regime, the question immediately 
arises as to what produces the lower velocity streaks that are 
not only present but are quite dominant in the films. The 
obvious answer is that they must represent trajectories of 
burning propellant droplets. But then doubts arise, such as: 
Are they the tracks of very small carbon particles? Are they 
propellant droplets that have collided with and been slowed 
by the chamber wall? Are they simply pieces of molten pyrex 
flowing along the inside wall? 

Some of these questions might be dismissed by observing that 
the velocity data points could be enclosed by a monotonically 
increasing lower boundary as well as by the upper bounding 
combustion gas velocity. To help determine the nature of 
those streaks whose velocities are lower than gas velocity, a 

iNumbers in parenthesis indicate References at end of paper. 
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digital computer program was formulated, as described in the 
following sections, to calculate trajectories of burning fuel 
sprays and their associated velocity distribution along the 
chamber. 

DESCRIPTION OF STEADY-STATE ROCKET ENGINE COMBUSTION 

A description of the current knowledge of the LQX/RP-1 com¬ 
bustion processes will make clear what assumptions may be made 
in formulating a simplified, yet realistic model of liquid bi¬ 
propellant combustion. 

As noted earlier, bipropellant injection with typical high 
thrust engine injectors produces discreet, separate sprays of 
each propellant species. Shear forces imposed on the sprays 
by the combustion gases that fill the chamber result in fairly 
rapid atomization into a dense array of individual propellant 
droplets. Near the injector, the propellants are not usually 
well mixed, so that strong concentration gradients exist across 
the injector face as alternate fuel-rich, oxidizer-rich, fuel- 
rich, etc. regions. This fact imposes an important restriction 
on a one-dimensional combustion model: a well-mixed, one¬ 
dimensional combustion mixture cannot be assumed near the in¬ 
jector. Motion pictures of the propellant sprays taken during 
the transparent two-dimensional chamber tests reported here 
indicate that this important gradient-rich region may be as 
short as 3 to 4 in. It must not, however, be ignored. 

As the propellant spray elements are formed, they are immed- 
ately exposed to very hot combustion gases. Heat transfer from 
the gases to the spray particles (usually assumed to be 
spherical droplets) causes them to vaporize as they move along 
the chamber length. It has been shown ( 7 ) that the combustion 
gases, being in a dissociated state, are reactive with either 
fuel or oxidizer vapors. Furthermore, over a fairly broad 
range of local mixture ratios, the dissociation processes main¬ 
tain the combustion gas temperature at a high value (on the 
order of 5000 to 6000°F for LOX/HP-1 propellants). Thus, a 
one-dimensional combustion model may realistically consider 
the combustion gases to have a constant temperature downstream 
of the short, gradient-rich injection region. Under these 
conditions of high, nearly constant gas temperature, the 
reaction rates are so fast that chemical kinetics need not be 
considered in the formulation of a combustion model (8). The 
rate of propellant burning is thus controlled by the physical 
processes of heat transfer to the propellant droplets, mass 
transfer from the droplets, and mixing of the propellant vapors 
with combustion gases. The spray combustion proceeds then, 
not with a flame front in the usual sense, but with a small 
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flame front surrounding each individual spray element. 

The vaporization rates of "both propellant species must be 
considered in estimating the overall chamber combustion rate. 

It has been shown by Priem (8) that liquid oxygen vaporizes 
enough faster than hydrocarbon fuels that the fuel vaporiza¬ 
tion, rate controls the combustion rate. In his model, however, 
he found it convenient to assume that the equations could be 
written for the fuel spray and that the oxidizer and fuel 
vaporization rates were proportional. This assumption was 
used in developing the combustion model in this paper as well. 

As the combustion gases are generated along the chamber 
length, their velocity increases, as was shown experimentally 
in Fig. 5» The usual simplifying assumption of constant gas 
stagnation pressure (ignoring friction) requires that the 
static pressure and gas density decrease as the axial velocity 
increases. The value of the static pressure decrease in the 
constant area portion of the chamber is small if the contrac¬ 
tion ratio is high enough. For conventional current liquid 
propellant rocket designs with contraction ratios of about 
1 .6, the static pressure decrease is on the order of 10jt or 
less and is usually ignored in combustion models. A further 
assumption that the combustion gases have constant molecular 
weight gives an approximation that the combustion gas density 
is nearly constant throughout the chamber. 

Combustion gas generation is a summation of the reaction 
products of all the individual propellant droplets and pro¬ 
ceeds as far down the length of the chamber as the last 
remaining droplet maintains its identity in a dense (liquid) 
state. If the assumption of constant gas density is valid, 
the rate of gas generation is directly proportional to the 
summation of droplet vaporization rates; also, the magnitude 
of gas velocity at a given chamber length is directly propor¬ 
tional to the total fraction of propellant vaporized at that 
position. 

COMBUSTION MODEL FORMULATION 

The combustion model used for comparison with the experi¬ 
mental velocity profile was designed to take initial conditions 
at some arbitrary distance from the injector face from the 
experimental data. Calculations downstream of that point were 
then carried out to give analytical gas velocity and fuel 
spray droplet trajectories. 

A multidisperse spray of spherical fuel droplets was assumed 
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to be uniformly mixed with combustion gases and oxidizer 
droplets at 3 in. from the injector face (x = 3 in.). The 
volumetric rate of liquid spray passing through that chamber 
cross section is small compared with the volumetric flowrate 
of combustion gases through that section. For the two- 
dimensional chamber test conditions, the spray volume is less 
than 1J6 of the gas volume. It thus appeared reasonable to 
consider each spray droplet burning as an entity without regard 
for interactions with its neighbors. 

The combustion model consists, therefore, of equations ex¬ 
pressing the vaporization and acceleration of single fuel 
droplets, equations describing the number and size of droplets 
that make up the spray, and a continuity equation relating 
overall spray vaporization to combustion gas generation. 

Equations for Single Droplet Combustion 

For steady-state combustion of a single liquid fuel droplet 
in a stagnant oxidizing atmosphere, several investigators 
(9-ll) have found that the droplet ! s size decreases according 
to 

2 2 

D = D - k ! t 
0 


Upon differentiation with respect to time 

dJD k^ 

“ dt = 2D 



Here, k* is a coefficient frequently called the evaporation 
constant. Its value has been shown analytically (9, 12, 13) 
to be controlled by the heat transfer rate from the combustion 
gases (or flame-front surrounding the droplet) to the evapor¬ 
ating droplet surface and/or by the rate of diffusion of 
opposite propellant species molecules toward the flame front. 
An estimate of k* based on the heat transfer alone was found 
to be in good agreement with experimental results at low pres¬ 
sures ( 9 ) and is given by 
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Under forced convective conditions, such as exist in a rocket 
engine, the heat and mass transfer processes, and therefore 
the droplets combustion-rate processes, are speeded up. With 
combustion rate proportional to heat transfer rate, the 
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following relations are derived. 


The heat transfer rate Q to an object immersed in a hot flow¬ 
ing gas is given by 

q = hs At [3] 

The heat transfer coefficient h is related to Nusselt number 
for heat transfer by 

Nu . ® [ 4 ] 

g 


The combustion rate of a liquid fuel droplet in an oxidizing 
atmosphere is equal to the rate of mass decrease of the droplet, 
and since it has been assumed proportional to the rate of heat 
transfer to the droplet for constant droplet density 



\q 


Substituting from Eqs. 3 aad 4 and assuming that for rocket 
engine combustion k and AT are approximately constant 

g 


dD _ 
" dt " 


X-TTk 

g 

3 



where X and are constants. Eq. 5 resembles Eq. 1, which 
describes the free convection case. Since the value of the 
Nusselt number for a sphere in a stagnant infinite medium is 
equal to 2.0, it follows from Eqs. 1 and 5 that 


X’ - 


i£l 

4 


Hence a general relation 

dD _ k ! Nu 
dt ~ ~ 4D 



was arrived at, which describes the combustion of a fuel (or 
oxidizer) droplet in an oxidizing (or reducing) hot atmosphere 
under any flow conditions. 

A commonly used analytical expression correlating Reynolds, 
Prandtl, and Nusselt numbers for a sphere in a convective flow 
field is (14) 
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Nu = 2 + 0.6 (Pr) 1 / 3 (Re) 1 / 2 [ 7 ] 

■whereas a slightly different correlating equation for the data 
■with some additional estimation of the observed spread may be 
found in Ref 15. For rocket combustion gases with hydro- 
carbon-liquid oxygen propellants, the Prandtl number is taken 
as approximately equal to 0.7. Therefore, the relation between 
Nusselt number and Reynolds number is reduced to 

Nu = 2 + 0.53 (Re) 1 / 2 [s] 

It is noted here that if the mass transfer rate was chosen as 
controlling the rate of combustion for the liquid fuel droplet, 
an equivalent dependence of combustion rate on flow Reynold 1 s 
number would result if the Schmidt number were equal to 0.7 
for the combustion gas of the propellants in question. 


The equation of motion of a droplet is determined from the 
aerodynamic drag-force equation 


^4 

m d dt 


CL A p 
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Substitution for m, and A , assuming the droplet is spherical, 
gives 


dV d 3 C D P* V r I V r I 
dt = 4^> d D 



For digital computer input, the appropriate equations were 
generalized for an xfl 1 droplet size group at x inches from the 
injector and were written in difference-equation notation 
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AV 


d = 4 °D 
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Spray Description 

The characterization of a spray depends strongly on the type 
of atomizer that produced it. Fortunately, spray atomization 
by the self-impinging doublet that forms the basic injection 
element of many high thrust liquid engine injectors has been 
carefully investigated by Ingebo at NASA (l6) using liquid 
n-heptane. In his work, the Nukiyama-Tanasawa distribution 
function 


dR b 6 
dD " 120 


exp 




nearly described the nonburning spray from doublets. Ingebo 
found the spray constant b was related to the volume mean 
diameter of the spray by 


b = 





Substituting this relation in Eq. 17, writing the results in 
terms of the n™ size group of a spray composed of j total 
groups, and using difference-equation notation 



A few droplets of very large size will be found in a spray of 
this description. Ingebo observed maximum droplet sizes, how¬ 
ever, which were (l7) approximately limited to 


D 

max 


« 2.9 D, 


30 
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Eqs. 19 and 20 were used to develop fuel sprays for the com¬ 
bustion model calculations. A number j of droplet size groups 
was taken having equal diameter increments AD of ±10/A about 
each D . The number of groups was determined by 


j Ad 


d 

max 



The volume fraction of spray mass ARq in each size group was 
calculated with Eq. 19. All of that volume fraction, for com¬ 
putational convenience, was considered to produce droplets or 
the group ! s mean diameter Dq. The production rate of number of 
droplets Nq having diameter Dn was related to the total flowrate 
of the fuel spray passing through the chamber cross section at 
x = 3 inches by 


6 (A £ ) 3 AB n 



Because a maximum droplet size limitation was put on the spray, 
a small residual volume fraction (AE) r of spray results 

(An) = 1 - £ Ar 

r n=l n 

and has a spray mass flowrate of 

*r = (AE) r M 

th 

This residue was taken as additional volume fraction of the j , 
or largest, size group. Mass fraction distributions from 
Eq. 19 and residues for Unax are shown in Fig. 6 . Eqs. 19-24 
fully describe the fuel spray when values of (mf)^ and D 30 are 
either known or assumed. 



Vaporization Rate Function 


th 

The droplet diameter Dq of the n size group has a decreas¬ 
ing value as the droplets burn. Since a one-dimensional model 
was assumed, is a continuous function of distance from the 
injector x and is denoted by Dnv. The total mass rate of fuel 
spray vaporization between the injector and axial distance x 
is given by 

F = (m ). - —1 N D 3 
x f'l 6 n=l n nx 


N 


280 



DETONATION AND TWO-PHASE FLOW 


After differentiation, the local vaporization rate function is 
given in difference equation notation by 


Af 


JT 

2 


n=j 

Pi ii 


* 2 
N u 
n nx 


Ad 


nx 



since the injection rate is a constant during steady-state 
mainstage combustion. 


Gras Velocity Equations 

Conservation of mass requires that the vaporization rate 
function be related to combustion gas velocity. The assumption 
that fuel and oxidizer vaporization rates are proportional 
gives a linear relationship between gas velocity and the fuel 
vaporization rate function 

V A p - (r + 1) P M 

gx x r x x L J 


or 



3-3 Af 

X 

A p 
x rg 
e x 



for an overall mixture ratio of 2.3 lb LQX/lb RP-1. The rela¬ 
tive velocity between the combustion gases and n th droplet 
group is 



Digital Computer Program 

Eqs. 11-16, 26, 28, and 29 were programmed for solution with 
an IBM 7090 electronic data processing machine. Provisions 
were made for varying the input values concerning spray atomi- 
zation (j, D n5 , N n5 ), velocities of droplet size-groups (V^,), 
evaporation constant (k 1 ), combustion gas viscosity(/J- g) , and 
dependence of the drag coefficient (Cp) on Reynolds number. 
Results printed out at l/8-in. intervals between x =» 3.00 and 
x = 13.00 (the beginning of nozzle convergence) were combustion 
gas velocity, droplet size-group velocities, and droplet size- 
group diameters cubed, as well as the Eeynolds and Nusselt 
numbers of the odd numbered size-groups. 

For all cases computed, the experimental mean fuel injection 
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rate was maintained, and the combustion gas velocity at x = 3 » 
Vg 3 -was set equal to the experimentally determined gas velocity 
at that chamber length. From Eq. 27, the proportion of the fuel 
injection that was vaporized to give that gas velocity was 
estimated. The remainder, 72.5$ for these calculations, was 
assumed to be fully atomized fuel spray flowing through the 
x = 3 section. This satisfied Eq. 25, which requires simply 
that 





The atomization of the fuel spray (mf )3 was prescribed by 
Eqs. 19-24 simply by assuming that AD = 20 fJL and assuming a 
value for D^q. Five spray distributions were employed, as 
tabulated in Table 1. Also shown in Table 1 are the velocities 
assumed for the droplet size groups for most computed cases. 
These values of V n * were obtained by setting j us ^ below 
gas velocity V ax the lowest experimental streak velocity 
for x = 3 (which varied slightly as more and more streaks were 
reduced) and using linear interpolation for velocities of the 
intemediate size-groups. The effect of this arbitrarily 
assumed velocity distribution was examined by computing two 
cases with the extremes of V n3 = 200 and 400 fps for all size- 
groups. 


Best estimates of important properties in the equations were 
made and used for all or nearly all the computed cases. Values 
used for droplet and combustion gas densities were 50.0 and 
0.104 lb/ft-^, respectively. The value of the evaporation con¬ 
stant k* was estimated to be 0.027 cm^/sec from data for 
diethyl cyclohexane droplets burning at 20 to 30 atm in pure 
oxygen (18). Since the range of k 1 reported there was from 
0.020 to 0.040 cm^/sec, two cases were computed with values 
higher and lower than this best estimate. Combustion gas 
viscosity was estimated to be 1.65 x 10~3 poise with an equa¬ 
tion in Ref. 8 for LQX/n-heptane combustion products. Other 
combustion models (e.g., Ref. 8 ) have used viscosity evaluated 
for a mixture of combustion gases and fuel vapor at some mean 
temperature between the droplet surface and combustion gas 
temperatures. V/here&s this approach gives a mean viscosity 
about half that of the combustion gases, it is not as realistic 
as the straight forward use of product combustion gas viscosity 
for the model presented here. This is because the combustion 
parameters that depend on viscosity are here taken from experi¬ 
mental work correlated on the basis of free stream viscosity. 
Two cases were computed with assumed values of gas viscosity 
approximately l/3 and 2/3 of that used for most cases. The 
droplet drag coefficient was obtained as a function of Beynolds 
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number from Refs. 18 and 19- The correlation of Ref. 19 re¬ 
garding accelerating spheres was used for low Reynolds numbers 
and that of Ref. 18 for Reynolds numbers high enough that 
droplet distortion becomes important 

C D = 27 Re" 0 - 84 Re < 80 


= 0.271 Re 


0.217 


80 < Re < 10,000 



To determine whether this distinction between high and low 
Reynolds number is very important, one case was calculated with 
Ingebo’s correlation (l9) for all Reynolds numbers 


C 


D 


27 Re 


-0.84 



A summarization of all the cases calculated is given in 
Table 2. 

ANALYTICAL RESULTS AND DISCUSSION 

The velocity profiles calculated for sprays characterized by 
volume-mean droplet diameters of 65 /X, 80/X , 100 fJL, and 120 jX 
(cases 1 to 4, Table 2) are shown in Figs. 7a through 7d, 
respectively Combustion gas velocity and velocities of 
selected droplet size-groups are shown as functions of chamber 
length. Comparison of these curves with the data of Fig. 5 
makes it very clear that the observed streak trajectories must 
be traces from burning fuel droplets. One such comparison is 
shown in Fig. 8, where the calculated combustion gas velocity 
and 230 ^.droplet velocity from case 2 are shown to fit very 
closely the experimentally observed maximum and minimum velo¬ 
cities over most of the chamber length. 

The possibility that the lowest velocity streaks could be 
those of solid carbon particles cajn be ruled out since such 
particles would be expected to be of the order of 1- to 5-/A 
diam and should move with velocities close to that of the com¬ 
bustion gas. The motion estimated for droplets larger than 
300 fX was appreciably slower than that of any luminous streaks 
observed, and this fact should practically eliminate the 


2 

The spray distribution and combustion of case 1 with Djq = 
65 fX were computed without the D fliax = 2.9 D 30 limitation. In 
plotting Fig, 7& the velocities of droplets larger than 190 fX 
were omitted. 
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possibility that molten pyrex could be responsible for any of 
the observed trajectories since such particles could be larger 
than 300- /X diam. Further, the 2 to 1 range of streak velo¬ 
cities was noted in the very early portion of mainstage opera¬ 
tion, before pyrex melting could have occurred. 

The results of the spray combustion computations were fairly 
sensitive to the fuel spray size distribution. At x = 10 in. , 
for example, approximately 100 fps higher velocities of both 
combustion gas and largest droplets resulted from taking a 20/X 
smaller value of D-jq* Comparison of calculated and experi¬ 
mental velocity results might then give a good quantitative 
description of the fuel sprays in operating rocket chambers. 

How well the spray distribution may be inferred depends, 
though, on how well known the other important combustion param¬ 
eters are and how sensitive the computations are to their 
variation. 

Results of computed cases having evaporation constant varied 
are indicated in Fig, 9, and cases having combustion gas 
viscosity varied are shown in Fig. 10. Cross comparison among 
Figs. 8, 9, and 10 indicates that the calculated spray combus¬ 
tion results are somewhat less sensitive to k* variation than 
to spray atomization changes and are even less sensitive to 
gas viscosity variation. From the cases computed, approxi¬ 
mately equal effects on the velocity profiles may be expected 
to result from a 20^ decrease in D3Q, a 35 $ increase in k*, or 
a 50decrease in /Xg. The calculated responses to these 
changes were very nearly the same for both the combustion gas 
and largest droplets, unfortunately. Had the responses been 
significantly different, it would have been easier to select 
a best-fit combination of values. 

One case was computed in which an assumed change did result 
in significantly different responses of the combustion gas and 
largest droplet size-group velocities. This occurred when the 
droplet aerodynamic drag coefficient was assumed to follow the 
functional relationship of Eq. 31 rather than Eq. 30. As noted 
before, the change in functional form at Re = 80 in Eq. 30 
compensates for a tendency of the droplets to flatten and , be¬ 
come disk-shaped as Reynolds numbers are increased. The cal¬ 
culated combustion gas and largest droplet velocities for 
cases 3 and 10 are compared in Fig. 11. It is readily apparent 
that the values of Cj) expressed by Eq. 30 result in better 
approximations of both the spread and shape of the spray com¬ 
bustion velocity profiles seen experimentally. For that 
reason the functional relation Eq. 30 is recommended for all 
spray combustion model calculations. 
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Variation of the velocity distribution for the droplet size- 
groups at x * 3 was examined in two computation cases, with 
conditions as noted for cases 11 and 12, Table 2. Whereas the 
largest droplet's velocity was calculated to be appreciably 
higher than the experimental minimum for several inches in the 
twelfth case, the values of Vg^ ^ < Wx 13 were on Iy about 
2$ different than the comparable uniformlv distributed velo¬ 
city vs. size-group case (case 3, Table 2). Selected data are 
given in Table 3- It was concluded that the original assump¬ 
tion of uniformly distributed velocities is physically realis¬ 
tic and that the range of velocities calculated will be real¬ 
istic even if the smallest droplet size-groups in the spray 
are actually traveling slower than assumed. 

From the close correlation between particular calculated 
spray combustion cases and the experimental data up to about 
x = 10.5 in., it must be noted that the relatively simply 
spray combustion theory and the associated spray description, 
evaporation coefficient, and drag coefficient give a very 
realistic description of a major portion of liquid bipropellant 
combustion in present day rockets. The primary fuel atomiza¬ 
tion resulting from the particular self-impinging doublet 
injector and injection conditions used appears to be well 
represented by a volume-mean droplet diameter of 80 to 100 
and maximum droplet diameters of 2.9 times that mean diameter. 
The evidence is strengthened by considering values of D30 
predicted by the experimental correlation equation of Ref. 16. 
For the injection conditions used here, but depending on what 
value of gas velocity is assumed for the atomization region, 
values of D30 ranging from 70 to 200 f.I were predicted. 

The value of maximum droplet diameter is an important feature 
of the analytical modeling conditions. It may be questioned 
whether or not it is just fortuitous that using the ratio of 
Dmax/Djo from experiments performed at one atmosphere with 
nonbuming sprays (l6) appears to adequately describe a burn¬ 
ing spray at 20 atm. A criterion for droplet shattering, 
determined from experiments with burning and nonburning drop¬ 
lets at pressures to 30 atm (18), is that We Re / >1 will 
result in droplet disintegration. This criterion was used to 
examine the maximum size data of Ref. 16 and found to be com¬ 
patible (17). Because the relative velocities in the injection 
region of a rocket are variable and indeterminate for individ¬ 
ual droplets, it is not practical to use this concept to pre¬ 
dict an accurate maximum droplet diameter. If, however, the 
maximum diameters indicated to be physically realistic in this 
paper are tested by the breakup criterion, relative gas velo¬ 
cities on the order of 50 to 70 fps are indicated as being 
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responsible for the spray atomization. From Fig. 5, it is seen 
that such relative velocities might easily be experienced by 
individual spray elements up to 2 in. from the injector. 

The rather sizeable deviation between experimental and cal¬ 
culated gas velocity profiles beyond the 10 -in. chamber length 
is believed to be caused by disintegration of droplets there. 
The breakup criterion, Ve Re“V 2 >l, states the conditions 
that will cause breakup but does not indicate how long a drop¬ 
let must be exposed to those conditions before disintegration 
is accomplished. A finite time is known to be required, but 
no quantitative correlation of direct experimental data is 
available. The good fit of the experimental data by a model 
that does not consider breakup (Fig. 8 ) implies that no 
appreciable breakup occurs between attainment of primary atom¬ 
ization in the injection region and approximately the 10 -in. 
length. Comparison of the calculated and experimental rates 
of gas velocity increase, Fig. 12, accentuates the difference 
that apparently exists in that region. 

To provide further elucidation for this case, Fig. 13 and 14 
were prepared from the data of case 2 , Table 2 , from which 
Figs. 7b and 8 were derived. Plotted in Fig, 13 are the cal¬ 
culated percentages of both droplet size-group masses at 3 in. 
which axe still liquid spray further downstream and the rela¬ 
tive masher of droplets remaining in the spray as the smallest 
size-groups bum out. In Fig. 14, the times required for 
selected combustion elements to pass through the constant area 
portion of the chamber or be completely burned are shown. The 
times required for passage from the injector face to x = 3 were 
estimated with linear means between injection velocity and V^-x 
(Table 1 ) for droplets and between zero and V-, for combustion 
gases. 


Of the total number of fuel spray droplets at the x = 3 
section, it is seen that only 20 to 25 J& remain at x = 10 
(Fig. 13). All droplets smaller than 80 /i. have been completely 
burned, and many of the remaining droplets are nearly consumed 
so that the combustion field at the 10 -in. section consists of 
a few fairly large droplets burning rather slowly. This 
accounts for the tendency of the computed combustion gas velo¬ 
city increase rate (Fig. 12) to approach zero asymptotically. 

As seen m Figs. 7b and 14, these large droplets are exposed 
to high relative velocities for longer times than the small 
droplets that are quickly consumed. Apparently, the exposure 
time of the large droplets becomes long enough that they 
gradually disintegrate into smaller droplets. This local in¬ 
crease in number of droplets and droplet surface area results 
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in increased, overall spray combustion rate. The effect is 
clearly shown by Fig. 12 where the rate of combustion gas 
increase may be considered as synonymous with spray combustion 
rate. The effect of droplet breakup apparently starts at 
8-1/2 to 9 in. from the injector. 

To obtain confirmation of this interpretation, desk computer 
calculations were performed to determine what size droplets 
would respond to the gas acceleration in the nozzle convergence 
(Fig. 5) in the same way that the minimum velocities observed 
experimentally did. These calculations indicated that droplets 
larger than 50 LL will move more slowly in the nozzle than any 
of the measured streaks and, therefore, probably do not exist 
there. These data are believed to confirm the conclusion that 
the large propellant droplets are shattered far down the com¬ 
bustion chamber. 

The importance of this secondary atomization on combustion 
efficiency may be seen by comparing the gas velocity with and 
without it (Fig. 13). In the 3 in. of chamber length between 
7 and 10 in. from the injector, the percent of final gas velo¬ 
city increased from 80 to 85^, whereas in the 3 in. between 
10 and 13 in., it increased from 85 to 10C$, which is more than 
a twofold improvement attributed to droplet shattering. 

CONCLUSIONS 

1 Careful reduction of streak photographs, showing the 
luminosity emitted from narrow transparent slits thro ugh liquid 
propellant rocket combustion chamber walls during steady-state 
mainstage operation, reveals useful details of the propellant 
combustion processes. Velocity profiles of the combustion 
gases and largest spray droplets, as well as positions where 
droplet shattering becomes an important process, may be 
determined. 

2 A one-dimensional spray combustion model, based on con¬ 
stant combustion gas temperature and density and fuel vaporiza¬ 
tion rate limited combustion, can come very close to realis¬ 
tically describing a major portion of the propellant combustion 
in a conventional rocket engine using LQX/1RP-1 propellants. 
Appropriate values of gas physical properties, spray droplet 
sizes and distribution, droplet vaporization constant, and drag 
coefficient must be available. 

3 For such a combustion model to be useful in estimating 
combustion efficiency as a function of chamber length, it 
should include a realistic description of droplet breakup. 
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Good quantitative data are not now available regarding the time 
dependence of droplet disintegration. 

4 The combination of experimental streak photography with 
analytical spray combustion calculations provides a very good 
combustion research tool. Continued application and refine¬ 
ment of these techniques is expected to aid greatly in the 
development of a complete, quantitative description of the 
liquid propellant combustion processes. 
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Table 1 Spray Distribution Used in Computations 
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Table 2 Suwiary of Spray Combustion Gases Calculated 


Case 

D 30^ 

k', ca?/uec 

fJLg, poise 

s 
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1 

65 

0.027 

1.65 X io' 7 

Eq. 21 

Table 1 

2 

80 

0.027 

1.65 z IO -7 

Fq. 21 

Table 1 

3 

100 

0.027 

1.65 x in' 7 

Fq. 21 

Table 1 

4 
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0.027 

1.65 x 10' 7 

Eq. 21 

Table 1 

5 
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0.027 

1.65 x 10' 7 

Eq 21 

Table 1 
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1.65 x 10' 7 

Eq. 21 

Table 1 
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100 
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1.65 X 10' 7 

Eq. 21 

Table l 
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100 
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1.00 x 10' 7 

Eq. 21 

Table 1 
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100 
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0.50 X 10' 7 

Eq. 21 

Table 1 
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100 

0.027 

1 65 x 10' 7 

Eq. 22 

Table 1 

11 

100 

0.027 

1.65 x 10' 7 

Eq. 21 

200 

12 
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1.65 x 10* 7 

Eq. 21 
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Table 3 Calculated Velocities of Gases and Selected Size Groups 
for Various Initial Velocity Aasvmptions 
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LOX MANIFOLD 

Injector for two-dimensional research combustion 
chamber 


Transparent walled two-dimensional research 
combustion chamber 


IMPINGING SPRAY ORIFICES 

HYPERGOLIC IGNITION ORIFICES 

















Fig. 3 Streak camera arrangement 
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(b) LONGITUDINAL SLIT ALIGNED WITH FUEL SPRAY 

Tig. 4 Typical enlargements of streak photograph 
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Fig. 5 Velocities derived from streak photographs vs. 
chamber length 



DROPLET DIAMETER, D, MICRONS (/*) 

Fig. 6 Droplet size distribution used in calculations 
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DETONATION AND TWO-PHASE flow 



Fig. 7c Calculated results for various sprays: 
D 3Q = 100 ^’ D max = 



Ql-1-1-»-1---*-* 

0 2 4 6 8 JO 12 * 

CHAMBER LENGTH, INCHES 

Fig. 7d Calculated results for various sprays: 


D J0 - 120 /i. ■ 35°^ 
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CHAMBER LENGTH, INCHES 

. 9 Calculated results for various values of k' -with 


= 100 ftg = 1.65 x lO --5 poise 



CHAMBER LENGTH, INCHES 

Fig. 10 Calculated results for various values of fj. with 
= lOO^tXand k' = 0.027 cm /sec ^ 
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Fig. 1] Calculated results for two different functional 
relationships between Cp and Re number: 

= 100/JL, k» . 0.027 cm 2 /sec= 1.65 x 10 -3 poise 



Fig. 12 Rate of combustion gas velocity increase, experimental 
and calculated: 

Djq = 80^t, k’ a 0.027 cm“/sec, jJL^ = I .65 x 10"^ poise 


J02 





DETONATION AND TWO-PHASE FLOW 



SlildOUa AVHdS JO U38NnN ONV 
3SV3U030 SSVW XSTdOHO ‘AXI0013A SVQ 
~IVlN3WIH3dX3 1VNIJ JO 39VXN30d3d 


505 


Fig. 15 Combustion gas velocities and calculated droplet 
consumption for conditions of best correlatjoii: 

D * 80it, k' ^ 0.027 «Tft w /aec, /x ^ 1.07 x to ** pui*i* 




TIME, MILLISECONDS 
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CHAMBER LENGTH, INCHES 


Fig. 14 Time for combustion elements to flow through chamber: 

O 7 

= 80 fJL, k' = 0.027 cm/sec, - 1.65 x 10 poise 
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APPLICATION OP SIMILARITY PARAMETERS POR CORRELATING 
HIGH FREQUENCY INSTABILITY BEHAVIOR OP 
LIQUID PROPELLANT COMBUSTORS 

Richard J. Priem and Gerald Morrell 

NASA Lewis Research Center, Cleveland, Ohio 


ABSTRACT 

A transformation of the continuity, motion, and energy equa¬ 
tions indicated two parameters, one a measure of viscous dis¬ 
sipation and the other a measure of combustion rate, which 
could he used as similarity criteria. Values of these param¬ 
eters were calculated for a series of hydrocarbon-liquid oxy¬ 
gen combustors by using two different expressions for the 
burning rate, one based on a steady-state vaporization model 
and the other on a process of drop or jet breakup by a shock 
wave. ¥ith both rate expressions, group separation of stable 
and unstable combustors was obtained, and it was concluded 
that the parameters can be used for first-order prediction of 
stability. 

INTRODUCTION 

Recent investigations of combustion instability in liquid 
propellant rocket engines have been concerned with many phe¬ 
nomena that could occur in the presence of pressure and veloc¬ 
ity oscillations. Refs. 1 and 2 discuss similarity parameters 
for rocket engines and show that it is not possible to main¬ 
tain similarity with respect to stability while retaining sim¬ 
ilarity with respect to flow and reaction rate, for example. 
Stability of premixed gaseous combustion systems is treated in 
Refs. 3 and 4, and in Ref. 5 the vaporization rate of a single 
drop in an acoustic field is considered; possible conditions 
for amplification of an initially linear wave are presented. 

In Ref. 6 the combustor is treated as a control loop with a 
pressure dependent time lag that must be determined from sta¬ 
bility limit experiments. 


R.J. PRIEM is Head, Rocket Combustion Section. G. MORRELL is 
Chief, Chemical Rocket Fundamentals Branch, Paper presented 
at the ARS Propellants, Combustion, and Liquid Rockets Confer¬ 
ence, Palm Beach, Fla., April 26-28, 1961. 
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Ir. tni* study tvc similarity parameters vere derived by a 
trojuuVrr^ticn of th* general nonlinear equations of continu¬ 
ity-. a:** sn^r^y with, mass addition. One parameter, a 

if visous iisjipation, is a Reynolds number based on 
svctustic veiici-y in tne combustor; the second param¬ 
eter is a measure of tne heat release rate. Since no linear¬ 
ising assumptions v-jrrc included in the transformation, there 
should ta :*o -at:: i trury limitations on the validity of these 
pr*raaetero aa stability criteria. 

Values of the parameters vere calculated for a series of 
byirocurbon-llquid oxygen rocket combustors. Two different 
expressions for the i;e&t release rate vere used for these cal¬ 
culations: one was based on a steady-state spray vaporization 
model, and tne othtx vas based on a model of drop or jet shat¬ 
tering :y u shoex vu/e. With both rate expressions, group 

tiors of static and "instable combustors was obtained, and 
it V:ic concluded that the parameters are suitable for first- 
order prediction of combustion stability. 


T2JECKY 


Tne rocket combustor is considered here to be a system in 
which propellants are Introduced uniformly at the injector 
boundary# The propellants are assumed to burn at a rate that 
depends on tne position within the combustor. As the propel¬ 
lants turn, rani cm disturbances occur within the combustor, 
and it a disturbance is large enough it may develop into a 
steady-state wave traveling within the combustor. The object 
of this study i 2 to determine a set of parameters that will 
correctly group combustors having the same response to a nor¬ 
mal siistrioution of disturbance amplitudes# 


The flow of 
continuity, zo 
It is iiss'-aed 
spect to the b 
tiens are 


turned gas in the combustor is described by the 
f *ion, uni energy equations with mass addition# 
that the liquid propellant is at rest with re- 
urnei gas. In the notation of Ref. 7, the equa- 


Cortlr/ulty 


- ^ * (pv) + 


til 


Tl.ii equation abates that vithin a volume element fixed in 
space, the sasa of gas changes because of: l) transport of 
muss ty virtue of the hulfc flow; and 2) addition of mass by 
turning# 
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Motion 


^ (pv) = -V • Cpv • v) - gTB - V • T + w [2] 

Here the momentum of unturned material is assumed to he neg¬ 
ligible compared with that of burned gas. The equation states 
that the momentum in a volume element fixed in space changes 
because of: l) transport of momentum by bulk flow; 2) pres¬ 
sure difference; 3) shear stresses; and 4) momentum of gas 
added by burning. 

Energy 


JL (pc T) - -?.(pc v tf) -3v(-Kfa) 


—+ w A - 
g«J 


wc p T - 


WV^ 

2gJ 


Here a constant specific heat and ideal gas behavior have been 
assumed, and the energy of unburned material has been assumed 
to be negligible as compered with that of burned gas. The 
equation states that in a volume element fixed in space the 
energy changes because of: l) energy carried by the bulk 
flow; 2) heat conduction; 3) compression work; 4) viscous dis¬ 
sipation by bulk flow; 5) chemical energy released in burning; 
6) sensible heat of gas added by burning; and 7) kinetic en¬ 
ergy of gas added by burning. 

In this analysis only transverse wave motion in a cylindri¬ 
cal reactor is considered, and the combustor radius R is 
used as a suitable characteristic length. To nondimension- 
alize Eqs. 1, 2, and 3 the following transforms are used: 


t* 

= tVo/R 

P* =* 

p/p 0 

II 

o 

V* - RV 

p* 

-*Ao 

V* = 

v/V 0 w* 

= v/w 0 

T* = 

M 0 V 0 

Z* 

■ z/R 

r* = 

r/R 0* 

= 0/ 2* 


and the following expressions: 



gT 0 ^T 

CVI o 

II 


cp/c v ' 

S y 

= c p T 0 

P 

- p£T 


Cp - c v : 

= a/j 

K x 
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,ar.fi 


c v 


E 1 

Jr - 1 


With the further assumption 
the burned £U3 are constant, 


tha t the physical properties of 
the transformed, equations are 


Continuity 



In tne cylindrical coordinate system these equations involve 
t:!e'elgat variables P*, v*, T», v*, t*. z*, r*, and 6*. An 
additional equation of the type v* - f(v*, T*, P*) would per- 
nit each of the variables ?*, v*, T*, and v* to he ex¬ 
pressed as functions of the time and space coordinates t*, 
o*, r*. an: 9*. 

For the wional equation, the Arrhenius expression for 
the chuxic&l reaction rate is chosen: 


506 



DETONATION AND TWO-PHASE FLOW 


v 0 = kagpgexp(-p/T 0 ) [7] 

where it has been assumed that the concentration of each reac¬ 
tant is proportional to ao. If it is also assumed that the 
local reaction follows the same law 

w = ka n p n exp(-p/Q!) [8] 


then 

w* = a*“p* n exp||^l - [9] 

If the rate of production of reactant is assumed to he con¬ 
stant and equal to w 0 , the concentration may he written as 



[ 10 ] 


and 

•'o 

Substitution in Eq. 9 yields 


w* 







(l - v*) 


dz* 

v* 


[ 12 ] 


With Eqs. 4-6 and 12, the variables P*, T*, v*, and w* can 
be expressed in the following form: 



[13] 


T* = f 2 (t*, . . p) 


[14] 
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[15] 

[ 16 ] 


'•'* 13 {* * * * • *1 -■ j 
v* » f; (t * , * • * , :■ ;• 

Tnuoe ^uatior.;: implv thut :-il combustors having the same 
'•"~1 *•-* 0- l&o/PDVe]. [ -c ' ? - 0 o v 3 j > r, n, and p/^and sub- 

j*ct*l CO the initial conii-ions at t* « 0 are similar; 

that is, ihvy vill e„dJLti\ the -sane time and space histories 
0 * P # , ?*? v # , and v*, The first bracketed term is similar 

to Ifc^lTtl.-cr’s first similarity group except that it is based 
on tne sound velocity rather than gas velocity. The second 
urn in brackets is a Reynolds number based on the sound ve¬ 
locity rather than gut velocity. Furthermore, since y, n, 
dnu -a> are usually functions of the propellant alone, the two 

-^rmc | Rv 0 /d 0 7 d | an. | u Ci /Ho 0 V 0 J are sufficient for compar¬ 
ing combustors operating with the same propellant system. For 
example, if a combustor having certain values of these terms 
ami 0 uejected to a normal distribution of disturbance ampli¬ 
tudes at t* » 0 is unstable, any other combustor operating 
on the same propellants and subjected to the same initial con¬ 
dition should also tit unstable if it has the same values for 
the two terms given in the foregoing. 


For calculations based on the usual rocket combustor vari¬ 
ables, it is convenient to transform the forementioned terms 
by applying the following expressions: 





I 


Var^T Q 



«*■ Ag/At 


v o 


m 


v 

Ac 


s*rr 0 


Po* r D 




DETONATION AND TWO-PHASE FLOW 


and 


/ Ek 

p 0 KT 0 EP 0 g }j \r -i) L3J 

For given propellants, only the terms if and Jf need he con¬ 
sidered 


(o _ Bm 
* = 

y = ^° c * 
^ bp oS 


[19] 

[ 20 ] 


In the following, if is referred to as the burning rate pa¬ 
rameter, and J is referred to as the viscous dissipation pa¬ 
rameter. By examining its influence in Eqs. 4-6, if can be 
thought of as a measure of the energy that could be added to 
a wave, and, similarly, J can be considered a measure of the 
energy that could be removed from a wave. It might be ex¬ 
pected, therefore, that stability will be increased by an in¬ 
crease in f and a decrease in S?. 

CORRELATION OF COMBUSTOR STABILITY 


To test the similarity hypothesis outlined above, the values 
of if and f were calculated for a series of hydrocarbon- 
liquid oxygen rocket combustors.^ In performing such calcula¬ 
tions, the values of R, sf, and P 0 are either known or 
specified, the value of (i 0 can be estimated for known oper¬ 
ating conditions, and the value of c* is either measured or 
can be calculated by assuming chemical equilibrium in the com¬ 
bustor. Only the calculation of m is not straightforward 
and requires the specification of a model for the rate process 
that is subjected to an initial disturbance. In this study 
two models were considered: a steady-state vaporization model 
and one based on jet or- drop shattering by a shock wave. Of 
course, other processes might have been tried, e.g., turbulent 
mixing, chemical reaction, or liquid mixing, but previous re¬ 
search indicated that the ones chosen had a higher probability 
of success. 


-4Che data for these values were supplied by the Rocketdyne 
Division of North American Aviation Inc. Additional data on 
these combustors were supplied by the NASA George C. Marshall 
Space Flight Center. 
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Steady-State Vaporization 

Previous theoretical and experimental studies ( 8 - 12 have 
indicated that during steady-state operation, propellant va¬ 
porization is the rate controlling process in a rocket com¬ 
bustor. By making the assumption that the atomization process 
is unaffected by the random disturbances prior to unstable 
combustion, the results of Ref. 8 can be used to determine the 
burning rate near the injector where a wave is most likely to 
be driven. For this purpose, the average rate corresponding 
to 505t vaporization appears to be appropriate, and a correla¬ 
tion of the calculated drop histories of Ref. 8 yields the 
following expression! 


mi 



jr(p 0 /3oo)°* 5 


0.3 


(1 - T r ) 


0.2 



[ 21 ] 


where Jt 9 a correlation constant, is 0.276 for hydrocarbons, 
0.257 for ammonia, 0.180 for hydrogen, 0.65 for oxygen, and 
0.58 for fluorine, and mi is the vaporization rate of oxi¬ 
dizer (i = 0) or fuel (i = F), where the vaporization rate has 
been assumed equal to the burning rate. The total burning 
rate is determined by assuming that combustion takes place at 
the stoichiometric mixture ratio ($ 0 /#]?)^ 80 



based on fuel vaporization rate, and 



m F 


TO 


[22] 


[23] 


baaed on oxidant vaporization rate. 


^Numbers in parentheses indicate References at end of paper. 
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With Eqs. 21 and 22 or 23 the burning rate, and f were 
calculated from the hydrocarbon-oxygen combustor data men¬ 
tioned previously. The resultant f - <£ plot is shown in 
Fig. 1. The value of |i 0 was calculated by the viscosity 
equation for heptane-oxygen combustion products given in 
Ref. 8, p. 52. The average combustion temperature and char¬ 
acteristic velocity were assumed to have their theoretical 
values of 6400° R and 5900 fps, respectively, for a mixture 
ratio of 2.4. The value of % was obtained from injector 
jet diameter by using Fig. 32 of Ref. 8. Where the injector 
design involved more than one jet size or impingement pattern, 
an average ^ was computed based on the fraction of to tal 
injection area for each jet size or impingement pattern. 

The plot of Fig. 1 shows a clear group separation of 

stable and -unstable combustors. A 45° straight line was arbi¬ 
trarily drawn for the boundary between the groups, as it 
seemed logical that the viscous damping parameter required to 
maintain stability should increase directly with the burning 
rate parameter. 

Qualitatively, the distance of a point from the line of sep¬ 
aration appears to be a measure of the stability of the corre¬ 
sponding combustor. The occurrence of instability appears to 
be a statistical phenomenon, however, probably related to the 
random nature of the initiating disturbances, since all the 
stable combustors exhibited a small percentage of unstable 
runs and all the combustors in the unstable group exhibited 
varying percentages of stable runs. Because of this statis¬ 
tical behavior and the limited number of tests of the two 
stable combustors in the unstable region of Fig. 1, it is not 
possible to state whether these represent the same degree of 
instability as the other members of the group. 

Jet or Drop Shattering by a Shock Wave 

Recent research (e.g.. Refs. 13-15) has laid the foundation 
for quantitative prediction of the breakup times of drops and 
jets subjected to shock waves and of the threshold value of 
disturbance required to initiate shattering. The evidence in¬ 
dicates that burning drops behave in the same way as nonburn¬ 
ing drops (14) so that it appears reasonable to investigate 
the influence of liquid disintegration on combustbr stability. 

The model chosen assumes that a disturbance, approximated by 
a shock wave, initiates a breakup process of the jets or drops 
and that the fine spray produced burns instantaneously as com¬ 
pared with the burning rate of the original liquid mass. The 
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turning raw jf elttwr fuel or oxidant nay then he expressed 

•J*U 


m* = l/t' c V* [ 24 ] 

vaer* t Ci is thy tint; for complete disintegration behind the 
shock wavs, and vi is Jet velocity or drop velocity, assumed 
equ»1 in this analysis. For simplicity, only the fuel breakup 
was considered, and ty the same analysis as was used in the 
previous section it can os shown that 



Consequently, the timing rate parameter becomes 



For given combustor design and operating conditions, there¬ 
fore, evaluation of St reduced to an evaluation of jet or drop 
breakup time. 

A theoretical relation among breakup time twave action 
time tr., and Weber number for the breakup of a jet behind a 
shock wave is presented in Ref. 15 and is shown to agree rea¬ 
sonably with experimental values of tj>. In the absence of 
knowledge about the magnitude of the initial disturbance, the 
threshold value was assumed, in which case a unique relation 
between V D and t a is obtained, as shown in Fig. 2. The 
value of tfc should be some fraction of the period of the 
particular mode of oscillation being considered. In this 
analysis it was chosen to be equal to the calculated period of 
the transverse mode of oscillation. Fig. 2 may also be used 
for drop breakup, since the expression derived in Ref. 16 for 
the breakup time of drops is quite similar to that of Ref. 15. 
The fundamental natural periods of drops and jets are given in 
Ref. 17 as 
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[ 27 ] 


[28] 

for a drop, where pj is liquid density, A, is radius, and 
a is liquid surface tension. 

With "breakup times obtained from Fig. 2 for the same combus¬ 
tors as were considered in the previous section, / - ££ plots 
were prepared on the basis of jet and drop breakup and are 
shown in Figs. 3 and 4, respectively. For Fig. 4 the mass 
median drop size >%, obtained as described previously, was 
chosen to represent the spray. 

Both plots show clear group separations between stable and 
unstable combustors, quite similar to that shown in Fig. 1. 

The lines of separation are again arbitrarily drawn 45° lines. 

It is not possible from Figs. 3 and 4 alone to decide 
whether drop or jet shattering is the appropriate initiating 
mechanism for instability. It might be expected, however, 
that if shattering did occur, the H£ values should be much 
larger than those corresponding to steady-state vaporization 
(Fig. l), and on this basis Fig. 4 appears preferable to 
Fig. 3 as a stability correlation. 

CONCLUSIONS 

On theoretical grounds, since both proposed mechanisms give 
equally good group correlations, it is not possible to decide 
which is a better description of the actual process leading to 
growth of a disturbance in a liquid propellant rocket combus¬ 
tor. The qualitative success of a mechanistic approach to 
describing combustion stability indicates the types of re¬ 
search that should be pursued. The rate processes considered 
here, as well as others, e.g., chemical reactions, turbulent 
mixing, spray formation, and liquid mixing, deserve intensive 
study to establish quantitative steady-state and transient 
rate laws. Numerical solutions of the nonlinear mass, momen¬ 
tum, and energy equations should be pursued with assumed mech¬ 
anisms to provide u sound basis for experimental work. 



For the designer, the correlations represent a first step 
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toward a priori criteria for combustion stability. When es¬ 
tablished by application to physically similar systems, the 
correlations provide a guide to the effect of proposed design 
changes on the stability of the resultant system. 

ITOMCMTURE 

a » mass fraction of reactant, dimensionless 
Ac ® cross-sectional area of combustor, in. 2 
At « cross-sectional area of nozzle throat, in. 2 
j/ « contraction ratio Ac/At, dimensionless 
Cp a specific heat of gases at constant pressure, Btu/lb-°R 
c v = specific heat of gases at constant volume, Btu/lb-°H 
c* a characteristic exhaust velocity, ips 
f() a function of parameters within (), dimensionless 
g a acceleration due to gravity, 386.09 in./sec 2 
J « mechanical equivalent of heat, 9339.1 in.-lb/Btu 
f a viscous dissipation parameter p, 0 c*/RP 0 g, dimensionless 
K a thermal conductivity of gases, Btu/in.-sec-°R 
=* proportionality constant, dimensionless 
k » pre-exponential constant in Arrhenius equation, sec~ n 
L 50 =» length required to vaporize 50# of the propellant, in. 
J2f = burning rate parameter Rm/j/, dimensionless 
m a fractional burning rate of propellants per unit length, 
in.*"^* 

n a exponent in Arrhenius equation, dimensionless 

P a pressure, lb/in. 2 

R a combustor radius, in. 

r = radial distance from axis of combustor, in. 

3t ** specific gas constant, in./°R 
n, « radius of liquid drop or jet, in. 

% a mass-median drop size from Pig. 32 of Ref. 8, in. 

T « temperature, °R 

T c a critical temperature, °R 

Tio « initial propellant temperature, °R 

T±. a reduced propellant temperature Ti 0 /T c , dimensionless 
t a time, sec 

t a = wave action time for drop or jet breakup, sec 
tfc = breakup time, sec 

g” m natural period of oscillation for jets or drops, sec 

V « speed of sound in gases, ips 

v « gas velocity, ips 

vj « velocity of drops or jets, ips 

w « burning rate, lb/sec-in.3 

w a propellant flow rate, lb/sec 

z » axial distance from injector, in. 

(3 a activation energy function in Arrhenius equation, °R 
T 53 specific heat ratio Cp/c v , dimensionless 
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9 = angular position, radians 

X = heat of combustion of propellants, Btu/lb 

|j. = gas viscosity, lb/in.-sec 

p = gas density, lb/in. 3 

Pj *» liquid density, lb/in. 3 

a = liquid surface tension, lb/sec2 

T = stress tensor (p. 89, Ref. 7), lb/in.-sec^ 

Subscripts 

F - fuel 
o ■ average value 
0 = oxidant 

st =* stoichiometric 

Superscripts 

* = nondimensional transformed variable 

-*• a vector quantity 
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BURNING RATE PARAMETER RmAiA 

Pig. 1 Stability plot based on steady-state propellant vapor¬ 
ization 



RECIPROCAL NON-DIMENSIONAL ACTION TME.T/ZrU 

Pig. 2 Plot of maximum breakup time as a function of vave 
action time 
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VIBRATION AND COMBUSTION INVESTIGATION 
OF THE IR99 ENGINE 

Mario J. Luperi and Sanford J. Tick 

Thiokol Chemical Carp., Reaction Motors Division, 
Denville, N. J. 


ABSTRACT 

The inherent combustion stability aspects of the IR99 engine 
injector thrust chamber configuration sure presented. The lit99 
engine spherical-type combustion section geometry, which i3 a 
radical departure from conventional engine design, is shown to 
provide good attenuation of acoustic pressure oscillations and 
a high degree of damping of induced combustion disturbances. 

The random occurrences of amplified vibrations experienced with 
the IR99 engine are shown to be a direct result of resonance 
with the airframe thrust mount at a known acoustic mode of the 
thrust chamber. By means of experimentally induced combustion 
oscillations, evidence was obtained demonstrating that combus¬ 
tion oscillations can be isolated from the airframe thrust 
mount structure. 

INTRODUCTION 

The IR99 engine is a man-rated, throttling rocket engine of 
50,000 lb sea level thrust operating on liquid oxygen and an¬ 
hydrous liquid ammonia (Fig. l). It is used to power the X-15 
aircraft. The engine is described in detail in the literature 
( l , 2).1 

The LR99 is the only operational rocket engine of its size 
in the country which fully meets the stringent requirements far 
manned aircraft safety as outlined in military specification 
MIL-E-5149. In addition to the man-rated requirements, the 


M.J. LUPERI and J.S. TICK are Senior Engineers in the Thrust 
Chamber Section of the Engineering Services Department, Thiokol 
Chemical Corporation, Reaction Motors Division, Denville, N.J. 
Paper presented at the ARS Propellants, Combustion, and Liquid 
Rockets Conference, Palm Beach, Fla., April 26-28, 1961. 

1Numbers in parentheses indicate References at end of paper. 
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IR99 engine has successfully demonstrated such significant 
capabilities as throttleability, multiple restart, operation 
over a broad environmental temperature range, imposed accelera¬ 
tions up to 9,5 gj operation in any attitude, and a service 
life of one hour comprising 100 firing cycles. 

The man-rated requirement was one of the major concerns in 
the development of the IR99 engine, since this necessitated an 
engine system designed to prevent hazardous failure of the en¬ 
gine in the event of any single malfunction condition. Since 
almost all other large rocket engines have been plagued by de¬ 
structive combustion instability, it was evident that particu¬ 
lar attention would have to be paid to the design and develop¬ 
ment of a stable combustion chamber in order to achieve the 
required safety for this application to a manned vehicle, 

A majority of the large rocket engines in operation or under 
development have a typical combustion chamber configuration 
that closely resembles a closed cylinder, that is, a cylindri¬ 
cal combustion zone, a flat injector surface and a chamber 
contraction ratio on the order of two. It has been recognized 
in recent years that unstable combustion pressure oscillations 
are acoustic in nature and that a cylindrical type of combus¬ 
tion chamber geometry increases the probability of these os¬ 
cillations. Costly and time consuming programs have been con¬ 
ducted in efforts to solve the combustion instability problems 
that have occurred in many of the large rocket engines using 
cylindrical type combustion chambers. 

Since the man-rated philosophy of the 11199 engine was strong¬ 
ly depended! on combustion safety criteria, careful considera¬ 
tion was given tos 1) the design of an injector-combustion 
section geometry that would provide good attenuation of acous¬ 
tic type combustion pressure oscillations; and 2) optimization 
of the distribution and staging of the injected propellants to 
achieve reliable and stable ignition. To implement these two 
considerations, the RMD approach in the design of the IR99 in¬ 
jector-combustion section geometry was to minimize cylindrical 
surfaces and to use a hemispherical headed injector surface 
(Fig. 2) in conjunction with a centrally located igniter that 
fires throughout the run. 

The hemispherical head injector directs the injected propel¬ 
lants into the igniter flame, thereby achieving reliable 
main stage ignition and stabilization of the flame front. Tt 
also provides a degree of distribution of injection along the 
length of the chamber. The curved injector surface serves to 
scatter, and thereby prevent amplification of, reflected 
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acoustic pressure waves that may occur as a result of any in¬ 
duced combustion disturbance. A large radius at the throat 
entrance section also provides a reflective surface that scat¬ 
ters acoustic pressure waves. A moderately large contraction 
ratio (ratio of chamber area to throat area) of 4 is used to 
attain the desired L* with essentially no cylindrical section. 
Nevertheless, it was recognized at the outset of the engine 
program that the engine would probably provide significant vi¬ 
brational outputs at thrust chamber acoustic modes. The cal¬ 
culated frequencies were set forth in the engine model specifi¬ 
cation. These values were 132 cps, 1630 cps, 1680 cps, 2790 
eps, 3500 cps, and 3840 cps. 

This paper summarizes the development experience of the IR99 
engine injector thrust chamber configuration in regard to com¬ 
bustion stability and presents the results of an experimental 
program that confirmed the inherent combustion stability of the 
IR99 flight type of injector tiirust chamber configuration. 

SUMMARY OF IR99 INJECTOR TEST EXPERIENCE 

Flat Plate Multispud Injector 

The initial design of the hemispherical injector was of the 
"spaghetti* type. Fabrication difficulties encountered with 
units of this type, however, led to its abandonment in favor 
of a multispud arrangement. Design and procurement of flight 
type of injectors of this configuration were initiated. To 
reduce lead time so that engine testing could proceed, however, 
a workhorse flat plate multispud injector was used. This unit 
incorporated the same number, 18, of propellant injector spuds 
as the hemispherical injector designed for flight engines, but 
they were arranged in a plane normal to the axis of symmetry 
of the chamber. A short cylindrical section in the flat plate 
injector was used to obtain the same combustion volume as with 
the hemispherical design. 

Testing experience with the flat plate injector revealed a 
marked tendency towards combustion instability. Test runs 
often resulted in severe erosion of both the injector and 
chamber. The pattern of the erosion was indicative of a trans¬ 
verse type of combustion oscillation. The cases of destructive 
instability experienced with the flat plate injector substan¬ 
tiated the basic HMD philosophy that flat injection surfaces 
are undesirable in large rocket engines. Because of the de¬ 
structive effects produced by unstable operation of this in¬ 
jector, it was decided to use only hemispherical head injec¬ 
tors for further testing. 
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Hemispherical Flight Type of Injector 

During the initial testing of the hemispherical head multi- 
spud injector, random occurrences (2 to 1 $ of total engine 
runs) of severe vibration, resulting in structural damage to 
the injector, were encountered. Accelerations recorded when 
the vibration phenomenon appeared during the start transient 
were as high as 500 g. The nature of the damage to the injec¬ 
tor, and the circumstances that accompanied it, led to the pre¬ 
liminary conclusion that the vibration was initiated by un¬ 
stable combustion, which, in turn, was initiated by an injector 
failure. It was noted, however, that there was neither erosion 
of xhe injector or thrust chamber nor other evidence of ex¬ 
tremely high rates of heat transfer. In this important respect, 
experience with the hemispherical injector differed from that 
with the flat faced unit as well as from that reported by most 
other agencies in connection with combustion instability. 

VIBRATION INVESTIGATION 

Establishment of Hypothesis 

In order to permit the continuation of testing while mini¬ 
mising the danger of excessive loss of hardware, a device for 
automatically shutting down the engine on the initiation of 
vibration was installed on all units. By this means, it was 
learned that severe vibration could take place without damage 
to the injector. At this point, structural failure was elimi¬ 
nated as & contributory cause and recognized to be a result. 

An investigation to determine the actual source of the diffi¬ 
culty was started. 

If it is assumed that a chamber pressure oscillation occurs 
with an amplitude of zero to 100 % of the mean chamber pressure 
at the maximum thrust level, the resulting maximum accelera¬ 
tion of the engine mass (*>✓900 lb) will be 55 g. Thus, the 
extremely high accelerations (up to 500 g) measured during 
vibration indicated either that the corresponding thrust os¬ 
cillations were several times full scale or that amplification 
through mechanical resonance was present. Since the latter 
appeared to be more likely, it was hypothesized that the phe¬ 
nomenon was comprised of two components, namely a triggering 
mechanism and an amplifying device. The program, was, there¬ 
fore, directed at identifying these two components. 

Search for the Triggering Mechanism 

It was readily recognized that the triggering mechanism was 
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associated with the combustion process, since this was the only 
source of high energy. Acoustic pressure oscillation inodes 
are inherent in all rocket engine combustion processes. These 
acoustic oscillations, when sustained and amplified by some 
feedback mechanism, usually produce combustion pressure oscil¬ 
lations, severe vibration, and destructive erosion of hardware. 
A means of deliberately initiating combustion oscillations was 
first sought. 

Pulsing Techniques 


It was decided to attempt to induce combustion instability 
by using pulsing techniques. This approach is not new. It 
has, in fact, been used with considerable success by several 
other agencies (3,4,5). 

The following methods were used in the LR99 programs 

1 Pyrotechnic squibs (7 to 124 grains) fired both radially 
and tangentially through ports located at the chamber periphery 
(Fig. 3). 

2 Nitrogen gas at 1500 psig injected across the face of an 
injection spud through a tube installed through a port in the 
chamber wall (Fig. 4). 

3 Cartridge cases (0.38 caliber) loaded with 10 and 13 
grains of high explosive powder and fired across an injection 
spud (Fig. 5). 

Experience with the engine had shown that damage resulting 
from vibration could be avoided if shutdown were initiated 
when accelerations of 70 g or greater persisted for 50 milli- 
sec. These limits were established as defining a rough opera¬ 
tion for the purposes of the vibration Investigation. 

The attempts to initiate combustion instability by means of 
pulsing met with very little success. In 18 runs with the 
pyrotechnic squib, for example, not only were there no rough 
operations, but also no measurable disturbance rate occurred. 
When nitrogen gas was used in 46 runs, a measurable disturb¬ 
ance rate (Fig. 6) was experienced in 12 runs (36%), but there 
were only three rough operations (7%). It was only when pulses 
were used In combination with a main propellant fuel valve lead 
(an abnormal condition for the engine) that a measurable dis¬ 
turbance was noted in a significant percentage of the runs. 
Thus, in 37 runs made under these conditions (26 using nitro¬ 
gen gas plus fuel valve lead and 11 using cartridge plus fuel 
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valve lead), there was a measurable disturbance rate in 23 
cases (62$)o In spite of this, however, there were only five 
rough operations (14%). 

In addition to the low incidence of rough operations experi¬ 
enced during this program, it should be noted that the exter¬ 
nal pulse energy required to initiate a combustion disturbance 
was 25 times as great as reported by other agencies using 
similar techniques• In view of these results, it can only be 
concluded that the configuration of the LR99 combustion cham¬ 
ber is inherently very stable. Furthermore, since other 
agencies have reported much higher rates of combustion dis¬ 
turbances produced by external pulses of relatively low energy, 
it must be assumed that the combustion chamber configurations 
tested were inherently unstable. 

Search for the Amplifying Device 

When the hypothesis was advanced that a mechanical resonance 
in the system was serving as the amplifying device that caused 
the extremely high vibrational accelerations measured on the 
engine, a program to determine the source of the resonance was 
started. Several factors directed specific attention to the 
•thrust mount, which is supplied by the air frame manufacturer. 
This unit is obviously In a very critical position with regard 
to mechanical vibration. It is a truss-like structure con¬ 
sisting of long, slender tubes that would tend to have well 
defined natural frequencies of relatively small magnitude. It 
was used in all tests that resulted in severe vibration. 

During rough operation, the predominant vibration and com¬ 
bustion frequency was 1600 to 1650 cps. The calculated first 
transverse acoustic combustion mode of the chamber Is 1630 cps. 
Calculations also showed that several tubular members of the 
air frame thrust mount had natural frequencies very close to 
1600 cps. A complete engine, with the thrust mount, was sub¬ 
jected to a series of vibration tests. These showed conclu¬ 
sively that the mount was in resonance at 1600 cps and that, 
as a result, accelerations on the engine were amplified by a 
factor of ten as compared to the input accelerations to the 
mount. 

Having identified the amplifying device in the system, it 
was now necessary to eliminate it and evaluate the effect by 
firing tests. Two approaches were considered, namely, install¬ 
ing vibration Isolators between the engine and the air frame 
thrust mount and changing the natural frequency of the mount 
members. The former course offered the advantages of fewer 
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changes and shorter time required. A set of isolators, not 
suitable for flight use because of space requirements, was pro¬ 
cured and installed on a test engine (Fig-, 7). Vibration tests 
revealed that the transmissibility (output acceleration/input 
acceleration) was approximately 20$ in the range of frequen¬ 
cies from 1500 to 1700 cps. This compares with the amplifica¬ 
tion factor of 10 at 1600 cps without isolators. 

Firing tests, with the isolators installed on the engine, 
were now made. The first portion of this program consisted of 
200 runs with the normal starting sequence of the engine. Not 
a single vibration shutdown (i.e„, rough operation) occurred. 

Additional tests were then conducted. Deliberate attempts 
to induce vibration were made. Main propellant fuel valve 
lead was used for this purpose, since it had been learned that 
this condition was more conducive to rough operation. Although 
the results of this part of the program were somewhat incon¬ 
clusive, they did demonstrate the desirability of incorporat¬ 
ing vibration isolators in the design of the air frame thrust 
mount. In 25 runs without isolators and with a six degree fuel 
valve lead, vibration accelerations as high as 430 g occurred 
in 10 cases. With the isolators installed, and still retain¬ 
ing the fuel lead, accelerations were considerably lower. 

Four runs were made under these conditions. The maximum ac¬ 
celeration was 150 g in one case. In all other cases, it was 
lower but still not eliminated. This is understandable since 
the transmissibility of the isolators used was still 20$ as 
noted above. 

Further efforts to eliminate the mechanical resonance that 
can lead to destructive vibration are required. The airframe 
manufacturer has designed a flight type of vibration isolator. 
This will be evaluated in the near future. An attempt to de¬ 
tune the thrust mount has also been initiated by the airframe 
manufacturer. 

ANALYSIS OF CHAMBER PRESSURE AND VIBRATION DATA 

High frequency response 10,000 cps) chamber pressure 
measurements were taken during this program to substantiate 
the fact that an acoustic pressure oscillation was exciting 
the resonant frequency of the thrust mount structure. 

Fig, 8 shows a typical chamber pressure trace for a rough 
operation. Fig. 9 shows the wave form and phase relationship 
of the chamber pressure oscillations for a rough operation. 
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During rough operation, the predominant combustion and vi¬ 
bration "frequency was 1600 to 1650 cps, with an attendant har- 
ronis frequency of 3200 to 3300 cps with an amplitude of - 10? 
of the mean charter pressure. The maximum vibration levels re¬ 
corded during rough operation were on the order of 70 to 500 g. 
Curing rough operation the amplitude of chamber pressure oscil¬ 
lations were on the order of ± 50* of the average chamber pres¬ 
sure and the oscillations persisted during the programmed dura¬ 
tion of the run. 

It is significant to note that the amplitude of the chamber 
pressure oscillations never were greater than - 50? during 
rough operation. This nondi7erging characteristic of the pres¬ 
sure oscillation confirms the attenuating aspects of the IR99 
injector thrust chamber configuration. 

In every rough operation, the thrust mount vibration fre¬ 
quency corresponded to the carbustion frequency. The thrust 
mount vibration levels were on the order of 2 to 3 times higher 
than the engine vibration levels. However, when isolators were 
installed between the engine and the thrust mount, the absolute 
value of the engine vibration level was reduced by 60? ever vi¬ 
bration levels observed without isolators. These data indicate 
the coupling of thrust mount resonance with an acoustic combus¬ 
tion mode and confirm the amplifying feedback characteristic 
from the thrust count to the engine. 

Examination of the chamber pressure data reveals that the 
rough operations exhibit a transverse type of pressure oscil¬ 
lation as evidenced by the symmetrical type of combustion pres¬ 
sure waves and the wave phase relationship (Fig. 9). The iden¬ 
tification of the transverse wave form has been made by many 
investigators (3 to 11). The longitudinal mode is probably 
very difficult to excite because of the scattering of pressure 
wave reflections from the curved surfaces of the nozzle and in¬ 
jector. 

As noted earlier, during development testing with flat face 
injectors in which rough operations were experienced, severe 
injector burnout occurred (face erosion and chamber barrel 
erosion). The pattern of erosion was believed to be indicative 
of a transverse type of combustion oscillation. There is no 
evidence of any eroeion with the present hemispherical headed 
injector as a result of combustion oscillations during any 
rough operations. This can probably be attributed to the 
curved injection and nozzle entrance surfaces which would af¬ 
ford much greater attenuation of transverse oscillations than 
the flat face injector. 
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SUMMARY AND CONCLUDING REMARKS 

The unique design concept of the IR99 injector thrust cham¬ 
ber configuration represents a major breakthrough towards the 
solution of unstable combustion aspects of large rocket engines. 
The development program has shown that the IR99 combustion 
chamber configuration, using a hemispherical, mrultispud injec¬ 
tor, is inherently stable as originally hypothesized when the 
design was conceived. 

It was determined that the random occurrences of severe vi¬ 
bration were the direct result of vibration amplification 
caused by resonance of the airframe thrust mount at a known 
acoustic mode of combustion oscillation. Successful decou¬ 
pling of the combustion oscillations and the mount resonance 
characteristics was demonstrated. It is concluded that the 
severe vibrations can be eliminated by an effective isolator 
system or by redesign of the thrust mount to change its natural 
frequency so that it does not coincide with the fundamental 
acoustic frequencies of the thrust chamber. 

Attempts to obtain a reproducible combustion and vibration 
disturbance were unsuccessful except when operating under an 
intentional fuel lead condition (off design engine condition). 
The Inability to obtain a reproducible combustion disturbance 
Is attributed to the inherent stability of the combustion pro¬ 
cess in the IR99 engine. It is considered that the LR99 en¬ 
gine spherical type of combustion section geometry, which is a 
radical departure from conventional designs, provides excellent 
acoustic gas damping characteristics. The rough operation ex¬ 
perienced with the IR99 engine is unique in that an amplifica¬ 
tion of engine vibration levels results from resonance of the 
thrust mount and that the combustion oscillations do not pro¬ 
duce any erosion or overheating of hardware. Also, the authors 
conclude that the high values of chamber pressure oscillation, 
that is, those in the range of 10 to 50$, are the result of 
mechanical vibration of the thrust chamber and Injection sys¬ 
tem. 
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Fig* 2 IR99 Injector thrust chamber configuration 



Fig. 3 Uncooled thrust chamber assembly 


552 




DETONATION AND TWO-PHASE FLOW 



555 


Fig. 4 Nitrogen gas pulse tube 
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Cartridge pulse tube 
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Fig. 6 Oscillograph record of smooth run 
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Fig. 7 Breadboard engine front view with thrust mount isola¬ 
tors 
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Rough run combustion oscillation 
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TANGENTIAL MODE OF COMBUSTION INSTABILITY 
H. C. Krieg Jr. 

Aerojet-General Corp., Azusa, California 


ABSTRACT 

The results of pulse motor investigations into the tangen¬ 
tial mode of combustion instability are discussed. Particular 
emphasis is placed on: The axial and radial distribution of 
the instability front 'within the experimental chamber; 
correlation of luminosity, instantaneous pressure with the 
front motion; and estimation of the chamber-gas movement 
during unstable combustion. A combustion model for tangential 
instability is presented, and its application to combustion 
systems is discussed. The inherent stability of Combustion 
processes is shown to be dependent on the relationship between 
cyclic pressure modes and the mechanism for replenishment of 
pressure sensitive energy. It is shown that the pressure 
modes are controlled by chamber geometry, whereas the re¬ 
plenishment of energy is a function of the chemical and 
physical processes. 

INTRODUCTION 

The ability to control combustion instability in liquid 
propellant rocket combustion chambers is of prime concern. 
Unstable combustion is caused by varied and unrelated 
phenomena and occurs in many forms. Often the cure for one 
type of instability is the cause of another type, but regard¬ 
less of the cause or type of instability, its presence in a 
development program spells delays and increased costs. In the 
earliest days of liquid-propellant rocket-engine development, 
chugging and screaming modes were usually encountered. 

Chugging (low frequency combustion instability) was associated 
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with feed-line impedance, and screaming instability was an 
acoustic axial mode related to the combustion-chamber length. 
Investigations of these phenomena (l-U) 1 were made and methods 
of achieving stable combustion were soon established. As 
thrust chambers became larger, the tangential and radial 
acoustic modes became more prevalent. 

During the past seven years, the Aerojet-General Corp., 
under contract to various government agencies, has been con¬ 
ducting intensive research into the nature and mechanism of 
the tangential mode of combustion instability. The initial 
studies^ described the physical processes occurring in the 
combustion chamber during unstable combustion. This work 
established the basic mechanism of sustained unstable combus¬ 
tion and described a model diagram for the various tangential- 
front systems. The basic tangential front, shape, and 
pressure profiles at the chamber walls were established during 
unstable combustion (5)* Later investigations? developed an 
experimental rating technique for determining the inherent 
stability levels of various injection systems. This contri¬ 
bution permitted evaluation of rocket performance parameters 
with respect to stability and operating conditions of the full 
scale engine prior to actual engine construction. The tech¬ 
nique, called the pulse motor technique and described in the 
section following, eliminated the tedious and expensive 
statistical approach previously used in trial and error 
development techniques. The stability rating method not only 
identified those systems which possessed poor stability, it 
also permitted comparisons to be made of the degree of 
inherent stability between two "stable" configurations. Cur¬ 
rent work in combustion research is concerned with investigat¬ 
ing the relationship of rocket performance parameters, 
particularly that of injector design to the inherent stability 
of existing engines. 

The objective of this paper is to relate the results of 
Aerojet*s investigations into the physical nature of the un¬ 
stable tangential mode mechanism, and to describe several of 
the applications. 


■Slumbers in parentheses indicate references at end of paper. 
2 

Conducted under contract to the Air Force Office of 
Scientific Research. 

3 

Conducted under contract to the Air Force Ballistic Missile 
Division and the Air Research Development Command, in addition 
to the office of Scientific Research. 
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TEST HARDWARE 

In order to conduct an experimental investigation of the 
tangential combustion instability mode, it was necessary to 
develop a suitable laboratory tool. The investigation, if 
conducted in a full scale thrust chamber, would be expensive 
and time consuming, since full scale injectors are expensive 
to fabricate and are usually damaged during any prolonged 
instability. Moreover, testing in a high thrust range (over 
100 k-lb) would require an extensive test facility and the 
propellant cost would be prohibitive on a research level. It 
was urgent to speed development of a low cost, laboratory-type 
tool operating within low thrust ranges yet capable of giving 
results comparable to those of the full scale thrust chamber. 
Some of the tools developed by Aerojet are described in Ref. 6 
and are repeated here for continuity. 

The Pulse Motor 


One of the laboratory tools developed was the pulse motor. 

A typical pulse motor is shown schematically in Fig. 1. The 
thrust chamber is designed to favor the tangential mode by 
confining the propellant injection to an annulus extending 
radially inward from the circumference of the chamber. The 
injector is divided into replaceable elements, resulting in a 
discontinuous injection around the chamber circumference. To 
facilitate rapid changes in injection patterns, the injection 
elements are removable. One type of element consists of a 
series of interchangeable strips into which the injection 
patterns are drilled. 

The outermost portion of the full scale injector pattern is 
reproduced in the small orifices which have approximately 10$ 
of a full scale pattern orifice area. The combustion con¬ 
ditions immediately downstream of the injector elements, 
therefore, are similar to those experienced in the full scale 
thrust chamber; however, the flow rates and thrust levels are 
about 10$ of the corresponding parameters in the full scale 
chamber. The stability of an injector pattern may be 
evaluated over a range of test conditions by adjustment in the 
propellant flow rate, mixture ratio, and chamber pressure. 
Various pulse motors which have different internal geometries 
are available to determine the effect of chamber diameter, 
length, and contour on stability. 

Combustion instability is induced in the pulse motor by 
firing gaseous pulses tangentially into the chamber, across 
the injector face. These pulses, simulating fully developed, 
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tangential, high frequency instability fronts, are fired into 
the chamber by means of pulse generators, one of -which is 
shown in Fig. 1. When a measure of the instability resistance 
between two injection patterns (or two rocket parameters) is 
required, a series of calibrated gas pulses, each of suc¬ 
cessively increasing intensity, are fired into the chamber 
until instability is developed. By noting the energy of the 
pulse required to initiate such instability, a rating of that 
parameter’s effect on the stability index is thereby obtained. 

In terms of physical parameters, the stability index is a 
measure of the relative magnitude of the induced pulse 
perturbation as compared with the chamber pressure into which 
it is fired. It is defined as 

1 = (£P)/(P C ) 

where i = stability index 

P c = steady-state chamber pressure, psia 
&P = increase over P c due to pulse, psi 

In general, the relative stability obtained with any given 
injection pattern or any propellant combination at a given 
chamber pressure and mixture ratio is defined by the two test 
values: The value of i corresponding to the largest pulse not 
causing instability; and the value corresponding to the 
smallest charge causing instability. 

The stability index associated with each standard pulse 
charge is determined experimentally by measurement of that 
pressure perturbation when fired into a shock tube. 

The occurrence of instability in the pulse motor is detected 
by two methods: A combustion luminosity record; anri high 
response pressure instrumentation. 

Combustion luminosity records are obtained through a slit 
window placed in the chamber section of the motor. They are 
recorded, via a strip film technique, on cameras which sire 
capable of film velocities of over 100 fps. Timing dots are 
placed on films and pressure records simultaneously, at 1- 
millisee intervals. The pressure records are provided by a 
high response pressure transducer recorded through a high 
fidelity instrumentation system on an oscillograph. The pres¬ 
sure sensing diaphragm of the gage is mounted flush with the 
chamber wall in all cases. Thus, a relatively thorough means 
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is provided to prove the. existence of any tangential mode in¬ 
stability, and to acquire knowledge of the number, type, 
velocity, and severity of shock fronts which may he present. 

Reproductions of a typical film record are shown in Fig. 2. 
Shown in sequence are: l) stable steady-state combustion 
before firing of pulse; 2) firing of the pulse; 3 ) a shock 
front developing 20 millisec after the pulse; and 4) a fully 
developed instability front 60 millisec after firing of pulse. 

PHYSICAL PROPERTIES OF THE TMGENTIAL FRONT 

The following information summarizes the physical charac¬ 
teristics of the tangential mode as presented in Ref. 5 • 

Motion of the Tangential Front in a Chamber 

Test data obtained for numerous pulse motor tests indicate 
that the tangential front is concentrated in an annular zone. 
The outer boundary of this zone is formed by the chamber wall, 
and the front rotates about the thrust chamber axis, parallel 
to this boundary. The location of the front within an axial 
segment of the chamber was obtained through photographic 
records obtained by cameras located approximately 90 ° to each 
other, as illustrated in Fig. 3 . The instability occurring 
in this figure is a continuous single-front instability. The 
points A, B, and C which are marked on the film are related to 
corresponding points in the schematic diagram shown at the 
bottom of the page. Point A appears at the bottom of the 
camera record No. 1, and at the* same time it appears on the 
far side of the chamber in camera record No. 2. Vfhen the 
front arrives at point B, midway between points A and C, it is 
approaching nearest to camera No. 1 and will soon pass around 
to the far side of the chamber. As viewed from camera No. 2, 
the front at point B has just passed this closest point and 
has just appeared on the near side of the chamber. As the 
front revolves on to position C, it appears on the far side 
of the chamber to camera No. 1, and it appears at the second 
peak excursion point to camera No. 2. Thus, the motion of the 
front is seen to propagate circumferentially around the 
chamber. 

Correlation of Pressure and Luminosity Fronts 

The relationship between the pressure perturbations sensed 
by the pressure recording system and the luminosity record 
during unstable operation may be illustrated in Fig. 4. The 
two records are correlated by means of the timing marks placed 
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on the photographic film and pressure records. It may "be seen, 
that the peak pressure perturbation corresponds to the arrival 
of the intense luminosity at the location of the pressure 
gage. The location of the front, therefore, is defined as the 
zone of intense luminosity. A discontinuous double front was 
used for this particular figure and, although there is often 
more than one front present in a chamber, the correlation be¬ 
tween pressure peaks and luminosity zones is easily seen. No 
true "step-function" pressure rises were detected with the 
passage of the front by the pressure sensing equipment. How¬ 
ever, tangetfbial front propagational rates at velocities up to 
Mach 3 with respect to the chamber wall were found in many 
instances, and the behavior simulates a detonation front in 
many aspects. It is believed that the shape of the pressure 
profile, if true, is a result of the internal chamber geometry 
and the heterogeneous mixture of the combustion gases. It is 
interesting to note that at a pressure ratio of 4.49 a Mach 
number of 2.05 is calculated for a normal one-dimensional 
shockwave in a perfect gas where the ratio specific heat y 
equals 1.2 (10). During the fully developed instability por¬ 
tion of the test shown in Fig. 4, the front velocity was 69OO 
fps or approximately Mach 2.0. The length of the pressure 
discontinuity is found to be 1.2 in., as measured by the pres¬ 
sure gage at the chamber wall. This interface thickness is 
large when compared with the narrow thickness associated with 
true shock or detonation waves.. 

Distribution of Front in the Combustion Chamber 

The shape of the tangential front was determined with the 
aid of split window photography, taken in all three dimensions 
of the chamber. The axial distribution of the front is 
illustrated in Fig. 5 for a continuous, single-front instabili¬ 
ty. Only a small portion of the front is parallel to the axis 
of the chamber, and the luminosity level is higher in this 
area than over the rest of the chamber length. Therefore, the 
major portion of the energy released during instability t a ke s 
place during this zone which, for this test condition, ex¬ 
tends approximately 3 to 4 in. from the injector face. This 
verifies some earlier reports that higher performance co uld be 
achieved by operating chambers normally unstable. The 
phenomena permits a more effective use of chamber length L*, 
thus producing an increase in combustion efficiency. To 
verify this, an experimental program was conducted in which 
the chamber length was varied from approximately 0.5 to 14 in. 
long, while maintaining a constant throat area. Combustion 
efficiency, as measured, by the characteristic velocity C* 
showed a marked reduction in the smaller length dur ing the 
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stable combustion, but no significant change was noted during 
fully developed steady- state combustion instability. 

Recent work performed by Pickford and Peoples (T)> in which 
the gas-evolution rate was measured as a function of chamber 
length, indicated that the gas-evolution rate (and therefore 
energy release) maximizes within three inches of the injector 
face and then sharply decreases. This also tends to support 
the conclusion that the major portion of energy released 
occurs within this brighter parallel portion of the film. 

Downstream of the high energy zone, the front is not 
parallel to the axis of the chamber and the nozzle end of the 
front lags behind the injector end. A reflection similar to 
a bow wave extends from the entrance of the nozzle back 
toward the injector. All motions of the front, however, do 
maintain the same cyclic relationships; this indicates a 
cyclic propagation in the zone viewed by the camera. 

Considering the axial window record by itself, the question 
may arise: Is the luminosity record that of a tangential 
front or that of an axial mode which is moving between the 
injector face and the nozzle entrance cone? If such were the 
case, the axial velocity from this wave (as computed from the 
slope of the tail ) would be approximately 8700 fps. The usual 
velocity for an axial front existing in this type of a com¬ 
bustion system seldom exceeds a 4500-fps level. In any event, 
the existence of axial and circumferential window photographs 
precludes the existence of this instability mode. Assuming 
that the velocity of the front is dependent on the energy 
available for consumption in the front, the front velocities 
downstream of the high energy zone should be less than that 
within the zone; if so, the following model may be constructed: 
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•where u = dx/dt, front velocity in high energy zone 
£1 

= dx/dt cos <jS, front velocity in low energy zone 
\ = u a cos ^ 

The high energy portion of the front has a velocity of 69OO 
fpg, -whereas the low energy zone is computed to be 6885 fps. 
The differences in front propagational velocities are only a 
few feet per second. 

A radial window record taken during fully developed com¬ 
bustion instability is shown in Fig. 6. As may be seen, the 
front appears alternately on one side of the chamber and then 
on the other. The luminosity reaches its maximum extent at 
the time the front arrives, even though this area emits 
relatively little light during stable combustion or between 
front arrivals. These records support the belief that the 
front is concentrated near the outer zone of the thrust 
chamber. 

A typical circumferential window view of a tangential in¬ 
stability is shown in Fig. 1. The luminosity streaks between 
the front arrivals are easily seen, and are interpreted as 
gas motion induced by the pressure disturbance. A detailed 
discussion of this type of record is included in Ref. 8. 

Gas Motion and Pressure Distributions 


The chamber gas motion and pressure distribution may be ob¬ 
tained through a three-dimensional pictorial integration of 
the axial, radial, and circumferential film records. Fig. 7 
indicates what is believed to take place during a continuous 
single-front tangential instability. During the integration, 
four assumptions had to be made. 

l) The luminosity streaks, most probably burning droplets 
of fuel, which appeared between the front arrivals and through 
the fronts themselves, represent the velocity of the gas 
particles. 


^Actually the droplet velocities will tend to lag behind the 
local gas velocity, at the time of this calculation this 
velocity difference was not considered and therefore Figs. 

7, 8, and 9 should be considered qualitatively rather than 
quantitatively. The velocity curve and particle path pre¬ 
sented in Figs. 8 and 9 will change slightly; however, their 
characteristic shape should be retained. 
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2) Mae front velocity and the cycle period are constant. 

5) Axial movement of the chamber gases during one cycle is 
negligible. 

4) Circumferential motion and velocity of the gas particles 
are the same along any radius of the chamber with respect to 
the tangential front. 

With these basic assumptions and film record data, the 
chamber gas velocities and instantaneous vectors may be con¬ 
structed for any given instant of time. The segment of the 
chamber considered was within the high energy release zone 
and parallel to the injector face. The radial, and circum¬ 
ferential velocities from the film records discussed previous¬ 
ly were resolved into velocity vectors for each part of the 
cycle. A plot of these vectors and vector angles is given in 
Fig. 8. Fig. T shows these vectors as drawn on a cross 
section of the chamber segment. Polar plots of gas velocity 
magnitude and pressure profiles as measured at the chamber 
wall are shown with respect to location of the tangential, 
front. An abrupt motion of chamber gases radially 'outward is 
noted just prior to the arrival of the front. The chamber gas 
velocities across the chamber face reached a maximum of 2450 
fps at this point. The atomization and heat transfer input to 
the liquid propellant streams, with such high velocity gaseous 
motion, becomes very effective and accounts for the exceeding¬ 
ly short time required for the preparation of the instability 
supporting media. These velocities can also partially account 
for the 'high rates of heat transfer to the injector face and 
chamber walls during this type of combustion instability. The 
instability front considered in this typical test attained a 
front velocity of 6860 fps, and is considered to be of medium 
strength. 

Gas Particle Path 


The path of a gas particle during one cycle of combustion 
instability was calculated in Ref. 5 and. is shown in Fig. 9. 
The location of gas particles chosen for the foregoing calcu¬ 
lations was one inch from the chamber wall, with the particle 
and the front initially at the same angular position in the 
chamber. 

At position 1, the front and particle under consideration 
have the same angular position. The particle is suddenly 
accelerated as the front passes and travels in the same direc¬ 
tion as the front movement. The sudden release of combustion 
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gases directly behind the front causes the particle to he de¬ 
flected toward the center of the chamber. The particle is 
seen to he traveling in a direction opposite its original path. 
It begins to move radially outward and toward its initial 
angular position at the time the front revolves to the l80° 
position. During this period, the particle velocity is at its 
lowest. The particle starts accelerating just prior to the 
arrival of the front, which passes the particle for the second 
time at position 5* 

THE MECHANISM OF THE TANGENTIAL FRONT 

Analysis of over TOO pulse motor tests and full scale test 
data has developed a mechanism for the tangential mode which 
Is based on the amount and distribution of pressure sensitive 
energy in the path of a pressure perturbation, and on the 
reinforcement of that disturbance by the release of this 
energy. Pressure sensitive energy is defined as that energy 
available for unbumed, mixed, and reactive vapors which can 
be instantaneously combusted when subjected to a positive 
pressure discontinuity. The following conditions are neces¬ 
sary for establishing high frequency instability: 

1) The proper distribution of pressure sensitive media 

2) High chemical reactivity in this pressure sensitive 
media 

3) Relatively low energy drag losses from the instability 
front as it circumvents the chamber 

4) A rapid replenishment of the pressure sensitive energy 
after front passage 

5) The occurrence of an initiation mechanism. 

This means that for instability to propagate it is necessary 
that the cycle period of the perturbation be equal to, or 
greater than, the energy recovery time (time required to 
replenish energy to its initial level). It is also required 
that the pressure sensitive energy released to the path be 
equal to, or more than, the energy dissipated from the front. 
The front propagation (or the motion of the pressure dis¬ 
continuities) tends to exhibit super acoustical velocities, 
while the front strengths are similar to those expected for 
detonation wave systems. The general motion of the front is 
in the circumferential direction. 
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AITLICATIONS TO FULL SCALE THRUST CHAMBER LESION 

Pulse motors, during the six years that they have "been used 
at Aerojet-General, have been developed in various sizes rang¬ 
ing from 15 to 72 in. in diameter, with capabilities of 
simulating full scale thrust chambers with nominal thrust 
ranges from 50,000 to 5,000,000 lb thrust ( 9 ). The value of 
the pulse motor has been demonstrated by an extensive series 
of correlations between stability results as determined by the 
pulse motors and those actually encountered in the full scale 
thrust chambers. In each case in which a pattern tested in 
the pulse motor was also tested in the full scale chamber, the 
prediction of the pulse motor had been verified by the full 
scale tests. These results show that the pulse motor is a 
useful tool in the control of tangential, high frequency, 
combustion instability. Its use and the combustion theories 
derived from its use at Aerojet have minimized the development 
problems usually encountered in this field. 

The effect of various system operating parameters on stabili¬ 
ty may be determined by the use of this technique. The results 
of some of these investigations are presented in the following 
section. 

CHAMBER GEOMETRY 

The chamber geometry can be a significant factor in 
determining whether combustion instability will occur, and, if 
it does occur, its degree and severity. Considerations must 
be made of the internal contour of the thrust chamber, of 
whether injector face baffles should be used on the injector, 
and the effect of diameter on combustion process. 

Chamber Diameter 


Fig. 10 illustrates three streak film records which were ob¬ 
tained during a study of chamber diameter. The tests were 
conducted in three different pulse motor sizes (15-, 22-, and 
50-in. diam), each using the IEFNA/jP-4 propellant combination. 
Test conditions of injection velocity, mixture ratio, chamber 
pressure, and injector pattern were all maintained constant. 
The study yielded the following information: 

l) When combustion instability was initiated in the 15-in. 
diam pulse motor, a continuous single front resulted. This 
mode of tangential instability, although of intermediate 
strength, is severe enough to cause thrust chamber destruction. 
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2) When tested in the 22-l/2-in. diam pulse motor, a single 
continuous front also developed* The front velocity and the 
steady-state chamber pressure fluctuation were found to he 
higher than those of the 15 -in. diam motor; thus, the front 
was=-considered to he stronger. The occurrence of this in¬ 
stability would he of even more serious consequence than that 
obtained in the 15 -in. diam motor. 

3) When the chamber diameter was increased to 30 in., a 
continuous system was not obtained. Instead, a relatively 
weak discontinuous system developed and the instability 
appeared less severe than that occurring in either the 15 - or 
22 -in. diam pulse motors. 

In each chamber, the local front velocities were the same 
even though there were relatively large differences in the 
chamber diameters. Hence, the cycle period of the front in¬ 
creased with diameter. Similar tests with the LO 2 /KP-I pro¬ 
pellant combination and a like-on-like injection pattern 
showed that at a given chamber pressure stability varied 
markedly between the 15 - and 22 - 1 / 2 -in. diam pulse motors 
tested. At a chamber pressure of about 500 psi, stability 
was poor in the 15 -in. diam chamber and good in the 22 -l/ 2 -in. 
diam chamber. Later tests with the LO 2 /RP-I propellant com¬ 
bination with a different pattern in a 4 - 8 -in. diam pulse motor 
resulted in poor stability. Thus, it appears that there may 
be an "optimum” chamber diameter for a given propellant and 
injection system or, conversely, that an optimum injection 
technique can be developed for a given propellant combination 
and chamber diameter. 

THE "EFFECT OF PATTERN ORIENTATION 

The orientation of an injection pattern in an injector face 
can have a major effect on combustion stability. For example, 
tests have shown that the angular position of a showerhead 
matrix relative to the thrust chamber wall has a substantial 
effect on combustion instability (as measured by the size of a 
pulse charge required to initiate this instability and the 
severity of the instability thus excited). An example of this, 
showing the result of angular rotation of a showerhead matrix 
on stability using WFNA and JP-4 in the 15-in. diam pulse 
motor appears in Fig. 11 . As may be seen, the stability is at 
its lowest when the oxidizer and fuel are introduced along a 
radius. An explanation for this phenomenon may be seen by 
considering the chamber gas motion directly behind a front, as 
shown in Fig. 9 . It can be seen that at angles where one 
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liquid stream may "be driven into the opposite propellant (hy 
the,gas motion), severe instability problems exist. As the 
pattern is rotated to angles where the fuel and oxidizer 
streams do not converge, the stability problem is less severe. 

EFFECT OF PTOFEIIAM 1 CHAMCTERISTICS 

Bipropellant Characteristics 

Propellant characteristics were known to exercise significant 
effects on combustion instability. Test results such as those 
in Fig. 12 showed the "tuning" effects caused by the addition 
of water to the propellant. A low water content produced a 
double-front cycle. As water was added, a very strong, 
destructive, single-front cycle appeared. At still higher 
water contents, the single front weakened the available energy 
recovery functions, also shown on the figure. The data indi¬ 
cate that a dry propellant requires a relatively short 
physical preparation time, resulting in a double-front system. 
By the addition of water, the required preparation time was 
increased and two fronts could no longer be supported. As a 
result, a single-front cycle with a relatively long prepara¬ 
tion time resulted.^- "When still more water was added, in¬ 
creasingly more time was required for the same degree of 
preparation; consequently, a weaker front developed. 

Monopropellant Characteristics 

Test results indicate that the monopropellant decomposition 
of a propellant is a significant factor. Tests with the 
N204/hydrazine propellant combination indicate that the 
stability of patterns using this propellant combination is 
sensitive to changes in mixture ratio to a very significant 
degree, as shown in Fig. 13. This may be under stood when one 
considers the parameter, preparation time, and what it consists 
of. First, there must exist in any combustion process a 
significant time for the two molecules of oxidizer and fuel 
to collide and react. This time can be broken up into two 
portions; a transport time (relatively long) and a chemical 
reaction time (relatively short). With a monopropellant, the 
transport time is eliminated, permitting extremely short 
preparation times. As the concentration of the monopropellant 


^Preparation time is defined as that time required to restore 
the quantity of pressure sensitive energy consumed by the 
passage of the instability front. For a detailed discussion 
of this parameter, the reader is referred to Refs. 7 and 8. 
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increases for a given injector system.; more and more energy is 
available at a faster rate. 

CONCLUSIONS 

Investigations into the nature of the tangential mode of 
high frequency combustion instability have revealed many 
characteristics of this phenomenon. A brief summary of the 
major conclusions and the results from the investigations 
includes the following: 

1) The radial and axial distribution of the tangential- 
front in a rocket chamber has been defined. 

2) The motion of the chamber gas during a single-front 
tangential instability has been outlined. 

3 ) The estimated particle path and radial motion of the gas 
particle during the presence of a front has been defined. 

!*•) A procedure for rating stability has been developed and 
applied to the development of full scale thrust chambers. 

5) The function of various rocket performance parameters 
and their effect on combustion instability has been investi¬ 
gated. 
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Fig. 5 Axial distribution of tangential front 
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Fig. 6 Radial distribution showing single-front tangential 
instability 
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Fig, 9 Estimated particle path 
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Pc = 210 psia. MR = 3.76 Wt = 22.03 Ibs./sec. 
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SHOWERHEAD INJECTOR =4= 0-007098A 
propellants: irfna-jp4 


Fig. 10 Effect of chamber diameter on tangential mode 
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Pig. 11 Effect of injector orientation on relative inherent 
stability 
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Injected 


Fig. 13 Effect of monopropellant reactivity 
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